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1. Introduction

Computing integrals is a basic need in many areas of mathematics and
applied sciences. It is a common experience that some integrals can
be calculated “by hand”, obtaining a “closed formula”, while others
cannot be reduced to a simple expression. This fact is at the origin of
numerous approximation techniques for integrals, such as quadratures,
series expansions, Monte-Carlo methods, etc. The purpose of these
notes is to start what seems to be a new line of investigations in
studying the behavior of integrals of the form

/f(:c)d:c, ACRY, (1.1)
A

for sets A far away from the origin. In this integral, dzx is the Lebesgue
measure on R%, and the function f is integrable over R?.

Such integral is in general very difficult to compute numerically.
Indeed, in interesting applications d is between 10 and 50 say, and
quadrature methods are essentially out of considerations. On the
other hand, as A is far away from the origin, the integral is small
— the interesting range for some applications is when the integral is
of order 1072, 1073, or even smaller — and standard Monte-Carlo
methods fail to provide a good evaluation at a cheap cost.

The motivation for this study comes mainly from applications in
statistics and probability theory. However, the techniques developed
should be useful in other areas of mathematics as well, wherever such
integrals arise.

Before going further, let us show some consequences of our main
approximation result in probability and statistics. We hope that the
reader will find in these examples good motivation to continue reading.

Consider the following two density functions on R,

wa () = Ky o exp(—|z]*/a),
2\ —(a+1)/2
Sa(l') = K&a (1 + %) i

)
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a+1
K :; and K, = ! F( 2 )
B OO

SO0 ws and s, integrate to 1 on the real line. The density ws is the
standard normal distribution. The density s, is that of a Student
distribution. These two functions are very different. The symmetric

Weibull-like, w,,, decays exponentially at infinity, while the Student
one decays polynomially.

Let us now consider a real d x d matrix C' = (Ci7j)1<i7j<d with at
least one positive term on its diagonal. We write (-,-) the standard
inner product on R%, and consider the domain

Ay ={zeR®: (Cx,z) >t}.

As t tends to infinity, it is easy to see that the set A; = v/tA; pulls
away from the origin since A; does not contain 0. We will explain
the following in section 8.1. If o # 2, then there exists a function —
rather explicit, and in any case computable — ¢(+) of a, d and C, such
that

/ H Wo(25)dey ... dag ~ c(a, d, C)e_ta/%?t_(a_z)%—% ,
A

t1<i<d

as t tends to infinity. When a = 2, the asymptotic behavior of the
integral is different. Namely, if & is the dimension of the eigensubspace
associated to the largest eigenvalue \ of CT 4 C,

/ H wo(z;)day ... dzg ~ ¢(2,d,C)e Y MED/2
At 1<i<d

as t tends to infinity. Comparing the formula for « equal or different
from 2, we see that the power of ¢, namely (o — 2)d/4 — /2 for «
different from 2 and (k — 1)/2 for a equal 2, has a discontinuity in
o = 2, whenever k is different than 2. Moreover, we will see in section
8.2 that

/ [T solwder...deg ~ K, qaletD/2o=e2 N o2/
A b

L1<isd i:Cri0
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as t tends to infinity. These estimates give approximations for the
tail probability of the quadratic form (C' X, X) evaluated at a random
vector X having independent components distributed according to w,,
or So. We will also see what happens when all the diagonal elements
of C' are negative.

Consider now d = n? for some positive integer n, and write M(n, R)
for the set of all real n X n matrices. Let

Ay ={xeM(n,R): :detx >t}

be the set of all n x n real matrices with determinant at least ¢.
The set Ay is closed and does not contains the origin. One sees that
A; = /" A} moves away from the origin when ¢ increases. We will
prove that, as t tends to infinity,

—t%/nyp(a(n?—1)—-2n?)/2n
/ H wa(iy)da; ~ {ce t if o # 2
A

t1<ij<n cemnt?/2¢(n*—n=2)/2 if o =2
while ( -
logt)™~
Sa(zij)dx;j ~ c ———.
[T sataigian ~ o280

t1<i,j<n
This gives a tail estimate of the distribution of the determinant of a
random matrix with independent and identically distributed entries
from a distribution w, or s,. The constant ¢ depends on s, or w, as
well as on the dimension n; but it does not depend on ¢t and will be
explicit.

Possible applications are numerous. We will deal with further
interesting examples, such as norms of random matrices, suprema of
linear processes, and other related quantities.

Though some specific examples could be derived with other meth-
ods — in particular those dealing with the Gaussian density integrated
over rather simple sets — we hope that the reader will enjoy having a
unified framework to handle all those asymptotic problems. It has the
great advantage of providing a systematic approach. It breaks seem-
ingly complicated problems into much more manageable ones. It also
brings a much better understanding of how the leading terms come
out of the integrals. Through numerical computations we will also see
that our approximations are accurate enough to be of practical use in
statistics, when dealing with some small sample problems — the type
of problem for which there are no systematic tools as far as the author
knows, and which originally motivated this work.
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Another purpose of these notes is to investigate asymptotics for
conditional distributions, and Gibbs conditioning. For instance,
consider n points in R™, whose coordinates are independent and
identically distributed random variables. They form a parallelogram.
Given, say, the volume of this parallelogram, these points are no longer
independent. What is their distribution? In general, this seems to be
a very difficult question, except if one stays at a very theoretical level
and does not say much. We will show that it is possible to obtain
some good approximation of this conditional distribution for large
volumes of the parallelogram — mathematically, as the volume tends
to infinity.

It is important to realize that conditional distributions are rather
delicate objects. To convince the reader of the truth of this assertion,
let us consider four elementary examples where everything can be
calculated explicitly and easily.

Example 1. Let X, Y be two independent standard normal random
variables. We are looking for the distribution of (X,Y) given X +Y >
t, for large values of t. A simple probabilistic argument to obtain
a limiting distribution is as follows. Let U = (X + Y)/v/2 and
V = (X —Y)/v2. The distribution of X given X +Y > ¢ is that
of (U+V)/v2 given U > t/+/2. One can check by hand that the
conditional distribution of U/t given U > t/+/2 converges weakly*
to a point mass at 1/v/2. Since U and V are independent standard
normal, and since (X,Y) is exchangeable conditionally on X 4+ Y, the
pair (X,Y')/t converges in probability to (1/2,1/2) conditioned on
X+Y >t

Consequently, if we are given X + Y > ¢ for large ¢, we should
expect to observe X/t ~ Y/t ~ 1/2. Hence, X and Y are both large,
and about the same order.

Example 2.  Consider the same problem as in example 1, but with

X and Y independent and both exponential. For any a € (0, 1),

P{X<oat;:X+Y >t}
P{X<at|X+Y >t}= PIX 1751

We can explicitly calculate

at 00 at
P{X<at; X+Y >t} = / e_xe_ydxdy:/ e tda
0

z=0Jy=t—zx
=atet.
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On the other hand, X + Y has a gamma distribution with mean 2.
Integration by parts yields

P{X+Y >t} z/ e dr = (t+1)e”".
t

It follows that

t

P{X<at|X+Y >t} =ar
Thus, given X +Y > ¢, the distribution of X/t converges to a uniform
distribution over [0,1]. Again, by conditional exchangeability, the
same result holds for Y/¢. In conclusion, the distribution of (X,Y")/t
conditioned on X +Y > ¢ converges weakly™* to a uniform distribution
over the segment a(1,0) + (1 — a)(0,1) in R% So, we do not have
the kind of degeneracy that occurs in Example 1. Conditioned on
X +Y >t the random variables X and Y should still be of the same
order of magnitude, ¢, but not necessarily close to each others after
the rescaling by 1/t.

Example 3.  Consider the same problem, with now X and Y inde-
pendent, both having a Cauchy distribution. Elementary calculation
shows that

o dx *© dx 1
P X 2 = —_— Y —_— .
{ s} /8 (1 + 22?) /8 T2 TS s oo

Moreover, the stability of the Cauchy distribution — see, e.g., Feller,
1971, §11.4 — asserts that (X +Y')/2 has also a Cauchy distribution.
Consequently,

lim P{X >et,Y >et|X+Y >t}

t—o00
< P{X >et;Y > et} 0
< lim =0.
twoo P{X+Y >t}

This proves that we cannot have both X and Y too large as ¢ tends
to infinity. Moreover, for s positive,

P{X>t1+5)} 1

XA+ )XY 2~ 50T ~ 31 s)

as t tends to infinity. Consequently, given X +Y > ¢, the random
vector (X,Y')/t has a distribution which converges weakly™* to (P, +
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P,)/2 where P, (resp. P,) is a Pareto distribution on the z-axis (resp.
y-axis).

These three examples show that we can obtain very different behav-
iors, with various degrees of degeneracy for the limiting conditional
distributions. But they also show examples of nonconceptual proofs.
They provide no insight on what is happening. All the arguments
are rather ad hoc. However, it is intuitively clear that the limiting
conditional distribution has to do with the tail of the distribution of
(X,Y). Specifically, if we write f(z,y) for the density of (X,Y") and
Ay ={(z,y) : x+y > t}, we are led to consider expressions of the

form
/ f(z,y)dedy
Ain{z:z<ct }

/ f(z,y) dzdy
At

When looking at [ Ay f(z,y)dz dy, examples 1, 2, 3 have very different
features. Intuitively, the behavior of the integral has to do with how
the set A; lies in R? compared to the level sets of f(x,%). Examples
1, 2 and 3 correspond to the following pictures.

\ N\

Y

Example 1 Example 2

7/\\\\\\\\\\\\\\‘
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N\

>
//%

Example 3

o

In the three pictures, we see the gray shaded set A, its boundary,
and the level sets

Ae={(z,y): flz,y) =}

forc=1,2,3,... The fact that the sets A, are getting closer and closer
as ¢ tends to infinity in example 1 expresses the very fast decay of the
Gaussian distribution. At the opposite extreme, in example 3, the
level sets are further and further apart because the distribution has a
subexponential decay. These pictures show why in examples 1 and 3
we obtained some form of degeneracy in the limiting distribution. In
example 1, the density function is maximal on the boundary of A; at
one point whose two coordinates are equal. In example 3, the density
is maximal at two points on the boundary of A;. These two points
have one coordinate almost null, while the other coordinate is of order
t. But one should be careful, as rough pictures may not give the right
result if they are read naively in more complicated situations. Our
fourth example is still elementary and illustrates this point.

Example 4. Consider (X,Y’) where X and Y are independent, both
having a Cauchy distribution with density s;. We are now interested
in the tail distribution of XY and in the distribution of (X,Y") given
XY >t for large t. By symmetry, it is enough to consider the same
distribution but adding the conditioning X > 0 and Y > 0.

On X,Y >0,set U =1logX and V =logY. The density of U is

u —Uu
fU(U):eusl(eu)_ie Ne_ as u — 00.

(14 e2v) T
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Thus, the level sets of the density of (U, V) far away from the origin
look like those of the exponential distribution of example 2. Hence,
when studying the distribution of U given U + V > logt — i.e.,
X given XY > t — we could expect to have a behavior similar to
example 2. However, the picture looks as follows.

N\

>
o

Example 4

) —

In particular, write A, = {(z,y) : xy > t} for the set on which
we integrate the density of (X,Y’). The boundary 0A; has a unique
contact point with the maximal level set of the density intersecting
Ay, where by maximal level set we mean A, such that A.y. N A, is
nonempty if € is positive, and is empty if € is negative. In that aspect,
we are close to examples 1 or 3. This example 4 will show us two
more things. First we need to take into consideration the decay of
the density — which explains why we will not have degeneracy as in
examples 1 or 3. Second, it shows that whichever result we can prove
will have a lot to do with the shape of the domain considered and how
this domain pulls away from the level sets of the density.

To see what happens in this fourth example is still rather easy. We
first calculate

2 dy dz
Pyt =5 e
T Joyzt,az0,y20 LT YT LT
2 [ ty d
= —2/ (E - arctan—)—x2. (1.2)
7 Jo 2 v/ 1+x

It is true that

T /°° dz 1
— —arctanu = —_—~ — as u — 00.
2 W 1+22 u
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However, replacing (7/2) — arctan(t/x) by x/t in (1.2) leads to a
divergent integral. So, we need to be careful. Let n be a positive real
number. There exists a positive € such that for any u > 1/e,

1—-n 1
T_ arctanu € {_77’ ﬂ
2 U u
Consequently,
/Et <7r . t) dz
— — arctan
0 2 1 +CL'2
€t
:de 1 + 77 2,2
<(1+ / = log(1 + €“t
(L+1) o t+a?) 2t & )
et
xdx 1—n 92,9
>(1-— = log(1 + €“t°) .
( n)/o t(1 + z?) 2t 8 )
Moreover,

/°° T t dz * dx T
0< (——arctan ) <— — =
o \2 1422 =2 )4 22 2et

Therefore, using log(1 + €2t?) ~ 2logt as t tends to infinity, we have

2 logt
P{XY > t}w—ﬁ ast — 00.

Next, for a € (0,1), the same argument shows that

& dy  dz
P{XY%;X%Q}:w?/t / I+y21+a2
o x
t dx
== (——arctan ) 3
T Jio \2 1+z

1/6t$ dz
72 Jio t 1+ 22
1
= —5 (loget —logt® + o(1))
~—(1—-a) as t — oo.

Consequently, we obtain

P{X>t*; XY >t} 1-a«
X2 XY 2t =——F >3 ~ 3
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It follows that the distribution of (X,Y")/t given XY >t converges
weakly* to d(0,0), showing a degeneracy like in example 1, but of a
different nature. A linear normalization is not suitable, so we must
use a logarithmic scale. Writing X = eV and Y = exe" with €
and ey taking values +1 or —1 with probability 1/2, we proved that
the distribution of (U, V)/logt given XY > t converges weakly* to
a uniform distribution over { (s,1 —s) : s € [0,1]}, which is very
similar to example 2.

Another interesting feature about examples 14 is that they use
some rather specific arguments in each case, since everything could be
calculated quite explicitly. When looking at more complicated distri-
butions, or at more complicated conditioning, or in higher dimensions,
we cannot rely so much on elementary intuition. One of the main
goals of the present work is to give a systematic procedure for doing
the calculation. The key point is that we will be able to transform
the problem into one in asymptotic differential geometry, i.e., a con-
junction of asymptotic analysis and differential geometry. In practice,
the approximation of the conditional distribution will boil down to a
good understanding of the contact between 0A; and the level sets of
the density. Having to deal with purely geometrical quantities will be
helpful because differential geometric arguments will not depend on
the dimension, and also since differential geometric quantities, such
as curvatures, can be computed from different formulas, using very
different parameterizations. Whichever parameterization is the most
convenient will be used. In some sense, this is very much like changing
variables in integrals, and we hope to convince the reader that once it
has been learned, it considerably simplifies the analysis. The disad-
vantage is that it requires investing some time in learning the basics
of differential geometry and asymptotic analysis — but can we really
hope to solve every problem with elementary calculus?

At this stage, I urge the reader to look at the conditional distri-
bution of the parallelogram given its volume mentioned in the intro-
duction. In terms of linear algebra, the question amounts to looking
at the conditional distribution of a random matrix with independent
and identically distributed coefficients, given that its determinant is
large. For 2 x 2 matrices, we are already in R*, since we have 4 coeffi-
cients. The condition that the determinant is larger than ¢ determines
a subset whose boundary is of dimension 3, and it is impossible to visu-
alize it. Such a simple example already shows the need for systematic



1. Introduction 11

methods relying as little as possible on intuition.

Let us now say a few words on how our results are connected to the
classical Laplace method. They can be viewed as a Laplace method
with an infinite dimensional parameter.

In order to discuss this point, and because some understanding of
Laplace’s method may be helpful in reading the next pages, let us
state and prove the following elementary result. Writing I = — log f,
consider an integral of the form fA e~ M@) g,

1.1. THEOREM. (Laplace’s approzimation) Let A be a compact
set in R and I be a twice differentiable function on R, Assume that
I has a minimum on A at a unique interior point a,, and that D*I(a,)

is definite. Then,

/2
/ e M@ qg ~ (2m) 73 2U/2 =M (ax) as A\ — 00.
A (det D2I(ay))

Proof. Let € be a number between 0 and 1/2. Since a, is in
the interior of A and I is twice differentiable, we can find an open
neighborhood U of a, on which

D () (= a), 7 — ) < I(&) — I(a.)

2
< 1+e

< (D%I(a)(x — ay), z — ay) .

Moreover, there exists a positive  such that I(x) > I(as) + 1 on
ANU°. Consequently,

/ e M @) gy  emM (@) / exp (%UDQI(@*)@ ~ a7 —a))da
A ANU
+ e—)\(I(a*)+77)|A a UC| .

The change of variable h = \/A(1 —€)(x — a,) yields to the upper
bound

1
M(“*)/ - = DQI h,h) |dh A d/2 1— d/2
e exp as)h, €
A(1—€)(ANU—ax) < 2< ( ) >) ( )

e M@ 4 A e



12 Chapter 1. Introduction

Since ay is an interior point of A, the set /A(1 —¢€)(ANU — ay)
expands to fill R? as X tends to infinity. Therefore,
)\—d/2

/ e—)\f(x)dm < 7 e—)\I(a*)(l _ 26)_d/2
A (det D2I(ay))

for A large enough. A similar argument leads to the lower bound where
the term (1 — 2¢)~%? is replaced by (14 2¢)~%2. Since € is arbitrary,
the result follows. .

How is our integral fA e 1@ dx related to Laplace’s method? If
A =tA; for some fixed set A1, and if I is a homogeneous function of
degree «, we see that

[ o=t [tz [ oty g
tAq Ay Aq

On one hand Laplace’s method is directly applicable provided I has
a unique minimum on A;. On the other hand, the integral on the left
hand side of (1.3) is like (1.1). Having a good estimate for (1.1) will
yield an estimate of (1.3).

When studying (1.1), one can try to argue as in Laplace’s method.
Writing I(A) for the infimum of I over A, we obtain

/ o 1@) 1y — o~ 1(A) / o~ (@)~1(@2) gy
A A

We can hope to have a quadratic approximation for I(z) — I(ax).
But if we consider an arbitrary set far away from the origin, there
is no reason for I to have a minimum at a unique point on A, and
there is even less reason to have this infimum in the interior of A. In
general attains its minimum on a set D4 depending on A, which can
be very messy. Roughly, we will limit ourselves to situations where D4
is a smooth k-dimensional manifold, which still allows some room for
wiggling curves and other rather nasty behaviors. In essence, thinking
of A as parametrized by its boundary 0A, our method consists in
applying Laplace’s approximation at every point of D4 along fibers
orthogonal to D4, and integrating these approximations over 0A,
keeping only the leading terms. The difficulty is to obtain a good
change of variable formula in order to extract the leading terms, to
keep a good control over the Jacobian of the transformation, and to
control all the error terms. In doing that, the reader will see that
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it amounts to a Laplace method where the parameter A is now the
infinite dimensional quantity 0A.

Since we allow so much freedom on how the set A can be, we will
see that not only should we look at points were I is minimized, but
also at points z in A such that I(z) — I(A) stays bounded — this is
of course not a rigorous statement — or even is unbounded but not
too large compared to some function of 1(A).

Approximating an integral of the form [ A e~ 1@ dz for arbitrary
sets A far away from the origin and arbitrary functions I seems a very
difficult task. For the applications that we have in mind, we will only
concentrate on sets with smooth boundary. We will also require that [
be convex. This last assumption may look very restrictive. However,
by not putting too many restrictions besides smoothness on dA, one
can often make a change of variable in order to get back to the case
where [ is convex. This is actually how we obtained the estimates
of the integrals over s, given at the beginning of this chapter. As
the reader can see, — log s, is all but a convex function. This idea of
changing variables will be systematically illustrated in our examples.

We now outline the content of these notes.

Chapters 2-5 are devoted to the proof of an asymptotic equivalent
for integrals of the form fA e~ 1@ dz for smooth sets A far away
from the origin and convex functions I — plus some other technical
restrictions. The goal and culminating point is to prove Theorem 5.1.
The main tools come from differential geometry and related formulas
in integration. A reader with no interest in the theoretical details can
go directly to Theorem 5.1, but will need to read a few definitions in
chapters 2—4 in order to fully understand its statement.

In chapter 6, we consider the special case where A is the translate
of a fixed set.

A second basic situation is studied in chapter 7, where A = tA; is
obtained by scaling a fixed set A; which does not contain the origin,
t tends to infinity and I is homogeneous. In this case, we will overlap
and somewhat extend the classical Laplace method.

In chapter 8, we study the tail probability of quadratic forms of
random vectors. If X is a random vector in R% and C'is a d x d matrix,
we seek an approximation of P{{(CX, X) >t} for large t. We focus
on the case where X has a symmetric Weibull type distribution or a
Student type distribution. These two cases yield different behavior
which we believe to be representative of the so-called sub-Gaussian
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and heavy tails distributions. They also illustrate the use of our main
approximation result.

The next example, about random linear forms, developed in chapter
9, requires more geometric analysis. The problem is as follows: if
X is a random vector on R% and M is a subset of R% how does
P{sup,ep(X,p) >t} decay as t tends to infinity? Again, our main
theorem provides an answer and we will also focus on symmetric
Weibull- and Student-like vectors. These two distributions capture
the main features of the applications of our theoretical result to this
situation.

The last example, treated in chapter 10, deals with random ma-
trices. Specifically, if X is an n X n matrix with independent and
identically distributed coefficients, we seek for an approximation of
P{det X > t} for large t. Again, we will deal with Weibull- and
Student-like distributions. In the last subsection, we also approxi-
mate P{||X]|| >t} for large ¢, the tail distribution of the norm of the
random matrix. This last example yields some interesting geometry
on sets of matrices, and turns to be an application of the results on
random linear forms obtained in chapter 9.

The last chapters address some more applied issues, ranging from
applications in statistics to numerical computation.

Chapter 11 presents some applications to statistical analysis of time
series. We will mainly obtain tail distribution of the empirical covari-
ances of autoregressive models. This turns out to be an application
of the results of chapter 8. We will go as far as obtaining numbers
useful for some real applications, doing numerical work.

Chapter 12 deals with the distribution of the suprema of some
stochastic processes. It contains some examples of pedagogical in-
terest. It concludes with some calculations related to the supremum
of the Brownian bridge and the supremum of an amusing process de-
fined on the boundary of convex sets.

There are two appendices. One deals with classical estimates on
tail of Gaussian and Student distributions. In the other one, we prove
a technical estimate on the exponential map.

Every chapter ends with some notes, giving information and/or
open problems on related material.

When doing rather explicit calculations, we will focus on two
specific families of distributions. Recall that the Weibull distribution

on the positive half line has cumulative distribution function 1—e=*",
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x > 0. Tts density is az® te™*"

namely the density

[j0,00) (7). We will consider a variant,

We(x) = Kwﬂe_l“’”'a/o‘, reR,

where setting Ky, o = a!~(1/%)/(2I'(1/a)) ensures that w, integrates
to 1 on the real line. We call this distribution symmetric Weibull-like.
This is the first specific family of distributions that we will use.

To introduce the second family, recall that the Student distribution
has density proportional to (1 + oz_lyz)_(aﬂ)ﬂ. Its cumulative
distribution function S, has tail given by the asymptotic equivalent
— see Appendix 1 —

a—1)/2
§a(—x)~1—§a(x)~K8’aO;# as r — 00,
where K o = ffooo(l + a_1y2)_(°‘+1)/2 dy is the normalizing constant
of the density. Accordingly, we say that a density s, is Student like if
the corresponding distribution function So(z) = [*_ sa(y)dy satisfies

a—1)/2
Sa(—x)Nl—Sa(m)NKs’a(;# as r — 00,
for some constant K 4.

Why are we interested in these two specific families? When
a = 2 the Weibull-like distribution is the standard Gaussian one.
Embedding the normal distribution this way will allow us to see how
specific the normal is. When looking at product densities, it is only
when o = 2 that the Weibull-like distribution is invariant under
orthogonal transforms; this will create discontinuities at a = 2 in
some asymptotic approximations.

The Student-like distributions are of interest because they are
rather representative of the so-called heavy tail distributions. In
particular, they include the symmetric stable distributions with index
a in (0,2). But more generally, recall that a cumulative distribution
function F' is infinitely divisible if its characteristic function has the

+o00 i(x_1_~ :
exp/ e zCsmde(m)

22

form

— 00

for some finite measure M — see, e.g., Feller (1970, §XVII). For x
positive, define

Mt (z) = /+OO M (y) and M~ (z) = /—1‘ M (y) .

y? oo VP
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Recall that a function f on R is said to be regularly varying with
index p at infinity if, for any positive A,

tim L2 _ 5o

z—o0 f(x)
It can be proved — see, e.g., Feller (1970, §XVII.4) — that whenever
M (resp. M7™) is regularly varying with negative index, then
1 — F(z) ~ M™(z) as x tends to infinity (resp. F(z) ~ M~ (z)
as x tends to minus infinity). Thus, if

C
fL‘O‘_2 )

M (=00, —x) ~ M(z,00) ~

with a > 2, then F' is Student-like. More precisely,

cla—2
l—F(:r)Ng as r — 00
axr®
one can take the constant Kj o to be c¢(a — 2)a~(@+1)/2,
Other distributions are Student-like. For instance, one may start

with a random variable X having a Pareto distribution on (a, c0),
PX>2}e— ' 1 ()
T (r—a4 1) [a,00) 1%/ -
We then symmetrize it. Take ¢ to be a random variable independent
of X, with
Ple=—-1}=P{le=+1}=1/2.

Then €X has a symmetric distribution. Its tails are given by

1

for x large enough. Thus, eX has a Student-like distribution.
Notes

There is an extensive literature on calculating integrals. Concerning
the classical numerical analysis, quadratures, Monte-Carlo methods,
etc., chapter 4 of the Numerical Recipes by Press, Teukolsky, Vetteling
and Flannery (1986) is an excellent starting point. It states clearly
the problems, some solutions, their advantages and drawbacks, and
contains useful references.
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The statistical literature is full of more or less ad hoc methods to
perform some specific integrations, sometimes related to those we are
interested in here. In the last 20 years or so, Markov chain Monte-
Carlo and important sampling methods have been blooming, bringing
a large body of papers. Unfortunately, I do not know a reference
explaining things simply. Perhaps this area is just too active and has
not yet matured to a stage where classical textbooks become available.

Concerning the approximation of univariate integrals, Laplace’s
method, asymptotic expansions and much more, I find Olver (1974) a
great book. The classical references may be Murray (1984); De Bruijn
(1958) and Bleistein and Handelsman (1975) have been republished
by Dover. Both are inexpensive — as any book should be — and
are worth owning. Not so well known is Combet (1982). Combet has
proofs of the existence of asymptotic expansions derived from very
general principles, although these expansions are not too explicit. I
tend to believe that work in this direction would bring some practical
results, and this is the first — loose — open problem in these notes.

Regularly varying functions are described beautifully in Bingham,
Goldie and Teugels (1987).






2. The logarithmic
estimate

Throughout this book, we consider a nonnegative function I defined
on R, convex, such that

lim I(z) = +o0.
|z|—o0
This assumption holds whenever we use a function I, and we will not
repeat it every time.
For any subset A of R%, we consider the infimum of I over A,

I(A) =inf{I(z):x € A}.

—1(*)dx with A far away

When studying an integral of the form [ G
from the origin, a first natural question is to investigate if it is close
to e () at least in logarithmically. If this is the case, we have an

analogue of the logarithmic estimate for exponential integrals
log/ exp (— M (z))dz ~ A(A) as A — 00
A

— A is fixed here! — which holds, e.g., for sets A with smooth
boundary.

Our first result in this flavor will be a slightly sharper upper
estimate than a purely logarithmic one, but for some very specific
sets A, namely, complements of level sets of I. This estimate will be
instrumental in the following chapters.

Let us consider the level sets of I,

Fe={z:1(z)<c}, c=20.

The complement T of T, in R? is the set of all points for which I is
strictly larger than c. Define the function

L(c):/ e 1@z, c

c

WV
o
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2.1. PROPOSITION. There exists a constant Cy such that for any
positive c,
L(c) < Coe (1 +¢)?.

Proof.  Use Fubini’s theorem and the change of variable u = v + ¢
to obtain

L(c) = //I[C’u] (I(z))dze ™ du = e_c/ € lego \ T dv
v=0

< e_c/ e V| Tetn|dv.
v>20

Since the function [ is convex, nonnegative and tends to infinity with
its argument, its graph

{ (z,I(z)) :xeRd} c Rt

is included in a cone with vertex the point (0,...,0,—1) and passing
trough a ball centered at 0 in R? x {0}.

Thus, |T'| is less than the d-dimensional measure of the slice of the
cone at height ¢, i.e.,

Ty < C1(1+1)¢

for some positive constant Cy. Thus,

L(c) < C’le_c/ e (c+v+1)dv

v=0

< 3dC'16_C/ e+ vl +1)dv
v>20
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and the result follows. "

To handle more general sets, it is convenient to introduce the
following notation.

NOTATION. Let F', G be two functions defined on the Borel o-field
of RY. We write

(i) limg oo F(A) = 0 if and only if for any positive e, there exists c
such that for all Borel set A of R?, the inequality 1(A) > ¢ implies
P(4)] < 6

(11) ima_oo F(A) = 0 = lima_oo G(A) = 0 if and only if the
following holds:

Ve, 39, 3¢ > 0, (I(A) = ¢ and |F(A)| < 0) = |G(A)| < e.

Another way to phrase condition (ii) is to say that whenever I(A)
is large enough and F'(A) is small enough, then G(A) is small.

Notice that this notion of limit depends on the function /. But if
we restrict I to be convex, defined on R% and blowing up at infinity,
then it does not depend on which such specific function we choose.

The advantage of this notation is that it allows to express approx-
imation properties related to sets moving away from the origin, but
under some analytical constraints. We will mainly use (ii). We can
similarly define liminf . F(A) and limsupy_, . F'(A).

A first example of the use of this notation is to express a condition
which ensures that we have a “nice” logarithmic estimate. It asserts
that log [, e~ 1®)dz is of order —I(A) provided A is not like a very
thin layer attached to 0T 4).

2.2. PROPOSITION. The following are equivalent:

(i) Hima_ oo [(A)71 log/e_l(m)dm =1,
A

(ii) lim,_oliminf Ao [(A)_l log ‘A N F(1+e)I(A)| =0.

0A

Cicay Taveyna
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REMARK. For any set A,

/ e 1@ dy < / e 1@ dg = L(1(4)) .
A r

7ea)

We then infer from Proposition 2.1 that

limsup I(A)~! log/ e 1@ < —1.
A—o0 A

Thus, statement (i) in Proposition 2.2 is really about the limit inferior

of the integral as I(A) tends to infinity.

Notice also that the the limit as € tends to 0 in (ii) exists since €
['(14¢)7(4) is monotone. The limit is at most 0 since [ANT (14¢)7(4)] <
IT'(14¢)1(4)| is bounded by a polynomial in /(A). Therefore, statement
(ii) is really about the limit inferior as € tends to 0.

Proof of Proposition 2.2.  Assume that (ii) holds. For any positive
number €,

(At log/

e 1@z > 1(A)! 1og/ e 1@y
A

ANT(146)1(4)
> I(A) " log (em M HWIANT 14 1))
=—1—€+ ](A)_l log |A N F(1+e)I(A)| .

Given the above remark, (i) holds.

To prove that (ii) is necessary for (i), let us argue by contradiction.
If (ii) does not hold, then there exists a positive § and a sequence of
positive numbers €, converging to 0 as k tends to infinity, such that

liminf I(A) ! log |A N Lltenrayl < -8

A—o0

for any k large enough. For k large enough, ¢, < (. Thus, using
Proposition 2.1,

/ e 1@ 4y < / e~ 1@ qp 4 / e 1@ 4y
A AﬂF(1+5k)I(A) I

(1ep)I(A)
e TANT 1y + L((L + ) 1(A))

e~ 1A+8) 4 e 1(A)(1+ex) (1+(1+ Ek)I(A))d
—I(A)(1+ex+o(1))

INCININ

e as A — o00.
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Therefore,

limsupI(A)_llog/ e 1@ der < —(14¢) < -1
A

A—o0

and (i) does not hold. .

Notes

The idea of the proof of Proposition 2.1, writing e~/

u

as the integral
of e™" over [I,00) and then using Fubini’s theorem is all but new;
at most it has not been used enough. Lieb and Loss (1997) call
a much more general fact the “layer cake representation”. I have
the recollection of hearing talks using similar tricks and referring
to the coarea formula. See Federer (1969) to know all about it, or
Morgan (1988) to simply know what it is. Proposition 2.2 grew from
Broniatowski and Barbe (2007) which we wrote, I think, in 1996 or
1997. This second chapter has the flavor of large deviation theory and
the notation [ for the function in the exponential is not a coincidence.
More will be said in the notes of chapter 5 and in chapter 7. There
are by now a few books on large deviations. Dembo and Zeitouni
(1993) and Dupuis and Ellis (1997) are good starting points to the
huge literature. From a different perspective, and restricted essentially
to the univariate case, Jensen (1995) may be closer to what we are
looking for here.

Introducing the set A. suggests that the variations of —log f are
important. It has to do with the following essential remark. The
negative exponential function is the only one — up to an asymptotic
equivalence — for which integrating on an interval of length of
order 1 produces a relative variation of order 1 on the integral.
Mathematically, the fact is that

o0 o0
/ e Tdx = e_s/ e Tdx.
t+s t

Hence, in approximating ﬁfs e *dx by ftoo e % dx, we are making a
relative error equals to e™® — 1. If s is fixed, this relative error stays
fixed, event if £ moves. If one writes the analogue formula with a
power function, one obtains

/OO dr 1 _<t)a/°° dx
s @Ol (4 s)e \t+s . axotl’
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As t tends to infinity, the ratio (¢/(t + s))” — 1 tends to 0. Thus
the relative variation of the integral tends to 0 as t tends to infinity.
Finally, in the subexponential case, for a > 1,

o0 [e3 [e3 {e% o0 [e3
/ az®le " dg = e~ () +t / az® e ™ dx.
t+s t

The relative variation is now driven by
exp (— st* (1 +0(1))) — 1.

If s is positive (resp. negative), it tends to —1 (resp. infinity) as ¢
tends to infinity.

In other words, the exponential scale that we use on the variations
of f ensures that the variation of f(z) in this scale are of the same
order of magnitude as the variations of z in space.



3. The basic bounds

In this chapter, our goal is to obtain lower and upper bounds for
the integral fA e 1@ dx. In order to get useful estimates, we need to
decompose A into small pieces on which the integral can be almost
calculated with a closed formula. These pieces are given by the
geometry of the graph of the function I, and therefore we will first
devote some time in introducing a few useful quantities related to this
graph.

3.1. The normal flow and the normal foliation.

Recall that we assume
I is strictly convex on R%, nonnegative, twice differentiable,

with lim, . I(z) = +00.

Up to adding a constant to I, which amounts to multiplying the
integral [ A e 1@ dx by a constant, and up to translating A by a fixed
amount, we can assume that

1(0) = 0.

Let DI denote the differential — or gradient — of I and D?I its
Hessian. The strict convexity assumption implies that D?I is a
symmetric definite positive matrix.

Recall that we use

Fc:{:EE]Rd:](:E) <c}:]_1([0,c])

to denote the level set of I. We define the level lines — or level
hypersurfaces — of I as the points on which I is constant, that is

A, = {IGRd:I(fL‘):C}:]_l({C}).

Since [ is a convex function, I'; is a convex set. Moreover, I being
defined on R?, we write
R = | A

c20
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Let x be a nonzero vector in R? — equivalently, I(x) is nonzero. Set
¢ = I(x). The gradient DI(x) is an outward normal to A, at x and
defines a vector field on R%\ {0}. For ¢ nonnegative, we write (=, t)
the integral curve of the vector field DI, such that i(z,0) = = and
I(¢(x,t)) = I(z) + t. Sometime it will be convenient to use the
notation ¥y (x) or ¢, (t) instead of ¢ (z,t).

DEFINITION.  The flow vy is called the normal flow at time t.

¢(x, t)

x, the flow ¢/(x,s) for s in [0, t],
the level sets Aj,y and A4 hilighted.

It is also convenient to introduce the outward normal unit vector
to A¢ at =z,
DI(x)
N(z) = .
|DI(x)|

3.1.1. LEMMA.  The function t +— (x,t) is a solution of the

differential equation

_ DI(Y(a.t))
DI (v, 1)) [*

with initial condition ¥ (x,0) = .

d
&w(l‘vt)

Proof. By definition of the normal flow,
d d
1= 1 ((w,0) = (DI(b(, 1), Tl ).

The result follows since %w(x, t) must be collinear to DI (¢(z,t)). =
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The next trivial fact is due to the convexity of I. It asserts that the
norm of the gradient |DI| can only increase along the normal flow.

3.1.2. LEMMA. The function t — ‘Df(qj)(x, t))| is nondecreasing.

Proof.  Since D?] is positive definite,

DI (e, )| = 2D (b, DN (. 1), N (2 1)) > 0. s

The monotonicity of |DI| along the normal flow yields a Lipschitz
property of the map ¢ +— (x,t).

3.1.3. COROLLARY. For any x in R\ {0} and nonnegative real
number t,

t

|wxw—w@ﬂn=wm¢wwﬂ<ﬁﬁaﬂ.

Proof.  The result follows from the fundamental theorem of calculus,
Lemmas 3.1.1 and 3.1.2, since
/ ‘DI (x,s) !

| (x, (x,0)] /‘ds x,s)
DH)\

As a consequence, two points on the same integral curve and nearby
level lines of I cannot be too far apart in Euclidean distance. This is
expressed in the following result

3.1.4. COROLLARY. Let M be a positive number. If y is in the
forward orbit of x under the flow vy, i.e.,

ye{t():t=0};
and if I(y) — I(z) is in [0, M ], then

M
IDI()]

ly — x| <
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Proof.  Since y = ¥ (z,t) for some t,
M > [(y) - I(x) = I(w(m,t)) B I(w(m,O)) =t.

Hence, Corollary 3.1.3 implies

t __ M
IDI(z)] = [DI(z)]

ly — x| <

So far, we have just collected some trivial informations on the
normal flow. Since I is twice differentiable, the level lines A. are
submanifolds — hypersurfaces — of R%. The function 1, maps A,
onto Acys. For p in A, we can consider the tangent space T,A. of
A.. The differential of ¢); at some point p, which we denote either by
Dy (p) or u(p), maps TpArp) to Ty Arp)+¢- We will need some
estimates on this differential, and we first calculate its derivative with
respect to ¢.

3.1.5. LEMMA.  The following holds

D21

d
GV ) = [1=2N & N ()| 57

(@th(P))@ZJt* (p) -

Proof. Lemma 3.1.1 yields

%wt* = (%¢t>* = (% ° wt)* = (%)*(%) 0 Y

by the chain rule. Therefore,

d D?J DI DI D?I
This is the result since N = DI/|DI|. .

Since I is convex, the level sets I'. are convex, and one can see by
a drawing that vy, must be a map which expands distances — see
the picture before Lemma 3.1.1. This is expressed in the next result.
Before stating it, notice that for p in A., the tangent space T, A, inherit
of the Hilbert space structure of R%. Thus, it can be identified with
its dual (T)A.)*. Since g maps TpAc to Ty, (p)Acts, its transpose YL
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maps (Ty,, )y Aert)” = Ty, (p)Aert t0 TpAc. Consequently, Yy, is a
linear map acting on T}, A..

3.1.6. LEMMA.  For any nonnegative t, det(vi,,) > 1

Proof. Since v is the identity function, we have det(¢g.) =
det(Id) = 1. It is then enough to prove that for every h in TpA.,
with ¢ = I(p), the map

is nondecreasing.
Writing ¢ = ¢¢(p), we infer from Lemma 3.1.5 that

27

%!%(1))%2 = 2<(Id —2N @ N(q)) ek

1] (@4 @) (B

Since . h belongs to T;Ac4; it is orthogonal to N(g). Therefore,

N(q) e (p)h = (N(q) , Yes(p)h) = 0.
Since D27 is nonnegative, it follows that
2
|2 <D I

d

(@Y (P, Yeeh) > 0

Consequently, the given map is indeed nondecreasing. "

It follows from Lemma 3.1.6 that 1, is invertible. Since t +— 1y is
a semigroup, 1y cannot expand too fast as ¢ increases.

3.1.7. LEMMA.  For any p in R*\ {0} and any nonnegative s, t,

s 2
ot < Ll esp (| ‘E If(ff”zgﬁz”du) |
t+u

Proof.  Notice that Id — 2N ® N is an inversion. Its operator norm
is 1. Using Lemma 3.1.5, writing ¢ = ¢4(p) and using the triangle

inequality for the increments of the function ¢ +— Hwt* (»)ll,

d D?]
Hoewl < |G| < 2@ oo
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Integrate this differential inequality between ¢ and s to obtain the
result. .

In the same spirit as in the previous lemma, a little more work
gives us a good control on the growth of det (¢, ), improving upon
Lemma 3.1.6.

3.1.8. LEMMA.  For any nonzero p and any nonnegative t,

d
— log det (th*wt* (p))

dt
2 .
) Wtr {PFOJth(p)AI(p)HDzI(wt(p))‘

th(mAI(mJ

In particular, for any nonnegative s,

det (@ZJEFS,*@ZJHS,*(]?))

< det (¢ ¢ (p)) exp (2/0

S tr[D2I (¢14u(p))] du)
!D](¢t+u(p)) ‘2 ’

and the function s — det (¢E|—s,*¢t+s,*(p)) is nondecreasing.

Proof. Let p be a nonzero vector. Consider a local chart p(-) :
Uc R - Aj(py around p, such that p(0) = p and the vectors
0; = %p(()) form an orthonormal basis of T)A;(,). Lemma 3.1.1

yields
o 2
a(wt*(p)ai) = 8ui8t¢(p(u1""’ud_l)’t)‘u:o
o s N
= Ous (m (¢(p7t))) u—0

Since ¥.0; belongs to Ty, ) Ar(p)4e, it is orthogonal to N (¢4(p)) for
all j. Moreover, dN is self-adjoint when acting on the tangent space
of the level curves Aj(,)4¢ — a known fact when studying the second
fundamental form of immersions of hypersurfaces in R%; see, e.g., Do
Carmo (1992) — we obtain

%<wt* (p)az 7wt*8j> = 2 ‘ <dN(1/)t(p))wt* (p)az 717[)15* (p)a]> .

IDI(x(p))
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Using that Ddet(x) = det(x)tr(z=!) — a proof of this fact is in
Lemma 10.0.1 — and that 1)y, is invertible,

—det (@th* (P)Vy (p))

:det(wt*@)wt*(p))tr[(w&mmm)‘ GAGINE)

-9 det (wt*( )wt*(
D1 (2 (0))

i

))

f” e[ (U (), () UL DN (1 () )]

_, det (Vi ()

|DI(¢t r ProjT¢t(p)A1(p)+th(1/115(17))‘

T))t[

Tyy(p) AI(?)H]

This is the first assertion in the Lemma, since the restriction of d/V
to the tangent space coincides with D21 /|DI|. Moreover, since D[ is
positive, we have

- tr [D2I(wt(p))]

r PrOJth(mAI(p)HdN(wt(p))‘th(p)/\f(pm] S PIwe)]

and the second statement follows from integration.
The third statement follows from the first one. Indeed, D?I is

nonnegative, and so % log det (¥, (p)) = 0. .

We now have all the informations we need on the normal flow.
Its integral curves define a foliation of R?\ {0}. We will obtain
an expression for [ A e~ 1@ dx by integrating first on A 1(4), and then
along the leaves. The virtue of the normal flow is that computation
of the Jacobian in the change of variables is easy, because the normal
vector field and the level sets of the function I are orthogonal at every
point of R%. Before rewriting the integral, we need to parameterize
the boundary 0A in the flow coordinate system. Specifically, for any
point p in R, define

TA(p):inf{t 0:Ye(p EA}

with the convention that inf ) = +oo. In the sequel, we will always

oo

read e~ as 0.
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@(x; 7a(P))

p. the flow ¢(p,s) for s in [0, Ta(p)].
the level sets Aja) and Aja)yr,(p) hilighted.

It is convenient to agree on the following convention: Except if
specified otherwise, we will equip submanifolds of R? with the inner
product of R? on their tangent spaces. This defines their Riemannian
measure completely — not only up to a multiplicative constant.

NOTATION.  Whenever a set M is a submanifold of R, we write
My for its Riemannian measure.

We can now rewrite our integral.

3.1.9. PROPOSITION. If I(A) is positive, the following equality
holds,

/ 1@ g — o~ 1(A) / o—TaD) / Y ),
A PEAT(a) 520 |DI (wTA(p)-i-S (p)) |

|det (wEA(p)+s7*er(p)+s,*(p)) |1/2d8 dMAI(A) (p) .

Proof.  Use Fubini’s theorem to first obtain

/e_I(z)da:://IA(a:)I[I(I)pO)(C)e_Cdcdx
A
=14 / e | ANT (ayscl de. (3.1.1)

This brings the leading exponential term out of the integral.
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Let p be in Ar(4), and consider a local chart
p() U C Rd_l — A[(A)
around p. If z is in the image of p(U) through the normal flow, we

can parameterize it as x = @Zj(p(ul7 cey Ug—1), s). Setting 9; = %p,
the Jacobian of the change of variable z < (uq,...,u4_1, ) is

7 = [act (Verp)on. ...t D)1, (. )|

0s
1 <ws*(p)8z s P (p)aj>1gi,jgd—1 0 v
= det 2
0 &), s)|
d
] et ) Vet (000 )

since <1/)s*(p)8i , %w(p, s)> =0,fori=1,...,d—1.
In term of the new parameterization and gluing charts using a
partition of unity, we obtain

|AmFI(A)+C| :/IAOFI(A)Jrc(x)dx
d
[ )| 5ems)x
0<s<e J Ag(a) o

det (w;[:kws* ) 2dM Ar(a) (p)ds.

Notice that 14 (¢(p,s)) vanishes if s < 7a(p). Using (3.1.1) and
Fubini’s theorem, the expression of d¢)(p, s)/ds in Lemma 3.1.1 gives
the result. "

Just as we introduced 74(p), the first entrance time of a point in A
through the flow, define

XA(p) =sup { s : ¥, (py1s(p) € A}

the last time of exit of A starting the clock time at 74(p), and

XAI?(p) = inf { s>0: wTA(p)—l—s(p) ¢ A} )

the first time of exit of A starting the time at 74(p). If A has “holes”,
x& may be strictly less than x4. Both x%(p) and x4 (p) may be
infinite.
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Proposition 3.1.9 and our lemmas on the normal flow yield the
following basic bounds, which will turn out to be surprisingly sharp
and useful.

3.1.10. THEOREM.  For any Borel set A of R® with I(A) positive,

T 1/2
/ e 1@y < e 1A / o Ta(D) det(wm(p)*(p)wm(p)*(p)) %
A PEAT(4) DI (¢r, ) (P)]

D21 ]
eX d g W —1)dt
/ogsgx (p) P |:/0<t<s ( DI (d’ A(p)+t(p)) )

dsdMa,,, (p)

and

T 1/2
/ 1@ g > o1 / a3 s (P ), )
A PEAT(A) |DI(¢TA(p) p))!

TA(p)<oo

/ exp / <£2§H(wm(p)+t(p)) - 1>dt
0<s<x£(p) 0<t<s ‘DI|

dsd My, (P) -

(Be aware that the letter d in front of ||D2I]|/|DI| in the exponential
in the upper bound refers to the dimension d of R%, and not to some
differentiation!)

Proof. The upper bound follows from Proposition 3.1.9, and the
following observations. Clearly, IA(wTA(p)—l—s(p)) is at most 1, and
vanishes whenever s > x4 (p). Lemma 3.1.8 implies

T
et (Y, (o) 45,6 Vra ) +5,5)
T D1
< det(w’TA(p),*wTA(p),*) exp <2d /0<t<s |DI|2 (er(p)—i-t)dt) )

and Lemma 3.1.2 gives

1 1
DI (Urnrea®)] ~ DIy @)]
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To prove the lower bound, notice first that I4 (wT A(p)+8(p)) =1 for all
s in [O, Xi(p)). Using Lemma 3.1.8 and Proposition 3.1.9,

/ @)y > 1) / a9 @)
A PEAL(A) |DI(7J)‘FA(IJ) (p)) |

/ exp < — 5 —10g [DI(¢r, (p4s(p)) | +10g DI (17, () (1)) l)
0<s<xfi (p)
dsdMa,, (p).

Using Lemma 3.1.1, we have

log[D1(v(p,5))| = <D|2]§7]'|§V,N>(w<pa 5)).

Therefore,
10g [DI (474 (p) () | =108 [DI (7, (p) 44(0)) ]

o2
. ] .,
R )

NN

and this brings the lower estimate. "

REMARK. The gap between the upper and the lower bounds comes
essentially from the term ||[D27]|/|DI|? in the exponential. One should
expect this ratio to be small for large arguments and in interesting
situations. For instance, when d = 1 and I(z) = |z|, we have

D*I(z)] a-—1 1
DI(@)]? ozl

In the same vein, if 74(p) is not too large, we should be able to replace
Vrap)(P) by Yo(p) = p, while if 74(p) is large, the term e~ TalP) will
make the contribution of those p’s negligible. Therefore, we hope to
obtain the approximation

/ e 1@y
A

~ e~ 1(4) / e T / / _1dt)ds dM
~ e exp sdMay,, (p)
PEAT(A) ‘DI | 20 > o

—7a(p)

= —I(A)/ ;d./\/l (

e Arear (D) (3.1.2)
PEAL(a) ‘DI p ‘ o
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which is a quite manageable expression. To prove that such approxi-
mation is valid requires some ideas on the order of magnitude of the
final expression in (3.1.2), and the next section is devoted to the study
of this term.

3.2. Base manifolds and their orthogonal leaves.

Following the remark concluding the previous subsection, we want to
rewrite the integral as e /() times

e
=AM, (3.2.1)
R

so that we can isolate the leading terms. We first need to recall some
notation and introduce some definitions.

For p in A., we denote by expp(-) the exponential map at p in the
manifold A.. That is, if u belongs to T)A., the value of exp,(u) is the
point on A, at a distance |u| to p on the geodesic starting at p in the
direction u — see for instance Do Carmo (1992) or Chavel (1996). The
exponential map is always defined for a small value of the argument
in the tangent plane.

If M is a submanifold of A4y and p is a point in M, the tangent
space TpA gy splits as T, M & (T, M)+ where we denote by (T,M)+
the orthocomplement of T}, M in T\ 7 4.

DEFINITION.  The projection of a set A C R* on Apcay — through
the flow ¢ — is the set of all points p in A4y such that 1(p) belongs
to A for some positive t. A submanifold Da C Aj(ay is called a base
manifold — for A — if the projection of A through 1 is contained in
Upen., &0y ((TyDa)").

Often, we will loosely speak of the projection of A on Ar(y),
forgetting to add that it is through the flow .

In what follows, if D4 is a base manifold, we denote by k = k(D4)
its dimension. In order to replace the integration over Aj4) by an
integration over a base manifold D4 in (3.2.1), we need to attach
orthogonal leaves to D4. For this construction, we borrow some
definitions and notations used to parameterize tubes as in Weyl’s
(1939) formula.

Consider a base manifold D4 of A, and define a normal bundle by

NyDa =TpApa) ©TpyDa,  peDa.



3.2. The normal flow and the normal foliation 37

Let dist(-,-) denote the Riemannian distance on A 1(A)- For every u
in NDy, consider the radius of injectivity of Aj(4) in the direction u,

ea(p,u) =sup{t>0: dist(expp(tu),p) =t},
the exponential map being that on Ay(y4) as before. Define
Qup={(t,u):ueNyDa, Juf=1,0<t<ealpu)}, peDa,

so that 04, is the set of all focal points of D, immersed in
pG'DA P

Ag(ay. From its definition, we infer that exp,,(€24,) coincide with the

set

wap={q€ Az(a) @ there exists a unique minimizing

geodesic through g which meets Dy orthogonally at p }.

Set

wa = U WAp -

pEDA

On wy, we can define a projection w4 onto D4 as follows. Any
point ¢ in w4 can be written in a unique way as ¢ = expp(u) for
(p,u) € Da x NyDa. We set ma(q) = p. In other words, ¢ is
on a unique geodesic starting from D4 and orthogonal to Dy4; the
projection of g on D4 is the starting point of this geodesic in Dy. We
call the sets {7,(p) : p € Da}, the orthogonal leaves to D4. By
construction, wa p is in Aj4) = Aj(p), and it contains ng(p).

0A 0A
p e . P AR
WA, p D WA, p
Aicay Da or 75 (p) Aicay A or 74 (p)

In order to rewrite the integral (3.2.1) as an integral over a base
manifold and its orthogonal leaves, we need to calculate the Jacobian
of the change of variable ¢ € wa < exp,(u), p € Da, u € NyDa.
For this purpose, notice that the differential 744(q) maps TyAr(a)
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onto Tr(Da. Since m4 is constant on the orthogonal leaves, the
orthocomplement of ker 74,(q) is a vector space of dimension k. Let
b1(q), ..., bk(q) be an orthonormal basis of this orthocomplement, and
define the Jacobian

Jra(q) = ‘det((wA*(q) A A Tas(q)) (b, . .,bk))‘

— when k =0, read Jma(q) = 1. Federer’s (1959) co-area formula —
see the appendix of Howard (1993) for a simple proof in the smooth
case we are using here — yields

e TA (») I(_OO u] (TA(C]))
/WA DI M= [ e e DI@)

(JTFA)_l(q)d./\/lﬂzl(p)(q)dMDA(p)du. (3.2.2)

We can now express the Riemannian measure M a7l (p) OVer the leaf
A

ng(p) in normal coordinates. For this aim, following Chavel (1993,
chapter 3), let 7, , denote the parallel transport along the geodesic
from p to exp,(tv), and furthermore, let R, denote the Riemannian
curvature tensor of the leaf ng o m4(q) at the point ¢g. Denote
Ypw(t) = expy(tv) a point of the geodesic starting from p in the
direction v with constant velocity |v|. Then, consider the matrix

Ry (t) = 7;;;&,1@ © Rexpp(tv) (71,)71)@)7 ')7;;,1) (t) © %,t,v

defined on Tpm ;' (p). We define a matrix-valued function A,(t,v) as
solving the differential equation — in the set of matrices over the
(d — k — 2)-dimensional vector space T,7,*(p) © vR = N,Dg ©vR —

82
@A(t, v) + Ry(t)A(t,v) =0,

subject to the boundary condition

0
A(0,v) =0, aA(t,v) o Id.

The boundary conditions imply

det A(t,v) ~ det(tIdga—r—2) ~ tTF2 ast— 0
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uniformly in v in the unit sphere S ') (0,1) of Ny;Ds. The
expression of the Riemannian measure over a leaf, ngl(pﬁ in normal
coordinates yields

e~ Tala)
.,

Ljo.u) ( 74 (exp,(tv))
/>0 /pEDA/ Y /e[o ea(p,)] [OU])(I:GXPIJI()W))‘ )

det(.A( v)) dt dpy(v) dMp, (p) du, (3.2.3)

!JWA(epr(tv)) ‘

where 1, is the Riemannian measure over the unit sphere of prgl (p),
centered at the origin.

This last expression looks quite complicated. However, we are
almost done, and the intuition goes as follows. Roughly, we want
to choose Dy as Aj4) N IA, so that I is minimal in A over Dy —
but we will actually need to have a little bit of freedom for some
applications and make a slightly more subtle choice. Due to the term
e~ ™ let us concentrate on the range v = O(1). The assumption
|IDI(p)| tends to infinity with |p| will imply that in good situations
TA(epr(tv)) grows very fast as a function of ¢, since exp(tv) is
transverse to D4 where 74 is minimal. Hence, if the indicator function
of T4(exp,(tv)) < u = O(1) is not zero, we must have ¢ small. But
for small t’s and p € Dy,

(Jma) ™ (expy (1) ~ (Jma) ™ (p) = 1

since exp,(tv) = exp,(0) = p and 7a(p) = p; furthermore, as we
mentioned earlier, for small ¢’s

det (A(t,v)) = k=2
and again, since epr(tv) ~ D,
|DI(exp,(tv))| ~ |DI(p)].

Thus, we should expect the right hand side of (3.2.3) to be approxi-
mately

N
e—u
/u>0 /pEDA ‘DI )| / il O /e[o ea(pw)]

Lo <TA(epr(tv)) - TA(p)>td_k‘2 dt dpy(v) dAMp , (p) du . (3.2.4)
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Assuming that 0A is smooth, for a unit vector v in przl(p), the
function ¢ +— 74(exp(tv)) — 7a(p), is minimum for ¢ = 0. This
function should be approximately quadratic near 0. The integration
in t and v then gives the volume of an ellipsoid, which is related to the
curvatures of A7 4y and A near p. We will also need to prove that in
good situations (3.2.1) is equivalent to (3.2.2), in which we restricted
the integration to w4.

At this stage it should be noticed that pinching the curvature R
yields differential inequalities for A and therefore bounds for (3.2.3).
We shall not pursue this line, but the reader may notice that there are
situations where R is easy to calculate — for instance if I(z) = |z|?
as in the Gaussian case, then R = Id/|x| — or to pinch. Thus, more
precise estimates could be obtained, and even a control of the error
terms. This could be useful in some applications, but it is not clear
that it is worth investigating in a general setting.

Notes

This chapter builds upon the classical theory of surfaces and integra-
tion on manifolds. If you don’t know any differential geometry, don’t
give up! It took me a long time to find a good starting point, that is a
book that I could read and understand. I found it when I was visiting
the Université Laval at Quebec! Buy Do Carmo’s (1976, 1992) two
books, and start reading the one on curves and surfaces. If you are
as bad learner as I am, do what I did, that is, all the exercises. Once
you read about two dimensional surfaces and understand that curva-
ture is a geometric name for a second order Taylor formula, you will
have enough intuition to digest the abstract Riemannian manifolds —
which really copy the classical theory of surfaces in R3. After reading
Do Carmo’s books, I found Chavel (1996) and some parts of Spivak
(1970) most valuable. Some colleagues liked Morgan’s (1992) book
very much as a starting point, others McCleary’s (1994).

The change of variable comes from that in Weyl’s (1939) tube
formula. Weyl’s paper is very nice to read, and a good part does
not require much knowledge of differential geometry.

Notice that the formula derived in Proposition 3.1.9 does not rely
upon convexity of I. It could be of some use in other places.

It is certainly possible to extend the estimates obtained in this
chapters, the previous ones and the next ones, to some integral over
noncompact manifolds. In this case, one should replace the Lebesgue
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measure by the Riemannian one. I do not know if this could be of any
use.






4. Analyzing the leading
term for some smooth sets

In this chapter we analyze further the quantities involved in the
integral (3.2.3). We will assume that

OA and Aj(4) are smooth — i.e., C? — submanifolds of RY, (4.0.1)

and furthermore that

the base manifold D4 is a smooth — ie., C? —

submanifold of R?, possibly with boundary. (4.0.2)

Notice that so far we have a lot of freedom to choose the base manifold,
so that (4.0.2) is not much of a restriction. Borrowing from the theory
of large deviations, it is convenient to introduce the following notion.

DEFINITION. A base manifold Da for A is called a dominating
manifold (for A) if, for allp in Da and all unit vectors v in Tym 4" (p),
the function

t e (—ealp,—v),ealp,v)) — 7a(exp,(tv)) € [0,00)

has a local finite minimum att = 0. A point in a dominating manifold
1s called a dominating point.

Thus, if D4 is a dominating manifold, the set 0A is pulling away
from Ay, along the lift through the normal flow of the geodesics
orthogonal to D4. Notice the important fact that if a point p is in a
dominating manifold D4, it may not be in A, i.e., 74(p) may still be
positive. This is an essential difference from the large deviation theory,
or analogously to what would be considered in Laplace’s method. This
distinction will turn out to be crucial for some applications — see
sections 8.2, 8.3 or 10.2. The downside of allowing this extra freedom
is that the main result has a slightly more involved statement. But it
is worth the extra power provided. Another feature is that only the
points for which 74 (exp,(tv)) is finite matter.



44 Chapter 4. Analyzing the leading term for some smooth sets

4.1. Quadratic approximation of 74 near a dominating mani-
fold.

Under the assumptions (4.0.1)—(4.0.2), if D4 is a dominating manifold
and p is one of its points, the function ¢t — 74 ( expp(tv)) is minimal at
0 for all unit vectors v tangent to 7r;11(p) at p. It admits a quadratic
approximation. To obtain it, let us denote by Iz, 4 (resp. Ilgaq)
the second fundamental form of A, (resp. 0A) at ¢ € A. (resp.
q € 0A). Those are defined using the unit outward normal vector
N to Ac. At points of A4y N JA, this unit normal N is also a unit
normal for 0A, and so JA is oriented by an extension of N. The
submanifold Wzl(p) C A C R¢ admits a second fundamental form
also associated with the normal field N. For ¢ belonging to ng(p),

we denote it by HXI(AW.
to T,m ;" (p). The leaf 77" (p) can be lifted to 9A through the normal

flow in considering the set

va(r3'®) = {¥(¢,74(0)) s g € 71 (p) } -

It is nothing but the restriction of HA; 4y,

2 (ﬂ';l(p)v [R)

D

WA,p R
or m, (p)

Ni(ay

On this picture, the line leaving the point g is the normal flow ¢/(q,t) for
t > 0. It crosses the boundary AA at the circled point ¢ (g, Ta(q)). When

g moves on the geodesic 7, (p), the crossing point describes (™ *(p)).

This lifted leaf admits a second fundamental form relative to the
extension of N on JA. At any point p in D4 for which 74(p)
vanishes, this second fundamental form is the restriction of Ilp4,
to the tangent space of the lifted manifold, which coincides with the
tangent space Tp”,Zl (p) = NpD4. We denote by 117 4, this restriction.

The difference of the fundamental forms, II}
1(A)P

interpreted as follows. Assume we live on the leaf Wzl(p) C Aza),
and look at A along the “vertical” direction given by the normal
flow. From 71'21 (p), the boundary d A pulls away as we move away from

— HgA,p can be



4.1. Quadratic approximation of 74 near a dominating manifold 45

pE ng (p)NOA. The difference of the fundamental forms is a measure
of the curvature of 9A viewed from m'(p), with vertical distance
measured in Euclidean distance along the normal flow. However, as far
as the integration goes, the right measure of vertical distance is on the
increments of the function 7. At an infinitesimal level, the increment
is 1/|DI(p)| near p — see Lemma 3.1.1. Thus, in the geometry of the
level sets of I, the bending of 0A away from Aj(y4) is measured by
DI, ,, ~ M5,

Equipped with this interpretation, the following result is very
natural.

4.1.1. PROPOSITION.  Let p(s) be a curve on 7, (p), such that
p(0) = p belongs to OAN Apay. Under (4.0.1)-(4.0.2),

2
S T T
Ta(p(s)) = EIDI(IJ)K(HAI(A)J) —T054,)0'(0),7'(0)) + o(s?)
as s tends to zero.

Proof.  We will make use of the following elementary fact. If ¢(s) is
a curve on a surface M and v is a unit normal vector field on M, then
(v(q(s)),q'(s)) = 0. Differentiating with respect to s,

(dv(9)d',q") + (v(q),4") = 0.

Since p belongs to dA N Aj(a), the function ¢ € Ajay — 74(q) € R
is minimal at p. Hence, D74(p) is collinear to DI(p). Differentiating
at s = 0 the relation 74(q) —s = 74(¢(q, 5)) yields D74 (p) = —DI(p).

Next, let p(s) be a curve on Aj(4) such that p(0) = p. Let t = p’(0)
be its tangent vector at p, and set v = p”’(0). Define

6y = —(DI(p),v) + (D*7a(p)t ,t) .

A Taylor expansion yields 74(p(s)) = s%61/2 + o(s*). To prove
Proposition 4.1.1, we just need to find an expression for 6;. Denote

9(s) =0 [p(s), 7a(p(s))] = ¥ (p(s), °01/2 + o(s%))

the curve p(s) lifted to A through the normal flow. A Taylor expan-
sion and Lemma 3.1.1 gives

2 DI

o(s) = p+ 5t + 5 (v 4 O (2)) +o(s?).
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In particular, the curves ¢ [p(s),7a(p(s))] and p(s) have the same
tangent vector t at s = 0. Writing v for a unit normal vector field
extending N (p) on 0A, using the Weingarten map, and the elementary
fact at the beginning of this proof,

(Tpapt . t) = (drv(p)g'(0) ,t) = —(v(0), 4"(0))
— (N@).v+ 6, N(p) ).

IDI(p)|
This gives an expression for 7 involving
d2
(N(p).v) = (N(p), d—sgp(S)LZJ = —(AN(p)t, 1) = (TIp, 4 pt > 1)
— using the elementary fact again — and ultimately the result. "

4.2. Approximation for det.A(t,v).

In this section we obtain some bounds on the determinant of the
matrix A(t, v) involved in formula (3.2.3). They will be instrumental
in approximating (3.2.3) further. These bounds are given by the
inequalities of Gunther (1960) and Bishop (1977) — see, e.g., Chavel
(1993, pp. 118-121). They involve the curvature tensor of the surface
ng(p) C Ag(p) and so we will first compute that of the level set A..

In order to avoid any ambiguity, recall that if £ is a subspace of
R?, the compression of a d x d matrix M to E is the linear operator
from F into E obtained in restricting M to E and then projecting the
image of M into E. Thus, writing Projp for the projection from R?
to E and |g for the restriction to E, the compression of M to E is
Projp o M|g.

42.1. LEMMA. Let S(p) be the compression of D2I(p)/|DI(p)‘ to
TpAr(py- The curvature tensor of the surface Ay, at p is given by
R:mx,y,2 € TApp) — R(z,y)2
=(S(p)z,y)S(p)y — (S(p)y, 2)S(p)x € TpA1(y) -

Proof. Let Projz,a, » denote the orthogonal projection from R
onto TpA(). Furthermore, we write V for the standard Riemannian
connection on R%. For any z in TpAr(pys

, 1 :
_PrOJTpAI(p)VmN(p) = WPYOJTPAI(p)VmD](p) = S(p)z.
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It follows that the second fundamental form of Ay C R? is the
bilinear map

B:a,y € TyArp) — Blz,y) = (S(p)z,y)N(p) € R? & TpAr(p) -

The result follows from the immersion of Ay, in the space R of null
curvature, and say, Theorem 2.2 in Chavel (1993). .

We now obtain an expression for the sectional and the Ricci
curvature of Az,y.

4.2.2. LEMMA  The sectional curvature of the surface Ay at p is

K :z,y € TpArp) — K(z,y)

_ Sz, 2)(Sp)y,y) — (S(p)z,y)?
|z2|yl* = (z,y)?

eR.

Its Ricci curvature is

Rice : @,y € TpAr(a) = Rice(w,y)
= > (S y)(Sk)es ej) — (S(p)r,e5)(S(p)ejv) €R,

1<j<d—1

where ey, ..., eq—1 is any orthogonal basis of TpAr().

Proof.  The expression of the sectional curvature follows from The-
orem 2.2 in Chavel (1993) say, and the calculation of the Weingarten
map ProijAI(p) VN in the proof of Lemma 4.2.1. The expression for
the Ricci curvature follows from Lemma 4.2.1. .

We can now pinch — i.e., bound above and bellow — the cur-
vatures, and for this purpose, let us denote )\min(D2I (p)) and
Amax (D2[ (p)) the smallest and the largest eigenvalues of the sym-
metric definite positive d x d matrix D?I(p).

4.2.3. PROPOSITION.  For any x in TpAr(y),

/\min (Dzj(p))

Rice(r,) > (d = 2) =5

j?.
If v,y are in TN and are orthogonal — i.e., (v,y) =0 — then

Amax (D21 (p))?

K(z,y)  — == l=zllvl.
(.9) < gl
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Proof.  Since D?I is a symmetric definite positive matrix, so is S(p).
Let 0 < s17 < -+ < sg_1 be the eigenvalues and ej,...,eq_1 be
the corresponding orthonormal basis of eigenvectors of S(p). Let us
denote by = = Zlgigd—l x;e; and y = Zlgjgd—l y;e; two vectors in
TpAp(py- We then have

Rice(r.o)= 3. (0 adsisy —adsd)

1< <d—1  1<i<d—1

= Z z7s; (tr(S’(p)) — SZ') :

1<i<d—1

If s4_1 > tr(S(p))/2, the function s € [s1,54-1] — s(trS(p) — s) is
increasing on [ s, trS(p)/2], decreasing on [trS(p)/2, s4—1].

Otherwise, if s4_1 < trS(p)/2, this function is increasing. Thus, in
any case, foranyi=1,...,d—1,

si(trS(p) — s4)

Since S(p) is a compression of D*I(p)/|DI(p)], the smallest eigenvalue
of D2I(p)/|DI(p)] is larger than s;. The bound on the Ricci curvature
follows.

To obtain an upper bound for the sectional curvature, notice that
if x and y are of unit norm and orthogonal, then

2
K(xy)= Y siap Y, Siyiz_< > xifUiSi) < 8d-15d-1

1<i<d—1 1<6i<d—1 1<i<d—1
2
< Amax (D?I(p))”/|DI(p)|?,

where the last inequality comes from the fact that S(p) is a compres-
sion of D21 (p)/DI(p). .

Let us denote by injﬂr(p) (p) the radius of injectivity of p in the
manifold 7' (p). Since 7" (p) is built of geodesics of A I(p)> We have

injwzl(p)(p) = inf { C(p7u) A €A(p7u) ‘U € Tpﬁgl(p) ’ |u| =1 } ’

where ¢(p,u) is the Riemannian distance from p to its cut point on
Aj(p) along the geodesic leaving p in the direction u — notice that this
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property on inj () (p) is very specific to the way we constructed the
leaves, and to the fact that we only consider the point p.

From the previous lemmas, we can deduce some bounds on
det A(t,v), using some classical volume comparison theorems.

4.2.4. PROPOSITION. (i) (Bishop-Gunther) Assume that for any
unit vector v in prgl(p), the Ricci curvature along the geodesic
exp,,(tv) in Wzl(p) is nonnegative. Then, for all t in [0, inngl(p)(p)),
the inequality det A(t,v) < t4=%=2 holds.

(ii) For any positive t, let

Amax (D21(g))?

o t) =500 | =D

cqeny'(p), dp.g) <t}

Then, for any positive ty and any t in [07 % A ea(p, 11)),

max (Z% tO)

sin ( Knax(p, to)t) } d=k=2
Kmax(pu tO)) .

det A(t,v) > [

Proof. (i) is Bishop’s (1977) or Giinther’s (1960) theorem. Assertion
(ii) follows from Bishop’s (1977) theorem — see, e.g., Chavel, 1996,
pp-118-120 — provided we have the proper upper bound on the Ricci
curvature along the geodesic exp,(tv) in Wzl(p). For z,y in Tq7rg1(p)7

denote szl(pm(:r,y) the sectional curvature at ¢ of the manifold

721 (p). Then (ii) follows from the bound

Amax (D21(q))?

Kﬂl(p)g(x,y) < KAI(p)vq(x’y) S IDI(q)l?

To prove this inequality, extend y to a vector field in the tangent
bundle Twzl(p). The second fundamental form of the immersion
i (p) C Apqy is given by B(v,y) = Proquﬂl(p)(ny) where V
is the connection on Aj(,). In particular, if x is parallel — which is
the case for x = % exp,(tv) — then B(x,x) = 0. Hence — see, e.g.,
Theorem 2.2 in Chavel, 1996 — if = and y are of unit norm,

2
szl(p),q(x7y) = KAI(p),q(mﬂ y) - |B(‘T"7 y)‘ g KAI(Q),q .

We conclude in using Proposition 4.2.3. "
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4.3. What should the result be?

Combining the results of sections 4.1 and 4.2, the heuristic argument
at the end of section 3 and (3.1.2), we see that we should expect

/e_l(x)dxze_I(A)/ e_“/ e T /
A u>0 peDA !DI )| .

Lo { | DI(p)|(Galp)ty, tv d—k=2
/t coesoy 1(2\ |< >)
dt dpy(v) dMop, (p) du

where G 4(p) = 7,40 — Iloa,p. Assuming for the time being that
everything works as expected, we can complete the calculation of the
asymptotic equivalent. Recall that the volume of the unit ball of R"
is wy, = /2/T(% +1).

4.3.1. PROPOSITION.  For any a, b both positive, the following holds,

o—TAlp

lim e_a“/ / /

U0 Juel0,uo) pED A |DI | il 01 >0
P

1
Lot (5/DI(P)(Ga(p)tv, ) )td—H dt dpp(v) AMp,, (p) du

d—k—1)/2
_paEue (d—k—l)/%(M
qld=Fk+1)/2 2
e~ 7A(P)

/pEDA \Df(p)\(d_k+1)/2 (det GA(p)) 1/2

)wd—k—l X

dM’DA (p) .

REMARK. In Proposition 4.3.1, the integral in ¢ is in the range
[0,00), while it is in the range [0,e4(p,v)) in the integral at the
beginning of this section. But this will not make any difference
ultimately.

Proof.  Notice that t9=¥=2d¢ dy,(v) is the Lebesgue measure in the
tangent space prgl(p) = R4 * =1 Therefore,

1 —_K—
/ / I[O,bU]<§|Dl(p)|<GA(p)tU;tU>)td 24t dpp(v)
UESprZI(p)(O’l) t>0
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{x e RIk-2. <GA(p)x,x> < 2bu }

:< 2bu )(d—k—l)/2 Wi—k—1

DI (p) (det Ga(p))?

Hence, the integral for which we want to take the limit as ug tends to
infinity is

e_TA(p)
e au (Qb)(d—k—l)/2wd_k_l ~
/ue[o,uo} /pem IDI(p)[ T/

a—k—1)/2__AMp,(p)
7 du .
(det Ga(p))

u

We perform the integration in « and let ug tends to infinity to obtain
the term I'((d — k + 1)/2) in the Proposition. .






5. The asymptotic formula

We now have everything that we need to derive our asymptotic

—1(*)dz as the set A tends to infinity nicely.

approximation for f A€
The assumptions that we require may look quite bad at first glance.
However, the reader will see in the next chapters that they are in fact
quite well tailored for applications.

We will assume that for any fixed positive M, there exists some
positive number c4 3, depending on A and meeting the following
requirements.

We first assume that there exists a manifold D4 such that

D, is a dominating manifold for the set ANI'y(4)

+ca,m
of fixed dimension k. (5.1)

Hypothesis, (5.1) contains two key requirements. First, k£ does not
depend on A, restricting the class of sets A that we consider. Second, if
D4 is a dominating manifold, it has to be a base manifold. Therefore,
0A can pull away from D4 only in the orthogonal directions. This is
a restriction for instance if Dy is a closed curve with two boundary
points; we may want to allow dA to pull in the outward tangent
directions at the boundary points. However, by breaking A into
smaller pieces, the restriction can be overcome in practice.

Let us denote by Ay, the projection of AN Tra)yc,,, on A
through the normal flow v, that is
Ay ={peApay:7alp) <cam }
Under (5.1), it makes sense to assume that
Ay C U WAp (5.2)

p€DA

where wy 5, is defined in section 3.2.

When 0A is smooth, Proposition 4.1.1 gives a quadratic approx-
imation of 74. Of course, such an approximation is local and does
not have any kind of uniformity with respect to A. Moreover, looking
at (3.2.4), we also would like to have a quadratic approximation for
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TA(q) — Ta(p) for ¢ near z/J(p, TA(p)). How near? Well, we need to
cover A,,;. But Proposition 4.1.1 suggests that

1
2 ‘DI <¢(p’ TA(p))) ‘ (s )4 ey — Mo wip,ratp)) (@ — )0 —P)

should be a good approximation for 74(q) — 7a(p). Since ca
is expected to be small compare to I(p) = I(A), we should have
1/)(1), TA(p)) quite close to p, and so maybe the quadratic approxima-
tion given in Proposition 4.1.1 is just fine. This is what happens in
many interesting examples. But for the time being, there is no other
way than to force it, and assume that there exists a linear map G 4(p)
on T, Ar(4) such that

lim sup mA0) ~7a (WA(Q))
A—00 ge Ay, %‘DI (WA(p)) | <GA (WA(Q)) eXp;j(q) (9), eXp;j(q) (Q)>

_1‘

=0. (5.3)
This can be rewritten as

ey |A0) =) [
A=00 vET, Ay (4)STpDa §|Df(p)|<GA(p)v, v)
Ta(exp,(|v]))<ea

Now that we have a dominating manifold and a quadratic approxima-
tion, it makes sense to proceed as the heuristic argument at the end
of section 3 suggests. Then, we can guess the asymptotic equivalent
of the integral in using the result of section 4.3. Define

. 1 _ e TAdMp
c* :1nf{c:LI(A)+c < —e I(A)/ — A }
AM ( ) M D ‘D[|d 1§+1 (det GA)%

Since all our asymptotic analysis is driven by the desire to have the
integral influenced mainly by the behavior of A near Dy, and to
reduce the integral to ANT(4) where things go well, we assume

that

+ca,m

CAM 2 CZM- (5.4)

Any ca pr larger than ¢y pr Will do, and the reader will easily see that
the larger ca s is, the more stringent our assumptions are. Hence,
¢y as is the best choice, but can seldom be calculated exactly. In
prc:abctice7 picking for ca ar an asymptotic equivalent of a multiple of
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iy will do. To fix the ideas, a typical order of magnitude of ca,nm
is log I(A) for the applications that we will study.

Though we want to be able to localize the study of the integral
to points of A near Dy, we still want A to have some thickness!
In particular, we do not want the main contribution in the integral
to come from the thinness of A — think for instance of taking
A = Tepe \T¢ for € = exp(—e®) or even smaller, and looking for
asymptotics as ¢ tends to infinity. This can be ruled out by assuming
that the first exit time of the normal flow after a time 74 is large
enough, namely, that for all positive M,

lim inf Y4(p) = . 5.5
Aim il Xa(p) = 400 (5.5)

Since sz is less or equal to Xﬁ, assumption (5.5) implies

. . L
i p&fh ) X4(p) = +o0.

In the same spirit, we see that it does not make any difference in
the asymptotic analysis if we replace A by AN Tray1e, - Thus, if
ca,m stays bounded, the set A is quite small in the geometry of the
level sets of I. In this case, we would need to deal with an analogue
of Proposition 4.3.1, but keeping ug fixed. This would introduce an
incomplete gamma function. In order to simplify the result, we assume
that ca, s is chosen such that

lim cap = +00. (5.6)
A—oo 7

This assumption is satisfied in all the applications that follow; but the
reader will see that up to changing some constant in the asymptotics,
the proof still goes through without it.

Our next condition can be explained by first thinking of two difficult
situations. Imagine that around the dominating manifold Dy, the set
0A is pulling away very slowly from Aj4). Thus, going in the normal
direction to D4 on Aj(a), we need to take g very far away from Dy
in order to have 74(¢) not too close to 0. In such circumstances, we
should need an extra rescaling so that in the new scale 74 grows faster.

Another difficult situation would be to have the level sets I'.
concentrated along a proper subspace of R® — think for instance,
if d = 2, of some ellipsoid with one axis growing like e¢ and the
other like ¢. On a large scale, the problem would be essentially
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lower dimensional. Notice however that in such circumstances, the
curvature of the level set should be of different orders of magnitude at
different points. Near points of high curvature, the normal flow could
pull away very slowly in the Euclidean geometry. And so there is not
much hope to localize the problem near the boundary of A.

A way to take care of these different situations is to relate the
curvature of the level sets with the rate at which 0A pulls away from
D4 in the normal directions. Define

to,m(p) = sup { t: inf exp,(tv)) < cam }
”eSTpngl ) (0,1 ( P )

Whenever ¢ in ng(p) is at distance to p7(p) or more from p, it satisfies
74(q) = ca n. We then assume that for all positive M,

lim sup Kmax p, to,m(p)) to,m(p) = 0. 5.7
Jim_sup / (»)) o (p) (5.7)

In order to be able to use Proposition 4.2.4.i, we impose that for
any p in D4 and any unit vector v in przl(p),

the Ricci curvature along the geodesic exp,(tv) in (5.8)
71 (p) N Ay is nonnegative. '

— I am inclined to believe that convexity of I is enough to guarantee
(5.8) but could not prove it.

It is also possible that the set A and the function I are such
that |DI| varies widely in a small neighborhood of some point in the
dominating manifold. In such situation, I would increase very fast
in some specific directions, and much slower in others. Then, the
rescaling needed, even in 7, (p) — when 7, (p) is of dimension at
least 2 — could not be homogeneous in different directions. This can
be ruled out by assuming that for any positive M,

. [DI(p)| , —10 |
Ah_rgosup{ DI(q)| 1‘.p€DA,q€AMﬁ7TA (p)}—O. (5.9)

In order to proceed along the lines of the final remark in section 3.1,
we need that

P21 ()|

li
m SUP{ t>0 ‘DI(% )‘2

A—o0

:p € Ay, TaA(p) <oo} =0. (5.10)
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This assumption mainly controls the growth of I. A sufficient condi-
tion to guarantee (5.10) is of course to have ||[D2I(p)||/|DI(p)| tends to
0 as |p| tends to infinity, which means essentially that I grows slower
than any exponential function.

Actually, we also need a rate of convergence in (5.10), but in a
rather weak sense, namely that

. ai®) D21
Algnoosup{ /0 DI (Yu(p)) du.pGAM} =0. (5.11)

Finally, we need two technical assumptions in order to carry over
the intuitive argument at the end of section 3.2, namely that for any
positive M,

lim sup ‘JWA(q) - 1| =0, (5.12)
A—o0 qE€A,,
and that for any fixed positive w, and, as A moves to infinity,

e

dMop,

DA d—k+1

1
TAZCA M—W IDI| 72 (detG4)2

e TA
=0 . dMp ) (5.13)
</DA IDI|%" (det G4)2 !

Often 74(+) vanishes on D4. Then (5.13) is satisfied whenever (5.6)
is. In particular, this is always the case when D4 is a single point or
the union of a finite number of points. Similarly, (5.11) and (5.12)
always hold if D4 reduces to a point.

The reader may legitimately be suspicious about these assumptions,
and how they can be checked in applications. We will show in
nontrivial examples that they are not too difficult to verify. They

reduce the problem of approximating the integral to much more
manageable small problems, which can be handled by systematic
methods. The key point to understand is perhaps that as ca s is
usually much smaller than I(A), the set A,, is actually quite close to
D4 in the scale given by I.

We can now state our main result.

5.1. THEOREM.  Assume that OANT Ay, ,, @5 a sSmooth — twice
differentiable — manifold for every positive M. Then, under (5.1)-
(5.13),

e A

e 1@ dz ~ eI (27) = / , dMop
/A DA [DI|2 (det G4)3 !




58 Chapter 5. The asymptotic formula

as A moves to infinity, and with k = dimD 4.

REMARK.  If Dy is an open subset of A(y), then k = d—1, and the
formula should be read with the determinant of G 4 to be 1.

Proof.  We obtain an upper and a lower bound for the integral.
Let us start with the upper bound. Let ¢ be a positive number.
Assume first that, for M large enough,

AZAQFI(A) (5.14)

+ca,m
provided I(A) is large enough. Thus, for p in I'y(4), either 7a(p) is
less than c4 s or is infinite.

Recall that g, is the identity since 1y is the identity as well.
Consequently, assumption (5.11), Lemmas 3.1.6 and 3.1.8 imply that
for 74(p) < ca,u,

1/2
det( 7A(p), *1/} A(p),*) /

) D]
< <
< exp (d/o D12 (wu(p))du> <1l+e

provided I(A) is large enough. It then follows from (5.5), (5.9), (5.11),
Lemma 3.1.2 and Theorem 3.1.10 that

—74(p)
T@) gy < ¢~ 1) / €T M |+ o1
/. D7) A (o)

Ara)

as I(A) tends to infinity. Under (5.2), the set { 74 < oo} is included
in wy. Consequently, (3.2.3) yields, as A tends to infinity,

/e—l(x)dmge—I(A)/ e—u/ e 7A@ /
A u>0 pED |DI | 71 (01

/ Tjo,u) (TA(epr(tU)) - TA(P)) DI(p)|
€l0ealp)) | Jma(expy(tv))] DI (exp,(tv))]

det A(t, v) dt dpp(v) dAMp  (p) du (1 + o(1)) .

Combine (5.8) and Proposition 4.2.4.i to upper det.A(t, v) from above.
Use (5.9) to get an upper bound [DI(p)|/|DI(exp,(tv))| by 1+¢, and
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(5.12) bound |Jma (exp,(tv))| by 1+¢. Then, assumption (5.3) yields,
for I(A) large enough,
/6[076A(p7v))

/ e—[(w)dx g e—I(A) / / —TA(I? /
A 20 JpeDy ‘DI ‘ T ﬂfl(p)

I[O,u(l—i—e)} <§ |D[(p) | <G(p)t’l), t’U>> td_k_z
dt djip(v) M, (p) du (1 + €]

Extend the integration in ¢ over the domain [0, +00) and use Propo-
sition 4.3.1 to conclude

k-1 _rd—k+1
/ e 1@ dg < P D 1F<7+)wd_k_1 X
A 2

-Talp) g —k
/ . d—ktl Mp, 1 (1 + E)d 2 .
pED A (det GA)§

Since € is arbitrary, this yields the proper upper bound since

k= d—Fk—1
2d 5 1F<72 >wd_k_1 = (27T)d 5= '

Before we can drop assumption (5.14), we need to prove the
lower bound. To do so, apply Theorem 3.1.10, Lemma 3.1.6 with
assumptions (5.5) and (5.10) to obtain, as A moves to infinity,

—7a(p) -

Rl B = o oy L TR

£ (5.15)
Notice that

DI (ray@)| 1 7@ 4
im0 (s, elPIwe o))
1 (74 (D2[. N N)
= exp (5 A 2 W(@b(ﬂ 5))(18)

Ta(p) ||D21
o ([ I ).

This last inequality and assumption (5.11) imply

“DI Uran) ()]
[DI(p )I

Ahmsup{ —1‘:p€AM}=O.
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Consequently, up to a multiplicative factor of (1+0(1)), we can replace
DI (), (p)) by DI(p) in (5.15). We then use equality (3.2.3) and
proceed as follows. First, we change the variable u into 74(p) + w,
and restrict the integration to w between 0 and wq for some positive
wg. Second, we restrict further the domain by integrating only over
the points p in Dy with 74(p) less than cy pr — wp. On this range,
we can use assumptions (5.9), (5.7), Proposition 4.2.4-ii, assumptions
(5.12) and (5.3) to obtain, for I(A) tending to infinity,

/ N (COR R () / oW / eTTa®)
A we0,wo) pEDA |DI(p)|

TA(P)<ca, M —wo
/ Lo,w(1-e)] (1\Df(p)\<GA(p)tU, tv))
vES, ’ 2

(0,1) [6 [0,eq(p,v))

Tpn—1(p)
dt dpp(v) dMp,, (p) dw (1 + o(1)) 2.

Arguing as in the proof of Proposition 4.3.1, we obtain that for I(A)
large enough,

—k— d—k+1
/ e 1@y > e~ 1A= 1F(7+>wd_k_1 X
A 2

e~ TA(D)

dMop, (p)(1+€)~L.
€D d—k+1 1 A
ﬁA(pI)AgcA’M—wo |Df(p)| 2 (det GA(p)) 2

Since € is arbitrary, assumption (5.13) gives then

/ e 1@ qy
A

> 19t e T4

/ d—k+1 1 AMop, (p).
PeDA IDI(p)| = (det Ga(p))?

It remains for us to drop the assumption that A = ANTyy) is

+ca,m
the upper bound. This is immediate; for a general set A, write

/ 1@ Qg — / 1@y 4 / @y
A AOFI(A)+CA,1VI ANIS

I(A)+ea m

For the first integral in the right hand side of the above equality, the
theorem — proved in this case! — gives the asymptotic equivalent.

For the second one, it is less than the integral over F‘j( ) , that

+ca,m
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is L(I(A) + ca,m). Assumption (5.4) shows that it has a negligible
contribution to the asymptotics.

When k£ = d—1 and Dy is an open subset of Aj(4), the asymptotic
equivalent in Theorem 5.1 is nothing but (3.2.1). .

5.2. REMARK.  Assumption (5.8) turns to be difficult to check in
practice. The main reasons are that geodesics can seldom be explicitly
calculated, and that the curvature tensor may be difficult to calculate.
However, we only used it to apply Proposition 4.2.4.i when deriving
the upper bound in the proof of Theorem 5.1. It would be enough to
have

det A(t, v)

pd—k—2 1

v e Sprfl(p)(O, 1) ,

A—oco

lim sup {

t€[0,ea(p,v)), exp,(tv) € Ay, } =0. (5.16)

This condition will turn out to be easier to check in many cases. This
could also replace (5.7) as well.

In a similar spirit, (5.3) may be tedious to verify. Often 74 cannot
be easily calculated, but is only known via an asymptotic expansion
as A moves to infinity. Due to the error term in the asymptotic
expansion, the uniformity in (5.3), for small ¢ very close to p, may
be difficult to check. Therefore, we will make a rather systematic
use of the following weaker hypothesis. Assume that there exists a
function 74 defined on A,, such that

lim sup |74(q) —Ta(¢)|=0

A—00ge Ay,
and
. 7a(q) — 7a(m(q)) _
A 2 T T ra@) (G (rala)) expy L @ oopn )|
A 7a(q) ) ma(q)
(5.17)

for some G(p) on TpAr(4). Then, Theorem 5.1 holds when (5.3) is
replaced by (5.17). Indeed, let € be a positive number. In the proof
of Theorem 5.1, we now use the bound

1
Tout—o-d (5IPI@)(Gap)tv, )

<oy (TA (exp,(tv)) — 74 (p))

1
< lou(te)+4 (5 IDI(p)|{G (p)tv, tv>) :
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By the dominated convergence theorem,

lim e‘“(u—k(lie)ie)déldu:/e_“u 2 du,
e—0 u>0
and one easily sees that the proof of Theorem 5.1 goes through.
It is sometimes convenient to weaken even a tiny bit this assump-
tion, only assuming that 74(q) — 74 (ﬂ'A(q)) can be approximated by
some 74(q) — 7a(ma(g)) in the sense that

lim sup ‘TA(C]) — TA(WA(C])) — (%A(q) — ’7~'A(7TA((]))>‘ =0

A—oo q€A,,

and of course keeping requirement (5.17).

Let us now explain how Theorem 5.1 can be used to obtain
information on limiting conditional distributions.

Assume that we consider a log-concave density function propor-
tional to e~! on R%. As A moves away to infinity, there is not much
hope for the conditional distribution

/ e_l(m)dx//e_l(w)dm
ANB A

to converge to a nontrivial limit. Indeed, a fixed bounded set B
does not intersect A if I(A) is large enough. So, we need to rescale
B. For this, consider a normalizing function A — Ayg € (0,00).
We will require that the dominating manifold D4/A4 converges in a
weak sense. But for the time being, consider the rescaled conditional

distribution
ja(B) = / 1z | / 16
ANAaB A

It converges weakly™ if for any continuous and bounded function f on
R?, the integral

/fduA:/Af(x/AA)e—f(w)dx//Ae—“m)dx

converges as A moves to infinity. Its limit is a linear form in f,
associated to a measure, the weak™ limit of pi4.
Let us assume that

as A moves to infinity, the family of rescaled measures



5. The asymptotic formula 63

k _—71a(A
e[ e
IDI(Aaq)| = (det GA AAq IDI| 2 (det Ga)2
converges weakly* to a probability measure v. (5.18)
Assume furthermore that
. CAM -1 . _
fim = sup { [DI(p)|™ 1 p€ Ay} =0 (5.19)

and
Ali_r)noosup{ lg—pl/Aa : g€ (p), Talp) <cam}=0. (5.20)
We then have the following convergence.

5.3. COROLLARY.  Under the assumptions of Theorem 5.1 and
(5.15)-(5.20), the conditional distribution pa converges weakly* to
v as I(A) tends to infinity.

Proof.  Argue as in the proof of Proposition 3.1.9 to obtain

/Ae_sz(m/ ha)dz = / / La(2)](1(2),00) (€)™ f(x/Aa) ded
— ¢ 1(A) //6_c IA[‘]FI(A)+C(I)f(l‘/)\A) dedx

1) / e / / La (¥(p, 5))
>0 0<s<c JpeAs(a)

(%wp, s)|det (VT 0,) 2 £ (0 (p, 5)/Aa)

dMay, ,, (p) dsde.

Consider a function f, bounded and continuous. After adding a
constant to f, we may assume that f is larger than some positive
number. Then, up to introducing a term f(z/z(p, s)/)\A), the bounds
in Theorem 3.1.10 remain valid.

Under (5.14) and arguing as in the proof of Theorem 5.1, as A tends
to infinity, we have

6_TA (p)

—I(ZB) ~ —I(I)
/Ae f(I/)\A) dl‘ € /I)EAI(A) |DI(p)| %

TA(p)<oo

/ e F (Yrapyas(p)/Aa) dsdMa, . (9)
0<s<xa(p)
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where x4 (p) < xa(p) < x4(p). Assumption (5.14), (5.19) and
Corollary 3.1.4 imply

1 xa(p) caMm
E|¢TA(p)+s(p) —]9| < )\A|Dl(p)| < )\A|Dj(p)| = 0(1) (521)

as I(A) tends to infinity, uniformly in p € A7(4) with 74(p) < oco.
Assume that f is uniformly continuous. Since f is bounded and
larger than some positive number, (5.21) implies

f wm 15(p)/Aa) .
Ahm Sup{‘ /)\A) —1‘~p€AM,O§S§CA7M}—O-
Thus, using (5.5),
/ e 1@ flz/xa)dx ~ eI / e f(p/Xa)dMy,, ., (p)
A redray |DI(p) A .

T (p)<oo

We make a change of variable as we did in (3.2.2). Noting that (5.20)
implies

f exp,, )//\A) . 1
‘}un Sup‘{‘—————;7xzj——— —'1‘. v E YbWA,(p)’
Ta(exp,(v)) <canm,pe DA} =0,
we obtain

d—k—1

/e_l(x)f(x/)\A)dxwe_I(A)(Qﬂ') 2 X
A

eTA(ID) A
/ d— k+1( p/2a) dMDA(p)'
D4 DI

)| (det Ga(p))?
Make a change of variable ¢ = p/A4 and use (5.18) to obtain
Aa)
lim da @A) / fdv, (5.22)
A—o00 fA e~ 1@ dy

for all uniformly continuous, positive functions f.

If f is bounded, we drop the restriction (5.14), as we did in the
proof of Theorem 5.1. Using Theorem 5.1, we can consider arbitrary
bounded uniformly continuous function f in (5.22). This implies —
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see, e.g., Pollard (1984) — that the conditional distribution converges
weakly*. .

Notes

There are many things related to Theorem 5.1 that I wanted to do
but could not.

A first one is to understand to what extent an exponentially
integrable density may be approximated by a log-concave one at
infinity. Here is the beginning of what could be a proof. Let f be
a density on R?, such that the moment generating function

o(t) = /e<t’x>f(x)dx

is finite in a neighborhood of the origin. Under some classical steepness
conditions — see, e.g., Barndorff-Nielsen (1978) or Brown (1986) —

the differential m = D¢ is a diffeomorphism. Denote by m™ its

inverse. We now follow word for word the construction of Barbe and
Broniatowski (2007), but in a different setting.
The function log ¢ is convex. Let I be its convex conjugate, that is

I(x) = sup{log (t) — (t,z) } .

Using the change of variable a = s—x and Fubini’s theorem, we obtain

//e<minv(5_m)’””>1A(s—:c)f(s) dsdx = / e 1@dq.
A

This allows us to define a new density

i elm™ (5=2) 00 (s — z) f(s)ds
eI @da

ga(r) =

The interesting fact is that g4(0) = [, f(s)ds/ [, e H@da. Consider

the rescaled density r%g4(rz) with r possibly depending on A. If we
can prove that 7%g(r-) converges to a limit, say g(-), as A moves to
infinity, in such a way that pointwise convergence at 0 holds, then

~ —d —I(a)
/Af(s)ds T g(O)/Ae da.

Thus, when integrating over A, we can approximate the density f by

(4)

a multiple of e=7(4) and then use Theorem 5.1.
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To achieve this approximation, we can calculate the Fourier trans-
form of r%ga(r-). Tt is

ra) =1 [ Olgatr)dn = [ MO duaa).
with

k(a,\) = i(a,\) + log ¢(m™ (a)) — log ¢(m™ (a) +iA),

ja(B) = / ¢1da / / e 1@gq
ANB A

In particular, as A moves to infinity, the support of ys — that is A
— moves to infinity. A Taylor expansion of k(a, A/r) near A\/r = 0

and

gives _
(D2log ¢) o m™ (a)
r2

k(a,\/r) = %<

If this can be done as a tends to infinity — which is in the spirit of
what we did using Proposition 4.1.1 to prove Theorem 5.1 — we can
hope to approximate

Gra(\) &~ /exp <1< (D%log ¢) o minv(a))\, )\>>d,uA(a) .

2 72

)\,)\> +o(A?).

Let V(a) = (D?log ¢) o m™(a) be the so-called variance function of
f. Inverting the Fourier transform of the approximation, we should
obtain

1
500 = | G

If we can find r depending on A such that the right hand side has a
limit as A tends to infinity, and use Corollary 5.3, we are done.

Unfortunately, I could not come up with useful conditions for this
idea to work.

When d = 1, it is possible to prove that if g4 converges, then its
limit is given by a mixture of either normal densities — as we outlined
here — or gamma ones; this follows from Balkema, Kliippelberg and
Resnick (1999). In higher dimensions, a related approximation is in
Barndorff-Nielsen and Kliippelberg (1999). I somewhat believe that
the whole virtue of saddlepoint approximations used in statistics is to
provide some form of log-concave approximation in the spirit of what
is outlined here. But most of the time, in the multivariate setting, it
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relies on assumptions similar to the convergence of g4, which I don’t
find too appealing. I have been searching unsuccessfully for a decent
condition on f itself.

A second project, which perhaps would be desirable to carry out,
is to obtain higher order expansions. Theorem 5.1 provides a one
term asymptotic expansion. Starting from the equality in Proposition
3.1.9, one could do the change of variable using the dominating
manifold and the orthogonal leaves; then one would use asymptotic
expansions for whatever function is involved, and obtain the desired
approximation. Higher order differential geometry is involved. The
difficulty is to come up with a set of usable conditions to perform all
the approximations. Another route would be to mimic the practice
of Edgeworth expansions in statistics. There are essentially two
types of them: those that are proved rigorously, and a vast majority
that are called “formal”. To do the formal ones, the argument is
pretty much to neglect what one believes to be negligible under some
quite unknown conditions, and proceed. One could obtain formal
asymptotic expansion in the same way. This may be of some value in
a few applications. Indeed, sometimes one may not look for a theorem
but maybe more for a guideline.

A third path to explore would be to derive explicit upper bounds,
starting either from Proposition 3.1.9 or Theorem 3.1.10. In particu-
lar, I wonder if the technique developed here could be of any use to
investigate “asymptotic” isoperimetric problems.

As pointed out in the notes to chapter 3, Proposition 3.1.9 does
not use the convexity of I. This proposition is true for any smooth
function I for which the sets A. are smooth hypersurfaces. There may
be some examples where the normal flow can be calculated explicitly
and other arguments used in order to derive an estimate similar to
that of Theorem 5.1.

To conclude these notes, Corollary 5.3 is inspired by the Gibbs
conditioning principle in large deviations. In the large deviation
context, the reader may consult Csiszér (1984) and Bolthausen (1993)






6. Asymptotics for sets
translated towards infinity

In this section, we study integrals of the form fA+t e 1@ dy as |t]
tends to infinity. To avoid any ambiguity, recall that if A is a set and
t is a vector, both in R?, the translation of A by ¢ is

A+t={xz+t:z€A}.

We will assume that

A c R?is a closed bounded convex neighborhood
of the origin, with smooth boundary and positive (6.1)
curvature.

The only restriction here is convexity — and smoothness, but we want
to be able to use differential geometric methods! It could be dropped
at the cost of a more sophisticated discussion on how A+t and Ay(44)
intersect. Up to changing ¢ by a fixed amount, we can always assume
that A contains the origin.
We will control the growth of I at infinity, assuming that
log I(p) _ID?I(p)]| _

lim =0 and lim
p—oo [DI(p)| p—oo |DI(p)|

0. (6.2)

The second condition forces I not to increase too fast. Indeed, for
d =1, it reads |I"(p)/I'(p)| tends to 0 as |p| tends to infinity. Hence,
for any small positive € and any p, g large enough,

gl =l [ T

For instance, the function I(p) = exp(|p|*) satisfies (I”/I")(p) tends
to 0 as p tends to infinity if and only if o < 1. So, roughly, I should
have a subexponential growth. A polynomial growth, like I(p) = |p|®
with a positive «, is admissible.

The first condition forces I to increase fast enough. Indeed, when

dt( < exp (e[p —ql) -

d =1, it implies that for any positive € and = < y large enough,

1)~ 16 = [ rwars L [osimas oo

€ Ja €
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Hence, ultimately, I has to grow faster that any linear function. For
instance, the function I(t) = t(log¢)* satisfies (logI(t))/I'(t) tends
to 0 as ¢ tends to infinity if and only if o > 1.

We will need to strengthen the second condition in (6.2) by assum-
ing
ID1(q)]|

tl_i)r&log[(A—Ft)sup{ DI(q)] :1(q) > I(A—i—t)} =0. (6.3)

For a strictly convex function I the level sets I'. are strictly convex.
There is a unique point  in R? at which I is minimal. Assumption
(6.1) implies that for any ¢ with [¢| > 2diam(A) + |z,

(A+) N Arags = {pe}
for a unique point p;. In particular, p; — t is in JA.

6.1. THEOREM. If I is convex and (6.1)-(6.3) hold, then

d—1

/ e 1@ dg ~ Ljﬂ e~ 1(A+1) ast — oo,
A+t |DI(pt)|TKt

where K is the Gauss-Kronecker curvature of 0A at py —t.

Proof.  Write A; = A+ t. In order to apply Theorem 5.1, we need
to have a candidate for the dominating manifold D4,. Clearly { p;}
should do, and we set D4, = {p;}. Since 744+(pt) = 0 by definition
of p¢, the result of Theorem 5.1 reads

e_I(AH)(ZW)%

/ 6_I(x)dx ~ d+1 1
A+t IDI(pe)| 2 (det Gate(py))?

ast — 00.

Now, recall that we should expect G 41¢(p¢) to be the difference of the
second fundamental forms of Ay 414 and A+t at py — not restricted
to anything here, since Dy, is a point and so 7r;xtl(pt) is Arcaye),
up to what is in the cut locus of p;. However, the second part of
assumption (6.2) asserts that asymptotically, the second fundamental
form of Ara4s) degenerates, and so, locally, Arayys is almost flat.
Thus, G a++(pt) should be the second fundamental form of 9(A+t) at
pt, which is equal to that of A at p; — t. Its determinant is exactly
K. This explains how to guess the result. It is hoped that this twelve
line argument convinces the reader that Theorem 5.1 can be useful.
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Now that the result is guessed, let us find a candidate for ca44 -
Define
d+ 2
2

c(t) =dlog I(A+1t)+ log |DI(pt)|

— in this formula, d refers to the dimension of R?. Since I(p;) tends
to infinity with ¢, the first part of (6.2) implies lim;_,o |DI(p;)| = 0.
Proposition 2.1 yields

e_I(pt)
L(I(A+1t)+c(t) = ———z0(1) ast — 00.
( ) IDI(pe)| =

Given (5.4) and our twelve line argument, ca4e = ¢(t) is a good
candidate, no matter what M is. It guarantees (5.4) as well as (5.6).

We now check all the assumptions of Theorem 5.1.

As noted in chapter 5, since D4, = { p;} is a point, (5.1) is trivial.
Notice that A, p, is included in the projection of A +¢ on Aj(s4¢).
So it is enough to check (5.2) with A, p; replaced by the projection
of A+t. Assumption (6.2) asserts that the second fundamental form
of Ar(a4y) tends to 0 uniformly over this surface. Thus, its curvature
tensor vanishes asymptotically and the radius of injectivity of any
point in Ar44) tends to infinity uniformly over the surface — this
follows from Rauch’s (1951) theorem or Klingenberg’s (1959) lemma;
see, e.g., Do Carmo (1992) or Chavel (1996). As A + t stays of finite
diameter, (5.2) follows.

To prove (5.3) and find G 44+, we need to have some more informa-
tion on A, ), and on the normal flow. The idea is that A, 5, should be
very close to Dy, = {p¢}. To prove this fact, we first define a family
of local parameterizations of dA. For p belonging to 0A, we denote
by v(-) the inward unit normal vector to A at p. By compactness of
A, there exists a positive €1, independent of p, such that AN B(p, €1)
can be parametrized as all points of the form p +u + f,(u)v(p) for u
in T,0A and some nonnegative function f,. Notice that the curvature
assumption (6.1) ensures that there exists a positive matrix @, such
that f,(u) = 2(Qpu,u) (1 + o(1)) as |u| tends to 0. Moreover, since
0A is smooth and compact, the term o(1) is uniform when p varies in
0A, and the matrices @), are bounded bellow by a fixed positive one.

To prove that A; 5, shrinks around p;, notice that v(p; —t) and
DI(p:) are collinear since 9(A + t) and Aja4y are tangent at p;.
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Convexity of I implies

I(pe+u~+ fpo—t(w)v(ps—t)) — I(pr)
> (it s+ fpmila(— )

= fpe—t(u)[DI(p)| .
Consequently, the points ¢ in dA + ¢ such that I(q) < I(A +

t) + catt,m can be parametrized as p; + u + fp, (uw)v(py — t) with
lul? < O(c(t)/|DI(pe)]) = o(1). They can also be written as

s=0

Pt 5 Qe udpe— 1)1+ o(1)) (6.4)

where the o(1) is uniform in ¢ and [u|? < O(c(t)/|DI(p:)|).

Since the curvature of the level set of I tends to 0, the normal flow
should be almost like straight lines on sizeable intervals. In order to
make this statement rigorous, and seeking a linear approximation of
the normal flow with good error bounds, an elementary calculation
shows that

DI 1 /D2l D21 1 D21
D( ) - ( ON@N ) Id—2N @ N
o) ~ o\ - 2 ® Vo) = o @ Nipg
In particular, this implies the inequality
1 D%
() <
H |DI]? |DI| |DI| (6:5)
Notice also that assumption (6.2) insures that
ID*1(q)|

n(t):sup{ DI(q)| .I(q)}[(pt)}zo(l) ast — 0.

Using Lemma 3.1.1 and (6 5), it follows that with ¢ = exp,, (u),

d DI
- = dvdr|
‘d’(q’ s)—a- |DJ|2 ‘ ‘/ / dv |DI|2 (q,0))dvdr
s
< — 6.6
kR o
Next, let us prove that |DI(q)] ~ |DI(p¢)| as t tends to infinity

DI
provided u stays bounded. Writing v(s) = exp,, (su/|ul),

|ul
mwmm—mmmwzé-%mmwmmw

v (s),DI (v ())>ds
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from which we obtain the bound

“Og‘DI(Q)‘ - log\DI(pt)H < Mn(t) _ lul

5 5 o(1) as t — o(6.7)

Furthermore, we have a good control on the oscillations of DI/|DI|?
in using (6.5); namely, for ¢ large enough and say |u| < 1,

DI DI ul'd DI
— = — d
2|ul
< t).
DI "
Consequently, for |u| < 1, the inequality (6.6) gives the bound
DI ‘ 2n(t) , o
,S)—q— S—=5 < s° + s|ul) .
w(q ) q |DI|2 (pt) |D](pt)|( | |)

This is the linear approximation of the normal flow that we were
looking for. Considering s = 744+(¢) and using the linear approxima-
tion for the exponential map in Proposition A.2.1 — remember that
q = exp,, (u) — we then obtain

(¢, Tate(q)) = pr +u+ TA+t(Q)%
" % (TA+t(q)2 + 7a+(q)|ul)O(1) + n(t)u?O(1)

where the O(1)-terms are uniform in |u| < 1 as |¢| tends to infinity.
Since ¢ (g, Ta++(¢)) is in the boundary of A + ¢ by the very definition
of T41+(q), and since u belongs to Ty, Af(,,), (6.4) forces us to have

N(pt) n(t)
ma+tld) IDI(py)| " IDI(py

I (rase(@)? + 7asa(a)[u) O(1) +n(t) [uO(1)

_ %(th_tu,my(pt —1)(1+0(1))

as ¢ tends to infinity, and uniformly in |u| < 1. Therefore, provided
n(t)Ta++(q) = o(1), we obtain

TA+t(Q) = ‘Dlépt)‘ <th—tu, u> (1 + 0(1))

uniformly in |u| < 1, as t tends to infinity. Since 7(t)Ta+:(q) <
n(t)c(t), assumption (6.3) ensures that n(¢)7a1+(q) = o(1), and we
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proved that (5.3) holds with G 44+ being the second fundamental form
of DA at p; — 1.

Given our checking of (5.3), (5.5) is obvious since A, j, shrinks
around p; — see the proof that |u|?> = o(1) before equation (6.4) —
and (5.5) holds.

Assumption (5.7) is trivially satisfied. The shrinking of A, 5, to
{pt} and assumption (6.2) — which implies that the curvature tends
to 0; see also Proposition 4.2.3 — imply that to a(p) = o(1) and
Kmax (p, to,n1(p)) = o(1) uniformly over A; 5, as t tends to infinity.

Assumption (5.8) is satisfied since I is convex, D4 is a point, and
the first part of Proposition 4.2.3 holds.

Assumption (5.9) follows from (6.7) and the shrinking of A, ,
around py.

Clearly, (6.2) implies (5.10).

Assumption (5.11) is implied by (6.3) and Lemma 3.1.2, while (5.12)
holds systematically for k& = 0.

Since T44¢ vanishes on D4y, (5.13) holds as well, and this con-
cludes the proof of Theorem 6.1. "

We obtained the conclusion of Theorem 6.1 by a brute application
of Theorem 5.1. A little extra work makes the asymptotic formula
nicer, replacing the term |DI(p¢)| by |DI(t)].

6.2. COROLLARY.  Under the assumptions of Theorem 6.1,

(d-1)/2
(@) g (2m) _I(A+t) ;
/A+t6 x OIGRE te ast — oo.

Proof.  Since

(D2I(t + su)u, DI(t + su))

d
— log |DI(t + su)|* =2 DI(t & su)? ,

ds

the inequality

L ID2I(t + su)| |ul
log |DI (¢ 2 D1t2<2/ ” d
[log [DI(t +u) " ~log DIN| <2 | S5 ooy 4

holds. Compactness of A, convexity of I and (6.2) imply that the right
hand side of the above inequality is o(1), uniformly in u belonging to
A as t tends to infinity. Thus, |DI(t + u)| ~ |DI(t)| uniformly over u
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in A as t tends to infinity; and we can replace |DI(p;)| by |DI(¢)| in
the statement of Theorem 6.1. n

In general, we do not have I(A+t)—1I(t) = o(1) as t tends to infinity.
This is easily seen when d = 1 and I(x) = 22 for instance. Thus
we cannot replace I(A +t) by I(¢) in Theorem 6.1 or Corollary 6.2.
In some instances, it is possible to obtain an asymptotic expansion
for I(A +t). We illustrate this fact in the important case when I
is a-positively homogeneous. To state the result, recall the notation
N = DI/|DI| for the outward unit normal vector field to the level lines
of I, and set IT = D2I/|DI|. The compression of II to the tangent
space of a level line A, is its second fundamental form.

6.3. PROPOSITION.  Assume that I is a-positively homogeneous
and smooth. Assume also that A is a neighborhood of the origin with
a smooth boundary. Let e be a unit vector in R%. Define r by the
condition —rN(e) € 0A. Then, as A tends to infinity, I(Ae + A)
admits an asymptotic expansion over the powers N>, i € N, and

a—2

I(A+ Xe) = \*I(e) — A" 1rDI(e)| + A r*(TIN(e) , N(e))

Aa—3
= =5 "D I(e)(N(e), N(e), N(e))
Aa—3
A I(Q Ly T N (e) N () + O
Proof. Since A is compact and [ is smooth and a-positively
homogeneous, we have, uniformly in u belonging to A and as A tends
to infinity,
I(Ae+u) =X*1I(e+u/))
Aa—i )
=X\I(e)+ > =—DI(e) (u,...,u) +ONF).
7! N———

ISisk 1 times
The expansion of I(Ae+ A) follows by induction. The computation of
the first terms can be done by introducing the point uy = u(A\,e) in
A, such that I(e + A/A) = I(e + ux/A). Since A is convex, compact,
and [ is convex, uy in 0A for A large enough.
Taylor’s expansion gives, uniformly in u belonging to A,
(e+5)=16)+ ww(e) Ju)+ 'DQIA(EN (T1(e)u , u)

A
1 3 —4
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as A tends to infinity. Consequently, uy = —rN(e) + uj x/\ where
upy = O(1) as A tends to infinity — because uy has to minimize
I(e4u/\), and so should minize (N (e), u) as well, up to a term of order
A72. Since e 4 uy /A belongs to A, using the notation of the proof
of Theorem 6.1, there exists a vector v = vy in T_, y()0A = N(e)*
such that

Yia _ Y v
T - +f—rN(e)<)\)N(€)
1 -3
- X + 2)\2 <Q—7‘N(e)va U>N(e) + O(/\ )

as A tends to infinity. It follows that

1o+ 52) = 160 - T2 4 o pr@) e N ) V)
+PON 0 viow o) — DI, Ne))
743
_ WDi’»f(e)(N(e) ,N(e),N(e)) + O(A ™).

The term in 1/)\3 is smallest when v = erN(e)H(e)TN(e) — we

used that ) is symmetric — and its minimum value is

IO 2 11(6) Q1 )TN ) N )
3
— WD?’J(e) (N(e),N(e),N(e)).
This completes the proof. "

In particular, for & = 2, we can replace I(Ae+ A) in the exponential
term of the asymptotic equivalent by

2

A21(e) — Ar|DI(e)| + %(H(e)]\/’(e) N(e)).
In the Gaussian setting, I(x) = —|z|?/2. Thus, |DI(e)| = 1 and
II(c) = Id. The exponential term simplifies to
A2 2
-5 Ar + R

A neat expression, but very specific to the Gaussian distribution. ..
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Similarly to what we did in Corollary 5.2, we can obtain a result
on conditional distribution. It is easy to prove that if X is a random
variable with density e~, then, the conditional distribution of X/|t|
given X € A+t can be approximated by a point mass at ¢/|t|, under
the assumptions of Theorem 6.1. However, Theorem 6.1 itself leads
to a more precise result.

6.4. COROLLARY. Let X be a random variable with density propor-
tional to e~ 1. Let e be a unit vector in R%. Under the assumptions of
Theorem 6.1, the conditional distribution of X — Ae given X € A+ Xe
converges weakly® to a point mass at —rN(e) € 0A as X\ tends to
infinity.

Proof.  Let U be a neighborhood of —rN(e). We can find a closed
convex set B in U with smooth boundary and positive curvature, such
that 0B and 0A coincide in a neighborhood of —rN(e). Applying
Theorem 6.1 twice, we see that

/ e 1@ qy

A=oo / e 1@ qy
A+Xe

Consequently, the conditional distribution of X — Ae given X € A+ Ae
is asymptotically concentrated on B C U. Since U is an arbitrary
small neighborhood of —rN (e), the result follows. n

=1.

A slightly more involved proof would show that the conditional
distribution of X —t given X € A+t can be approximated by a point
mass at p; —t as |t| tends to infinity under the assumption of Theorem
6.1.

Notes

This chapter has three motivations. First it provides a simple example
of applying of Theorem 5.1, and I hope it is of pedagogical interest.
Second, translating a set away from the origin may be one of the most
intuitive and natural ways to make it moving to infinity. Third, and
this is more important, the Gaussian case has received some attention,
due to statistical applications. In LeCam’s theory of local asymptotic
normality — see e.g., LeCam (1986) and LeCam and Yang (1990)
— the asymptotic power of a test is given by the probability that a
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noncentered Gaussian vector lies in a given domain. Thus, one issue
is to calculate the probability that a centered Gaussian vector hits a
translated set, typically an ellipsoid. The work of Breitung (1994),
Breitung and Hohenbichler (1989), Breitung and Richter (1996) are
most relevant here. The remarks following Proposition 6.3 somewhat
enlighten the Gaussian case.



7. Homothetic sets,
homogeneous 1
and Laplace’s method

In this chapter we consider a set A; such that
there exists a neighborhood of 0 not intersecting A; (7.1)

Equivalently, we could say that the complement of Ay is a neighbor-
hood of the origin. This assumption ensures that the sets A; = tA;
are moving to infinity as ¢ tends to infinity. Assume furthermore that

I is a strictly convex, a-positively homogeneous function,  (7.2)

that is I(tx) = t*I(x) for all nonnegative ¢, all x in R?, and some
positive a. Under such assumptions, o must be strictly larger than 1
to ensure strict convexity. Setting x = ty, we see that

/ e 1@y :td/ e_I(ty)dy:td/ e_tal(y)dy.
At Al Al

The asymptotic decay of the last term in the equality is related to
the Laplace method. When I has a unique minimum in A;, not
on the boundary of Aj, this type of integral has been well studied.
However, here, I(A;y) is achieved on the boundary of A, eventually
on a k-dimensional submanifold of R?. A direct proof of an asymptotic
equivalent of the right hand side, working out a multivariate Laplace
method, is quite tractable. However, for purely pedagogical reasons,
we will obtain an asymptotic equivalent of the right hand side of the
above equality by using Theorem 5.1. This proof does not require
more work than a direct one. The equality with the right hand side
makes it easy to understand how Theorem 5.1 works. It also shows
that Theorem 5.1 can be thought as a generalization of Laplace’s
method.
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Consider Dy, = A1 N Ap4,) and assume that

0A1, Dy, and A, are smooth — twice continuously

differentiable — manifolds. (7.3)

Let k be the dimension of Dy,. We assume that A; separates from
Aj(a,) with contact of order 1 exactly, and therefore,

det Ga,(p) #0 for any p € Dy, . (7.4)

We also need to make sure that A; is not a thin (d — 1)-dimensional
layer against A 4,. For instance we could assume that it is equal to the
closure of its interior. Such an assumption is global. We can work with
a much weaker local one. Roughly speaking, for p in D4,, we need to
be able to squeeze a ball in the intersection of A; with the forward
image of a leaf 71'211 (p) through the normal flow. This guarantees some
thickness near Dy, along the section of A; orthogonal to Dy,. The
exact assumption is that

there exists a positive € such that for all p in Dy, and
any unit vector v in Tpﬂgll, any s,n in [0, €] the set (7.5)
Ay contains [ exp,(nv) 74, (exp,(nv)) + 5]

The following is then a consequence of Theorem 5.1 and is a
multivariate Laplace type approximation.

7.1. THEOREM.  Under (7.1)-(7.5), and if Dy, is a base manifold
for Ay, then

R d—k
J T S R,
At

where

d—k—1 d~/\/l’D
01:(27) 2 / d—kt1 - 1
D4, [DI[772 (det Gy, )2

As in Theorem 5.1, the asymptotic equivalent in Theorem 7.1 must
be read with det G4, = 1 if D4, is an open subset of Aj4,) and
k=d-1.

Before proving Theorem 7.1, notice first that for a = 2, the
polynomial term in ¢ in the approximation has exponent k — 1; it
does not depend on the dimension d of the ambient space. More
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importantly, no matter what d is, this exponent can be written as
kS + dQ_Ta — §; it is an increasing function of k, as one should expect.
The proof of Proposition 4.1.1 shows that G4, (p) = };I(Al)m —
154, , 1s the difference of the fundamental forms of A;(4,) and 9A;
compressed to the direction orthogonal to Dy, .
During the proof of Theorem 7.1, we will make use of the following
result, relating the large scale analysis of tA; to that of Ay as far as

the normal flow is concerned.

7.2. LEMMA  If I is a-homogeneous, then
(i) ¥(p, s) =t~ "(tp,1%s), and
(i) Tra, (tp) = 197, (p)-

Proof. To prove (i), write {b(p, s) = t~Y)(tp,t*s). Since DI is
(o — 1)-homogeneous, Lemma 3.1.1 yields

d - _, DI DI
— =@ tp, t%s)) =
dsw(l% 8) |DI‘2 (w( p7 S)) ‘DI|2

(U(p.s)).

Thus, QZJ obeys the differential equation of Lemma 3.1.1. It equals ¢

since ¥(p,0) = p = ¥(p,0).
Assertion (ii) follows since 74, (p) is the first positive time s such
that ti(p, s) is in tA;, and

U (tp, t7a,(p)) =t (p,7a,(p))

thanks to assertion (i). .

Proof of Theorem 7.1.  Since all the assumptions used in Theorem
5.1 depend on c4, ar, we first need to guess its value, and then proceed.
To this aim, we first need an estimate on the integral itself. We obtain
it in evaluating the asymptotic equivalent given by Theorem 5.1.

It is natural to consider

Dy, =tDy, :t{x € 0A; : I(x) = [(Al)}.
Using the homogeneity of I,
DI(tp) = t*~'DI(p).

Let p be in Dg4,, or equivalently, tp be in D4,. To estimate G 4,(tp),
the equality (As, Ara,)) = (A1, tA7(4,)) gives

Ga,(tp) = t7'Ga,(p)
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— the curvature tensors are rescaled by 1/t; think of the sphere of
radius ¢ whose curvature is 1/t times that of a sphere of radius 1. We
also have

[ 1Mo, ) = ¢ [ feairs, ).

Consequently,

_ d—k—1 dM’D
e I(At)(Qﬂ') 2 / " Ay T
Da, [DI| 727 (det Ga,)2

—tT(Ar) ph—(a—2) 5K -

niR

= C1€

where ¢; is given in the statement of Theorem 7.1. Notice again that
in a very few lines, Theorem 5.1 allows us to guess the result.

As pointed out in chapter 5, the larger cya, ar is, the stronger the
assumptions are. However, it is important to remember that all that
we need is to find cg, ar larger than CZhM' So, consider a positive €
and let

d—k
c(t) = (da—k‘+(a—2)T+%+e)logt.

From Proposition 2.1, we infer that

L(I(Ay) + ¢(t)) = LUT(Ay) + ¢(t)) = O(etaI(Al)tk—(a—Q)#_

niR

)

(7.6)
as t tends to infinity. Thus, CZhM is less than ¢(t) for ¢ large enough
and any positive M. We can try to choose ca, ar to be ¢(t). In this
case, we just proved that (5.4) is satisfied.

It should be noticed that our choice of ¢(t) is very naive. We
inverted asymptotically the function L and evaluated the inverse at
the guessed asymptotic equivalent for [ A, e~ 1@ dz. The addition of
the term elogt in ¢(¢) is only to obtain (7.6).

We now proceed in checking all the assumptions needed to apply
Theorem 5.1. We already chose a candidate for the dominating
manifold,

Dy, =tDa, =t{z € 0A: I(z)=1(A1)}.

We postpone the check of (5.1)-(5.2) to the end of the proof since it
requires some discussion.
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To describe A; py, let

Arg={p€Aay) :7a,(p) <c(t)/t*}.

This choice ensures that
A ={p €My :7a(p) <c(t) } = Ay,

Thus, we can look at A, 5, through its rescaled version Al,t-
We check (5.3) through a rescaling. Let tq be in A, )/, and define
tp = 74, (tq). The point p is in D4,. Lemma 7.2 implies

TA, (tq) — TA, (tp) =t (TA1 (Q) —TA (p)) .

Since g belongs to ;117157 we have 74, (¢q) < ¢(t)/t%; in particular, 74, (q)
converges to 0 as ¢ tends to infinity. Since 74, is continuous on 71'211 (p)
with a strict minimum on Dy,, we have |¢ — p| = o(1) uniformly
in ¢ belonging to Ay, — recall p = 7a,(q). It then follows from
Proposition 4.1.1 that

74, (q) — 74, (p) = % IDI(p)| (G, (p) exp, (q) ,exp, ' (q)) (1 + o(1))

uniformly in ¢ € Al,t~ Consequently,

Ta,(10) — 74, (t8) = £ IDI(2)| (Ga, () expy™ (a) expy ™ (a)) (1 + o(1)

as t tends to infinity, uniformly for g in A, 5,. This proves (5.3) here.
Notice that since (exp,,)«(0) = Id, we also have the approximation

74, (0) = 4,(0) = 5 IDI(D)| Gty () — 2) . (g — D)) (L + 0(1)

as ¢ converges to p, which may look more familiar.

To verify (5.5), Lemma 7.1.2 shows that Xit (tp) = to‘xil (p). Thus,
it suffices to prove that infpeAM Xil (p) is uniformly boun(}ed below
by some positive number for ¢ large enough. If ¢ belongs to Ay ¢, write
4 =exPr, (g (nu) for n = dist(g,74,(q)) and a unit vector v. As we
have seen, n converges to 0 uniformly over ¢ in A;; as t tends to
infinity. Therefore, (7.5) implies that for ¢ large enough, Xﬁl(') >e
over Aj ;. Thus, (5.5) holds.

Our choice of ca, ar = ¢(t) ensures that (5.6) holds as well.
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To check (5.7) is not much more complicated. Define

o Dam(D()
C—SHP{W-QGAI(AQ}-

We first notice that for any p in A4,y and s positive, the definition
of Kax in Proposition 4.2.4 and homogeneity of I imply

Amax (D21 (tq))”
IDI(tq)[?

C
:qGA[(Al)}Z—.

Kmax(tpa 5) < sup { 2

Identifying T, A1,y and Ty Ay, the equality expy,(w) = texp,(w/t)
holds. It gives,

to, v (tp) = sup { St inf 74, (expy,(sv)) < c(t) }
ve Ttp"rgtl(tp) ’
= tsup { s: inf A, (exp,(sv)) < c(t)/t* } .
W i

Again, as ¢(t)/t* converges to 0 as t tends to infinity, the requirement
74, (exp,(sv)) < c(t)/t™ forces sv to be o(1) as t tends to infinity.
Proposition 4.1.1 yields

2¢(t) }

) 1
toar(tp) <tswp{s: inf  SIDIp)(Gay (p)sv,sv) < =

_ 2
veSTpﬂA; (O

for ¢ large enough. Since G 4,(p) does not have null eigenvalues on
Tpﬂ—zil(p) thanks to (7.2), to,am(tp) is at most

, 1 2¢(t)
2

: = <
tsup{s s inf (0’1)2\Dl(p)\(GAl(p)v,v> o }

= 1702\ /e(t) O(1)

—1
Tp"rAl (p)

as t tends to infinity. Consequently,

sup \/Kmax(tp,to,M(tp))t07M(tp) = t_a/2\/@0(1) =o(1)

tpEA M

as t tends to infinity, and (5.7) holds.

Following Remark 5.2, we will not check (5.8) but (5.16) instead.
Adding subscripts to distinguish on which manifold we are working,
we have

Aﬂ_gtl(tp) (S, U) =1 Aﬂ_gll(p) (S/t, U) 5
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for all s in [0,ea(tp,v)) and all v in the unit Sphere of Ttpr (tp).
This unit sphere can be identified with that of T,m,, L(p). As we have
seen, if expy,(sv) belongs to Ay, then ¢~ 0‘/23/1577 = o(1) for any
positive 7, as ¢ tends to infinity, and uniformly in p belonging to Dy, .
It follows from compactness of D4, and the classical expansion for
A”Zi (s,v) as s tends to 0 — see, e.g., Chavel (1996) — that — recall

a>1! —
Aﬂgz(tp)(s, v) = sldy, 73 (tp) +0(s3 /1) = SIthpW,Ztl(tP) +o(1) (7.7)

as t tends to infinity, and uniformly for p in D4,. This implies (5.16).
Assumption (5.9) is easy to check. Since p belongs to D4, and ¢ to
AN WAfll(p), we have

DI DIG) _ DI(w)
IDI(tq)] — [DI(q)]  [DI(p+o(1))]

where the o(1)-term is uniform in ¢ in the given range and p in Dy, .
Assumption (5.10) is trivial since

D2 1(tp)| _ o ID*I(P)]

[DI(tp)? DI(p)>

by homogeneity of I.
Since 74, (+) vanishes on Dy, here, (5.11) holds as well as (5.13).
We check (5.12) by rescaling. Indeed, for ¢ in ;11715, or equivalently,
tq in A; 5y, we have
74, (tq) = twa, (q).

Identifying Ti4A; 5y and Tq;ll,t, we also have

max(tg) (v) = tmay .+ (q) (v/t)

But !q — ﬂ'Al(q)| tends to 0 uniformly in Al,t as t tends to infinity.
Since the differential 74, « (7r141 (q)) is the orthogonal projection onto
T,Da, — this comes form the fact that m4,(p) = p for all p in Dy, ,
and that 7T;hl (p) is orthogonal to Dy, — (5.12) follows.

We are left to check that in (5.1), Dy, is indeed a dominating
manifold for the set ANI'r(4)4c,, 1 and that (5.2) holds. If k = 0, i.e.,
Dy, is made of a finite number of points, (5.1) is clear. Assumption
(5.2) is then checked by rescaling, using the fact that ;11715 shrinks
around D4,. Assume k > 1. Define

AP = An{w(expy(u),s) s w € Doy, u € TyAy(a)STDa, s s 2 0}
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Then, Dy, is a dominating manifold for Agk) = tAgk). From what
we have done, we can apply Theorem 5.1 to obtain an asymptotic

approximation for fA(k) e~ 1@ dz, and the result is nothing but the
t

statement of Theorem 7.1. Instead of checking (5.1), it now suffices
to prove that

/ e 1@y = 0(/ e_I(x)dx> ast — 00.

To apply Theorem 5.1 to evaluate the integral in the left hand side
of the above inequality, we need to find a dominating manifold for

A\ AY Pick D i

dimension at most k — 1 for the set

ALY = (A N { vt o e, o}

400 to be 0Dy4,. It is a dominating manifold, of
1

Now, it is possible that A; \ Agk) or Agk_l) do not have smooth

boundaries. But since dA; is smooth, the set Aik_l)
in a set Agk_l)/ say, with smooth boundary, and for which tD

can be included
Ap\Ak)
is again a dominating manifold. This is done in parameterizing

7 -1 (p) for p in ¢tD ) so that 7 ,@-1 and 7,x-1) coincide on
t t t

Ap\AlF

the projection of Aik_l)

on Aya,) for instance, and extending Tk
into a differentiable function on A(4,). This way, we need to estimate
the integral over Aik_l),, for which we have a (k — 1)-dimensional
candidate for a dominating manifold. Iterating this process, we go
down to a 0 dimensional dominating manifold, apply Theorem 5.1
in this case, and obtain the order of all the terms with dominating
manifold of dimension between 0 and k£ — 1. In particular, this implies

/ e_I(x)dl- — O(l)e—I(At)t(k—l)—(a—Q)ﬂg__l)_%
A\AP

“o fyo ),

and this proves Theorem 7.1. "

7.3. REMARK. It is essential to notice the following. In checking
(5.3), (5.9), (5.12), the only feature we used besides homogeneity of
I is that a point ¢ in Al,t converges to m4,(q) as t tends to infinity,
uniformly in A; ;. For (5.7) and (5.8) — actually (5.16) — we used
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slightly more, namely that |q — 4, (q)| = o(t~/3) in order to obtain
(7.7). The conclusion is that if I is homogeneous, all that we need to
do to check the assumptions is to check that A, ,,/t concentrates to
D, /t at the rate o(t~/3). So, the work done in the proof of Theorem
7.1 may save us some effort in other applications.

7.4. REMARK. In many applications, the set Ay is of the form
Ay = {z : g(x) = 0} for some smooth — twice continuously dif-
ferentiable — function g, and I(A) is achieved at boundary points x
such that g(x) = 0. In such cases, assumption (7.5) can be simplified
into an analytical condition. To see this, define ¢ = exp,(nv) and

r= w(q, TAl(q)). Since

(g7 (q) +5) =1+ s%m +0(s2)

thanks to Lemma 3.1.1, we have

For this expression to be nonnegative for s nonnegative, it is enough
to have

(Dg(r),DI(r)) > 0.

Since I and g are smooth and ¢ is close to p for small n, the condition

b 1<Dg(p), DI(p)) >0

is sufficient for (7.5) to hold. Since a point p in D4, minimizes [
on Ay, the vectors Dg(p) and DI(p) are positively proportional. The
condition (Dg(p), DI(p)) positive holds provided Dg(p) is nonzero —
notice that DI does not vanish for [ is strictly convex. In other words,
(7.5) is fulfilled as soon as ¢ has no critical points on Dy, .

Applying Corollary 5.2, we can obtain results on conditional
distributions. The following statement asserts that the probabil-
ity measure with density propositional to I4, (z)e~! () converges
weakly* as ¢ tends to infinity to the probability measure abso-
lutely continuous with respect to Mp Ap and density proportional

to [DI|~(@=k+1/2(det G 4, )~ /2.
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7.5. THEOREM.  Under the assumptions of Theorem 7.1, if B is a
set of continuity of Mp, , then

d
/ e Wdz / (d_k+1j)\//;DA1 12
i 2HBOA) _ JBnDa |DI| (det G4,)

t—o0 / e_](x)dx / dMDAl
tA; D4, |DI|FD2(det G g, )2

Proof. We just need to check (5.18)—(5.20). Here, we consider
A4, = t. The measure in (5.18) rcan be rewritten as

dMDAl // dMDAl( )
2 (det Ga, (g) AL DIITE (det Ga, (g))

[N

D]

and does not depend on ¢.

Since
CALM logt

e < 2do |
Aa, [DI(ip)] t[DI(p)|
assumption (5.19) is satisfied.
To check (5.20), use rescaling to obtain

tqg —tp B
sup { % D 1g € 7TA,51 (tp) , TA, (tq) < C(t) }
t

=sup{lg—pl : g €74 (p), Ta,(q) < c(t)/t%}.

Since ALt shrinks around D4, , assumption (5.20) holds true. Apply-
ing Corollary 5.2 yields the conclusion. "

Another way to formulate Theorem 7.5 is to say that the probability
measures with density proportional to 14, (z)e~*) converge weakly*
to the one with density proportional to |DI|(¢=F+D/2(det G 4,)~1/?
with respect to the Riemannian measure on Dy, .

Notes

The notes of chapter 1 contain references on Laplace’s method. Also
very much related to this chapter is the work of Breitung (1994) in
a Gaussian setting. Theorem 5.1 is related to Hwang (1980). The
Laplace method in dimension larger than one with a dominating
manifold of minimizing points is developed in Barbe and Broniatowski
(2007), motivated by large deviation theory.



8. Quadratic forms
of random vectors

In this chapter, we illustrate the use of Theorems 5.1 and 7.1 to
deal with the following question. Consider a random vector X =
(X1,...,Xy) in R? and a real d x d matrix C' = (Cij)igij<a- What
is the decay of P{(CX,X) >t} as t tends to infinity?

Of course, this decay depends on the distribution of X as well as on
the matrix C. We will deal with two different types of distributions:
symmetric Weibull- and Student-like. The Weibull-like tail will be
handled through application of Theorem 7.1, while the Student-like
one will be handled by a change of variable technique and Theorem
5.1.

8.1. An example with light tail distribution.

Consider a random vector X = (X1,...,Xy) in R? having density
f = e for some convex function I on R?. Assume moreover that [
is a-positively homogeneous. Writing

{xGRd (Cx, ) t} VA,

we see that
PLCX,X)2t)= [ e !1@da,

and Theorem 7.1 is relevant here.
To be more specific, assume that the components X; of X are
independent and identically distributed, all with density

o1-(1/a)
2I'(1/«)
To apply Theorem 7.1 we need to describe the points of 9A; at which

_ 1 Z ||

1<i<d

Pt
we () = exp( |§| ), reR, a>1.
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is minimum. Surprisingly, this problem seems quite difficult, and I
have not been able to solve it in general. The result will rely on the
following conjecture.

8.1.1. CONJECTURE. Ifa # 2 and C + CT has no vanishing
eigenvalue, then Y ) icqlwi|® admits a finite number of minima in
Ay; moreover det G 4, is not null at these minima.

Hence, if this conjecture is indeed true, D4, is of dimension k = 0
when a # 2 and C' + CT has no degeneracy.
The application of Theorem 7.1 is then trivial. For a # 2, we obtain

o (d/a)

~ g e
2011/ ex

PL{CX,X) >t} cre

as t tends to infinity — recall that A; = v/tA; here and not tA; as in
chapter 6 — where

d—1

o =2m) 7 > DI(x)|" D2 (det Ga, )72

z€D 4,

The term in ¢; can be made more explicit. Indeed,

Di(x) = (Sign(fﬁi)|$i|a_1)1<i<d

for a > 1. Moreover, the remark following the statement of Theorem
7.1 asserts that G4, is obtained by the difference of the fundamental
form of Ajc4,) and JA;. Since D2I(z) = (o — 1)diag(|z;|*"?), we
have

_ : a—-1 . a—2
HAI(Al)(.T) = PrOJTxAI(Al)mdmg(\xﬂ ) Tohria)
while -
. c+C
o, (x) = Projr, g4, (C+ )z '
T,.0A1

For @ = 2, the calculation can be done explicitly. Let A be the
largest eigenvalue of C+C7T | and assume that ) is positive — otherwise
(Cx,x) is nonpositive for any z and P{(CX, X) >t} is null for any
positive t. Let

H={z:(C+CYz =X}

be the eigenspace associated to the largest eigenvalue A.
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8.1.2. THEOREM. Let k be dim H — 1 and M be the compression of
Id — A\"YC+CT) to H-. For a =2 and \ positive,

11 ot/ y(k=1)/2

AGB=1)/2T (E£L) (det M ) 1/2

P{CX,X) =1} ~

as t tends to infinity.

Proof.  Assumptions (7.1), (7.2) and (7.3) hold. To check (7.4), we
only need to calculate D4,. We claim that Dy, is the sphere of radius
\/2/X centered at the origin in H. Indeed, if (Cz,z) = 1 then

2={((C+CNz,z) < Nz|?.

So |z| = 1/2/A. On the other hand, if (C+CT)z = Az and |2|? = 2/),
then ((C' + CT)z,2) = Mz|?> = 2, and then (Crx,x) = 1.
Applying Theorem 7.1, we obtain,

—lz|? _ k=1
/ e 1P 24 ~ e (A ast — oo,
Ay

and I(A;) = 1/X from the preceding argument. To calculate the
constant ¢y, notice that in our case, DI = Id. Thus, |DI(z)| = v/2/A
on Dy,.

To calculate G 4,, observe that T, Aj,) = {x }*, for the level lines
of I are spheres. Thus, for z in Dy, , the second fundamental form of
Apa,) at zis

PTOJ{m}LIdL{x}l b )
Ay 4, (@) = DI = \/;PI"OJ{I}LId‘{x}L .

On the other hand, the second fundamental form of 0A; at some x in
Dy, is

Projizy. (C' + C’T)‘{ L 1
_ apt . T
4, () 5 0] _2)\PYOJ{I}L (Cc+cC )‘{I}L .

Clearly, since Dy, is a sphere, its tangent space at x is { = }L NH. It
follows that for x belonging to Dy, ,

Tulray © ToDa, ={a} 6 ({a} nH) ={a} 6 H=H"
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since z is in H as well. Thus, for z in Dy,

Ga,(x) = PI'OjHL\/§<Id - (C%CT))‘HL .

This matrix does not depend on x. Therefore, putting all the pieces
together,

(2m) 2 Vol (S (0, \/2/N))

d—k+1 d—k—1

(2/0) 5 (/2) det(ProjHL(Id—(CJri/\CT))‘Hl>

=

Using the classical fact

n/2
Vol(Sn_1) = 27Tn ,
(%)
we obtain
. (27T)d/2
1= .
_ E+1 (C+cC™h 1/2
Ae=0/2p (E et (10 - 52| )

The result follows after dividing c¢; by (27r)d/ 2 the normalizing factor
of the d-dimensional standard normal density. "

REMARK. It is interesting to notice the discontinuity in the poly-
nomial term in ¢ in Theorem 8.1.2. In (8.1.1), this term has degree
—(a— 2)% — 4, which is strictly less than —1/2 for o > 2, and equals
—1/2 for a = 2. For aw = 2, Theorem 8.1.2 gives a polynomial term of
degree at most 0 since k is at least 1. Notice also that the map C' — k
is not continuous for any standard topology on the set of matrices.

The determinant of M involved in Theorem 8.1.2 can be given more
explicitly as a function of the matrix C'. Write A\ < --- < A\g for the
spectrum of C' + CT. Since the dimension of H is k + 1, we have
M-k = M—k41 = ... = A\g. Diagonalizing C' 4+ CT and noticing that
H* is invariant under Id + \;*(C' + CT), we have

detM =[] (1—i—d)

1<i<d—k—1

Applying Theorem 7.5, we obtain also the following.
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8.1.3. PROPOSITION.  For a = 2 and A positive, the conditional
distribution of X/\/t given (CX,X) > t converges weakly* to the
uniform distribution over the sphere centered at the origin of radius

\/Z/—AOfH.

Proof.  Notice that Mp 4y 18 proportional to the uniform distribution
on Sg(0,4/2/A) and that |DI| as well as det G 4, are constant on Dy, .
The result follows from the proof of Theorem 8.1.2. and Theorem 7.5.

u
8.2. An example with heavy tail distribution.

In this section, we consider a random vector X = (Xi,..., Xy) in R,
with independent and identically distributed components, all having
a Student-like distribution with parameter o. Thus, X; has a density,
and there exists a constant K, such that

Ky, (a—1)/2
PIX;< -z}~ P{X;iza}~ =200
x
as x tends to infinity. Define

:{xGRd (Cx,x) t} \/_Al

Writing s, (+) for the density of a single X;, the density of the vector
X, given by ngigd Sa(x;). It is not log-concave. It is not even
specified at all, except by an asymptotic equivalent! Thus, we cannot
use Theorem 5.1 in a straightforward way to approximate

P{ (CX,X) t} H Sa(x;)dz; .
At 1<id
However, as pointed out in the introduction, chapter 1, we can make
a change of variables, and then try to use Theorem 5.1. This will
require all the power of Theorem 5.1, in particular the freedom on the
set A that is allowed.
To state our first result, define

le{j10j7j>0}.

8.2.1. THEOREM. [Let X be a d-dimensional random vector with
independent and identically distributed components having a Student-
like distribution. Let C' be a d x d matriz. If J1 is not empty, then

2
a—1)/2 /2
P{(CX,X) >t} ~ K qal®™V/ 7z 2 Cis ast— oo.

Jje€N
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Proof.  Let us first make a change of variable so that we will be
able to apply Theorem 5.1.

Let Y = (Y1,...,Yy) be a random vector with centered normal
distribution, with identity covariance matrix. Its density,

1
(zﬂ)d/2

exp(——), yERd,

is log-concave. Let us write

2

Yy eu

the normal cumulative distribution function. Similarly, denote by

Y

Sa(y):/ So(u)du

— 0o
the Student-like cumulative distribution function of each individual
X;. Writing
So(u) =it {y: Saly) > u}
for the inverse function of S, and analogously ®— for the inverse
function of @, we see that S5 o ®(Y;) has the same distribution as Xj.

NOTATION.  Let us agree that a function g defined on R is extended
componentwise to RE, writing g(x1, ..., xq) for (g(:vl)7 .. 7g(:rd)).

It follows that X has the same distribution as (C'S5, o ®(Y), S5 o
®(Y)). In other words, defining

B = {y e R?: (CSo®(y), S, 0o®(y)) > t} =d70S5,(Ay),

we have

—lyl?/2
e
PL{CX,X)>t} = || sa(mi)dxi:/ ———=dy. (8.2.1)

Since S o @ is continuous and defined on the whole real line, we see
that for any positive M and any ¢ large enough, the ball centered at
the origin and of radius M does not intersect B;. Thus, By moves to
infinity as ¢ tends to infinity, and the right hand side of (8.2.1) is the
integral of a log-concave function over a set moving to infinity as ¢
tends to infinity. We can try to apply Theorem 5.1.
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It should be noticed that we could make a change of variable leading
to a different distribution than the standard Gaussian one. However,
this one is rather convenient since its level sets and their geodesics are
known explicitly.

The disadvantage of the change of variable is of course that the set
By is more complicated than A;. Nevertheless, whatever information is
needed on B; can be first read on A, and then pulled back to B;. This
fact is illustrated by Proposition 8.2.4 bellow, where we will calculate
Dp,. This change of variable technique works mainly because 0.5,
has an explicit and simple asymptotic equivalent.

To apply Theorem 5.1, let us define

_ P a/2
I(y) = 5 + log(2m)"/=,

that is minus the logarithm of the Gaussian density. The function [
is convex.

We will make use of the following elementary result in asymptotic
analysis, whose proof can be found in appendix 1,

( ‘_oSa(x))z = 2alog z—loglog z—2log( K, na®?)—2log(2y/7)+0(1)
as x tends to infinity. It implies
®70 S, (x) = /2alogz + o(1) as r — 00.

It is also convenient to introduce the canonical basis ey, . . ., eq of R%.
For any jin J; and e in { —1,1 }, the point pe j+ = €4/t/C} j ej belongs
to 0A¢. Thus, gejt = P70 Sa(pe,jt) belongs to 0B;. The following
lemma gives a parameterization of 0A; and 05; near p. j; and g ;-
This describes these boundaries locally.

8.2.2. LEMMA.  The tangent space of the boundary 0A; at p = pe
is { (C+CMp }J'. Near p, the boundary of A can be parametrized as

_ _ t 1 (Cv,0)\21
p(v)—pe,j,t(v)—ﬁ @[1—§<CU,U>+O< / ) }Sj-l-l},

for v in Ty0A, and |v] = o(\/t) as t tends to infinity.
The boundary 0By near ¢ = qe ji = ®70S,(p) can be parametrized

(0) = guis(0) = e+ Jarlog - 108Lo8 VE log(Ksaa®22y/m)
q\V) = Ge,j,t\V) = € 8 Cii 2yalogt Jalost

+0<\/1i@>>6j+ Z D70 S, (vi)e;

1<i<d
i#£]j

as
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for v in T,0A; and |v| = o(\/1) as t tends to infinity.

Proof.  The assertion on the tangent space of dA; at p is plain since
the differential of the map z + (Cx,z) at p is (C' + CT)p. Near the
point 1/1/C;;, we can parameterize 0A; by its tangent plane. This
leads to the following parameterization of 9A;. Let h(v) be such that

]N?(U) = \/t/Cj,j(l + h(v))ej +v € 0A;
for all v in T,0A; with |v] not too large. This inclusion becomes
t = (CP(v), p(v)) = t(1 + h(v))* + (Cv,v). (8.2.2)

An approximation of h follows either by working out an asymptotic
expansion for h(-) or using the following argument. For |v| = o(v/1),
(8.2.2) implies h(v) = o(1) as ¢ tends to infinity. Rewriting (8.2.2) as
the quadratic equation in h,

0 = th(v)? + 2th(v) + (Cv,v),
we obtain

ast — 00.

h(v) = -1+ <1 B (Cv,v>)1/2

This gives the asymptotic expansion for p(v).

We then pull back the expression of p(v) to parameterize dB; by
q(v) = @70 Sa(p(v)). Notice first that

t 1 t
log < —— (14 Ot Hw|?) ) = —log = + Ot |v]?).
\ Cj,j( )) =2 Cij

In the range |v| = o(v/1), the asymptotic expansion for ®~ o S, in
Lemma A.1.5 gives

elq(v), ej) = o Sa< %(1 + O(t‘l\vl2))>

. t loglog vt log(Kaa®/?2/7)
= /alog— — -
& Cii  2yalogt Valogt

+ o(log t)~Y/2.
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On the other hand, for i # j,
e(q(v), ;) = P70 S (v;)
This proves Lemma 8.2.2. "

It is somewhat important for what follows to have some intuition on
the shape of 9B; near q. ;;. This is precisely what the last assertion of
Lemma 8.2.2 gives us. Recall that p ;; is collinear to e;. As v varies
in T, ,0A; = {(C 4+ Ch)e; }+, the term D i<isdiz P70 Salvi)e
in the expression of ¢cj¢(v) varies too. If the v;’s were allowed to
vary independently, then Zlgigd;i;ﬁj ®0 S, (v;)e; would describe the
hyperplane { e; }+, and 9B; would be a hyperplane perpendicular to
ej, passing through ¢, ;;. This is not quite the case of course, but
almost, provided we look at the right scale. This is the meaning of
the next claim.

8.2.3. CLAIM.  Fort large enough and j in Ji, the set

E D70 Su(vi)e; = v L (C+CMej, Jv] = o(V1) }
1<i<d
i#i

1s contained in

Z wie; : w| < %\/alogt}.

1<i<d
i#]

Proof. ~ One may argue as follows. Notice first that { (C'+ CT)e; }+
does not contains e;. Indeed, if this were the case, we would have
Cjj = ((C + CMej,ej) = 0, contradicting the fact that j belongs
to Ji. Consequently, as v varies in {(C + CT)e; }+, the vector
Zlgigd;i;ﬁj o S, (v;)e; describes the space spanned by the e;’s for
1 <i<dandi# j. Finally, if w is orthogonal to e; and of norm less
than (1/2)y/alogt, then w =37 o j;z; P70 Sa(vi)e; for some v in
(C + CT)ej. Furthermore, ®~ o Sy (v;)? < $logt. From Lemma
A.1.5, we then infer |v;| < t%/® for t large enough. The relation
v L (C+ CT)e; forces then |v;| < O(t*®), and so |[v] = o(V/1).
This proves our claim. "
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We can now locate the interesting minima of I over dB;. They
will provide a good guess for a dominating manifold, as well as an
estimation of I(By).

8.2.4. PROPOSITION.  Assume that Jy is nonempty. If y belongs
to OBy and I(y) < I(Bg) + O(1) as t tends to infinity, then y is in
a O(1)-neighborhood of a points qc ;i for some j in Ji and some € in
{—=1,1}. Moreover, as t tends to infinity,

1
I(Qe,j,t) = %logt - 5 1og10g\/f _ log(Ks,aaa/22ﬁ)

+ log(2m)¥? — %log Cjj+o(1).

Proof. By the very definition of I and By,

I(By) — log(2m)*?

=inf { [y|*/2: (CS5 0 ®(y), Sy o®(y)) >t}
1nf{ ZCI)‘_ w(MWtu)? (C’u7u>:1,)\>1}
1<i<d
1nf{ Z Do So(Viuy)? : (C'u7u>:1}7
1<i<d

the second equality coming from the change of variable y; = &~ o
Sa(AV1tu;); the last one comes from the fact that the function A €
[0,00) — & o So(A/tu;)? is increasing for ¢ large enough and wu;
fixed.
If s is positive and such that v/ts tends to infinity and logs/logt
tends to 0 as ¢t tends to infinity, the asymptotic expansion for (® o
S4)% in Lemma A.1.5. shows that

Sa(Vts)? = alogt(1+o(1)) ast — 00. (8.2.3)
If (Cu,u) =1, and r of the w;’s, say uy,...,u,, are of order larger

than 1/logt, i.e. minjgig, [u;| > 1/logt as ¢ tends to infinity, then
(8.2.3) yields

Z Do S, (Viu;)? Z d "o So(Vitu))* ~ralogt  (8.2.4)

1<i<d 1<ir
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as t tends to infinity. Hence, to minimize the left hand side of (8.2.4),
we should have r as small as possible. But » must be at least 1, for
(Cu,u) = 1. Moreover r = 1 can be achieved by considering j in
Ji and u = ee;/+/Cjj for some € in {—1,1}. This leads us to look
at the function I near ¢ j; = ®~ o Sa(e\/fej/\/@). Furthermore,
if I(®~ o Sq(vtu)) is minimal, v must be on the boundary of a
O(log t)~t-neighborhood of ee;j/+/Cj; for some € in {—1,1} and j
in J;. Consequently, v/tu is in 9A4; and in an O(v/t/logt) = o(\/t)-
neighborhood of pc ;. Therefore, when studying such a point, we can
use the parameterization given in Lemma 8.2.2. This also leads us to
look at the function I(ge,j(v)) for v in T,_, ,0A; and |v] = o(V/1).

Write v; = (v, e;) for the components of the vector v belonging to
Ty, ;. 0A¢. Using Lemma 8.2.2, we obtain

o t 1
1(esalv)) = 5 log o = 5 loglog Vi — log(Ky 0/ 2/7)
23
1
T3 > @708 (vi)” +log(2m)¥? +0(1)  (8.2.5)
1<i<d
i#]

as t tends to infinity, and uniformly in |v| = o(v/t). Therefore, up to
o(1) as t tends to infinity, the function v + I(ge j¢(v)) is minimum at
0, and its minimum value is /(g j¢) as claimed. .

Notice that the proof of Proposition 8.2.4 gives actually a little
bit more, and this will be useful. Indeed, if z is in 9B; and
I(z) = I(B;) + o(loglogt), then (8.2.3)-(8.2.4) and Lemma A.1.5
show that z is in a o(log log t)-neighborhood of some g ;. Indeed, we
must have

max |70 So(v;)| = Ologlog)'/*.
i#j

In view of Proposition 8.2.4 and its proof, we can start to apply
Theorem 5.1 in calculating a few terms of the asymptotic formula.
Indeed, define

1= max C; ;.
v iy

We have immediately

1
I(By) = % logt — 5 log log v/t — log( K o™ ?2:/7)

+ log(2m) %2 — % log 1 + o(1)
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as t tends to infinity. Moreover, a candidate for the dominating
manifold is

{QE,j,t:jGJIaee{_lal}}'

Unfortunately, this choice does not match with our definition of a
dominating manifold. It is indeed required in the definition that it is
also a base manifold, and as such belongs to Aj(p,). The expression
I(y) = (ly[?/2) + log(27)¥? and Proposition 8.2.4 shows that the
points qc j ¢, for j in Ji, cannot lie on the same sphere centered at the
origin. But they almost do!

Let us denote by p; the radius of the sphere Aypg,). The ex-
pression for I shows that p, = \/I(B;) + dlog(2m). Define rj; =
Ptde jit/ e j,t|. We consider the candidate

Dp, = {reje:j€h,ee{-1,1}}

for a dominating manifold. It will be clear after Lemma 8.2.7 that
what we are really doing here is moving the points g, ;; through
the normal flow, until they reach the level line App,); this gives
Te.jt — somehow unfortunately for the clarity of the argument, but
luckily for the calculation, this move along the normal flow and the
Euclidean projection on the sphere coincide when working with the
normal distribution.

Since Dp, is of dimension 0, its Riemannian measure is a sum of
point masses,

Mpg, = D Freye

Jje€N
ee{-1,1}
From Proposition 8.2.4 and the above expression for I(B;), we infer
that for 5 in Ji,

a
7B, (Tejt) = 5 log g—l +o(1) as t — 00.
4

2
Since DI is the identity function and I(y) = % +log(2m)%/2, we also
have

IDI(re i) = pt = v/2I(By) + dlog(27) ~ \/alogt as t — 00.

If we can apply Theorem 5.1, we obtain
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/ e 1@ qg
By

~ 1B 2y @-D/2 § exp (= 75,(4e,5))
. L |(d+1)/2 )12
jEJ1 |DI(T5,],t)| (det GBt (TE,]ﬂf))
ee{—1,1}
_ /2
N (logt)(l d)/4K a(20¢—1—d)/4 Z C]J (8 2 6)
/2 S, 1/2 e
te/ jen (detGp,(rejs)) /
ee{1,1}

as t tends to infinity. We are left with calculating Gp, (¢ ;) and
checking the assumptions of Theorem 5.1. In order to calculate
GB,(re,jt), we need to calculate 7p,, and ultimately the normal flow.
This turns out to be particularly easy for the normal distribution.

8.2.5. LEMMA.  For the Gaussian distribution N'(0,1d) on RY, the

normal flow is given by ¥(q,s) = , /1 + |2_|52 q.
q

Proof.  The level lines A, are spheres centered at the origin since [ is
a spherical function. Hence, ¥)(q, s) moves on a straight line through
the origin as s varies, and ¥(q, s) = a(s)q for some function a(-). We
obtain a from the equation

a(s)?

2
I(q)+s= % +log(2m)¥? 45 = I(¢(g,5)) = T\QF +log(2m)¥/2.
That is, a(s) = , /1 + |2—‘|92 . .
q

Since the exponential map on the level line A7(p,) is involved in the
definition of the curvature term G, we first recall its expression in the
Gaussian case.

8.2.6. LEMMA. If I is a spherical function, then for q in A., we
have

(i) TyAe = {CI}J_;

(i) exp,(w) = cos (%)q + sin (M) |q|ﬁ, for all w in T,A. with

lq|
lw| < 7lql.
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Proof. ~ Since A, is a sphere centered at the origin, (i) follows. The
geodesics on A, are circles of maximal diameter. By cutting A, along
the plane determined by g and w, the expression of the maximal circle
leaving ¢ in the direction v, that is (ii), follows. .

Since we calculated I(gej¢) in Proposition 8.2.4, it is easier to
calculate 7, ( eXpg, (v)) than 7, ( exp,, (v)). The following lemma
will be instrumental in relating these quantities. It is specific to the
Gaussian situation. Since TyAj) = {q}+, we can identify TyM1(q)
and T;Ar(\g) for any nonzero A.

8.2.7. LEMMA.  For the standard Gaussian distribution, i.e., I(x) =
/2 + log(2m) %2,
(i) for any nonzero q, any positive A and any w in TyAqy = TagAi(ng)
we have

expyg(w) = Aexpy(w/A);

(i) moreover, for any set B, any positive \, and any q in R? such
that the line segment between A\q and q does not intersect B,

_ la?

(1= X+ 73(a)

78(A\q)

Proof. (i) follows from Lemma 8.2.6 since

exp,,(w) = cos <m>)\q + sin (M) |)\q|£ = Aexp, <%) .

Alg| Alg| |w
To prove (ii), the condition that the segment between Ag and ¢
does not intersect B, the fact that the normal flow moves along
straight lines through the origin, and the definition of 75 imply
w(q,TB(q)) = 1/1()\(], TB()\q)). The expression of the normal flow in
Lemma 8.2.5 gives

8(¢) 78(Aq)
1+2 g=4/1+2 Aq .
|l RUE
The formula for 75(Aq) follows. .

REMARK.  The essence of Lemma 8.2.7 is to relate expy 4 q) OUs,«
and s o exp,. Both maps act on T;A7,). We can write one as the



8.2.  An example with heavy tail distribution 103

other one composed with some transform of TyA7(,). Lemma 8.2.7
makes this explicit in the Gaussian case.

We can obtain an approximation of 7, provided its argument is not
too far away from ¢ ;; for some j in J; and some € equal to —1 or +1.
Since we made everything explicit up to o(1), our approximation will
not be good enough to check (5.3), but perfectly fine to check (5.17)
— one may try to check (5.3) and hopefully will agree that (5.17) is
a useful refinement. Hence, we are ready to calculate the curvature
term Gp,.

8.2.8. LEMMA. In the range |w| = o(y/logt), we have

TB; ( eXpreyjyt (w)) = 7~—Bt ( eXpre’j’t (w)) + 0(1) )
with .
%Bt ( eXpT’e,j,t(w)) - 7~—Bt (vaj,t) = §<’LU, ’LU> .
Consequently,

G (7‘ ) ) Idefl Idefl
B DI(ge )|~ Valogt

ast— oo.

Proof.  Let us first obtain an approximation for TBt(eque,j,t(w))'
Lemma 8.2.2 shows that in the range |v| = o(\/t), near g, the
surface 0B; parametrized by v — ¢ ;(v), is given by the equation
of the hyperplane (x,e;) = |¢c |, up to o(logt)~'/2. Consequently,
for ¢ = ge jt, for win TyApp,) and s = TBt(equ(w)), using Lemmas
8.2.5, 8.2.6, we obtain

_ 2
lg| + o(logt) 1/2 <w(equ(w), s), ej> =4/1+ ﬁ cos (%)\q\ )

It follows that

) = B (o

2 |q| cos(|w|/|q|)
w]?
2

+o(1) as t — 00,
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in the range |w| = o(|q|) = o(logt)'/2. From Lemma 8.2.6, we deduce

_ Pt lq]
TBt(eXpTe’j’t(w)) =1TpB, mequ w?

|q|2< Pt 4]
= — 1——>—|-7'B {exp (w—)}
2 lq|? ' I Pt

Therefore, since 75, (¢) = o(1),

TB; ( eXprs,j,t (’LU)) — 7B (r€7j’t) = 7B [equ <w%)} * 0(1)

_ Jwl®

T +0(1)

This is the result, setting

ool =58l

7~—Bt ( eXpre’j’t (w)) 9 9

The second statement follows since we proved the asymptotic

equivalence |DI(re j¢)| ~ v/alogt. .

Combining Lemma 8.2.8 and result (8.2.6) yields the asymptotic
equivalence given in Theorem 8.2.1. It remains to check the assump-
tions of Theorem 5.1.

Our choice of Dp, as a discrete set ensures that (5.1) holds.

We now need a candidate for ¢p, ar. Let ¢(t) = 2dloglogt. From
Proposition 2.1 and our calculation of I(B;), we infer that

L(I(By) + e(t)) < !

<——— —0Q1) = o(t—/? ast — 00.
72 (10g 073 (1) =o(t™7)

Thus, ¢(t) is a good candidate for ¢p, s, no matter what A is.
From the proof of Proposition 8.2.4 and Lemma 8.2.8, we infer that
for any t large enough,

By c{ exp,, , (w) : [w| < \/5dloglogt;
weT,  Apy,ec{-11},jei}. (8.2.7)
Since the level set Ajp,) is a sphere of radius \/21(B;)(1 4 o(1)) ~
valogt as t tends to infinity, its radius of injectivity is of order
Vlogt > +/loglogt, and assumption (5.2) holds.

Assumption (5.4) holds thanks to our choice of ¢(t).
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To verify (5.5), let 7 be a point in B, 5;. The point ¢ = ¢ (r, 73,(r))
is in the boundary 0B;. Since 7p,(r) is less than c(t) = 2dloglogt,
the proof of Proposition 8.2.4 and (8.2.5) show that ¢ = g j+(v) for
some € in { —1,1}, some j in J; and

Z Do Sa(v;)? < Tdloglogt .
1<i<d
i#]
Consequently, Lemma A.1.5 shows that |v;| < (logt)?¥®, for 1 <i <
d with i # j. Since v is in { (C' + CT)e; }*, and this hyperplane does
not contain e, we have |v| = O(log t)2¥/®. Notice that

(7o) +5) = (g, 5) = |1+ ﬁ?q

and that |¢| > |r| = p; tends to infinity with ¢. To prove that th > p?
for instance — which is more than enough to guarantee (5.5) — it
suffices to prove that A\q is in By for any 1 < A < 2. This is plain from
Lemma 8.2.2 and Claim 8.2.3.

Assumption (5.6) is plain.

To check (5.7), notice that for ¢ in Dp,, the inequality to a(q) <
V/5dloglogt holds thanks to (8.2.7). Furthermore, as DI(q)/|DI(q)|
equals Id/|q|,

1 1
21(B;) «alogt

Kmax(Qa tO) < SUP{ |(]|_2 HVES AI(B,:) }

as t tends to infinity. Therefore, (5.7) holds.

Assumption (5.8) holds as well since 7T§t1 (p) is essentially a finite
union of spherical caps, and the Ricci curvature of a sphere is positive.

Assumption (5.9) is trivially satisfied since A. is a sphere. Thus,
two points in A, have equal norms.

It is no harder to verify (5.10), since

ID21(p)]| _ [1d]] _ 1
DI(p)?  [pl>  |p?

To check assumption (5.11), again, we have ||D?I|| = [[Id|| = 1.
Moreover, if ¢ belongs to B, y; C Ay(p,) and u is nonnegative,

IDI(¥u(9))|” = IDI(q)P ~ 21(By) ~ alogt.
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Consequently, for ¢ in B, 5/, that is 75, (q) is less than c(t), and for ¢
large enough,

7B, (4) |D21]| 2¢(t) 4dloglogt
/0 |DI|? (Vu(a))du alogt alogt

Since Dp, is discrete, (5.12) holds automatically.
In conclusion, all the assumptions of Theorem 5.1 are satisfied. This
proves Theorem 8.2.1. "

From the work done, we can easily infer the following conditional
result.

8.2.9. THEOREM. Under the assumption of Theorem 8.2.1, if Jy is
nonempty, the conditional distribution of the vector

(log \/Z)_l (sign(Xi) log \XZ\) I<i<d

given (CX, X) >t converges weakly* to

/2
G Syt

2 J5J

a/2 2
jeJ1 Zieh Ci,i

Proof.  In order to apply Corollary 5.3, let us check its assumptions.
Set Ap, = pt. The numerator of the measure involved in (5.18) is

Z Z eXp TBt(TE,j t))dTejt/Pt

WE
cci—1,1}yjen DI(rejz) |([d+D/2 (det G, (re,j1)) /

We already calculated

7B, (Tejt) = 1(qejt) — 1(By) = log —— +o(1) ast — 00.

2 C] j
Moreover, as 7 is in the sphere Arpg,) and DI = Id, we have
|DI(rc;t)] = pr. Lemma 8.2.8 gives the value of det Gp,(re ;).

Moreover, 7 ;i/pt = Gejt/|Gejt| = €ej. Consequently, the measure
n (5.18) is

Zee{ 1,1} deh a/2(1 + 0(1))5561’
23 e C512 (1 + 0(1))
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It certainly converges weakly™ to

/2
e O 0, +0)

jEJl 7,7
/2
2> en Cjj

Assumption (5.19) is trivial to verify since B, ) is on the sphere Ay(p,)
of radius p;. Consequently, (5.19) becomes

2dloglogt . 2dloglogt
72 = 1 m ———— =
t—00 3 t—oo  «alogt

To check (5.20) is as simple. The inclusion (8.2.7) shows that if ¢
belongs to B, 5s; then the Riemannian distance on Aj(p,) between ¢
and 7, is at most /5dloglogt. Since Ajp,) is a sphere of radius py,
simple trigonometry shows that |¢ — 7, (q)| < ptsin(y/5dloglogt/pt).
Since p; is of order \/alogt as t tends to infinity, assumption (5.20)
is fulfilled.

Applying Corollary 5.2, the distribution of Y/y/alogt given Y €
B; converges weakly® to v. In other words, the distribution of
D0 So(X)/Valogt given (CX, X) >t converges weakly* to v.

To rephrase this conclusion directly on X, we can use the Skorokhod
(1956) representation theorem. It implies the existence of a random
variable Y; having the same distribution as Y given Y € By, and
a random variable Y., having distribution v such that Y;/\/alogt
converges almost surely to Yo,. Thus, X given (CX, X) > t has the
same distribution as

S od(Yiy/alogt) = S5 o @(YOO alogt(1 +0(1))) :

Since S5 o @ is ultimately sign preserving on R and Lemma A.1.6

vields
log S50 @ (cej/alog (1 +0(1)))
= ¢y log ;o b (aTogi(1-+ (1))
= e 2 (14 o1)),
the result follows n

A careful sharpening of all the estimates could certainly lead
to more precise information on the conditional distribution of X
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given (CX,X) > t, and even an asymptotic expansion of this
conditional distribution. We will not pursue in that direction for
mainly two reasons: First, such calculation would be quite specific to
this example. Second, we will see hereafter in this section that the kind
of degeneracy at the limit — the limiting distribution is concentrated
on a finite number of points — is not due to a bad rescaling but only
to the fact that J; is nonempty.

It may happen that all the diagonal coefficients of the matrix C
are nonpositive, that is maxj<;<qCi; < 0. What is the analogue of
Theorem 8.2.1 then? When v, was positive, we could essentially set
all the u;’s but one equal to 0 in order to optimize (P~ o Sq(v/tw))
— see the proof of Proposition 8.2.4 and inequality (8.2.4). When
7 is negative, we need to take at least two components u;, u; to be
nonzero. Setting p; ; = Vitue; + ﬂujej, the equation p;; € 0A;
becomes

1= U?Cw + uiuj(Cm + Cj,i) + u?Cj,j .
This equation admits a solution in w;, u; if and only if
(C@j + Cj,i)2 — 402',2'0]”' >0.
Consequently, if
Jo = { (Z,]) 01 # 7, (CZ'J' + Cj,i)2 — 402',]'0]'7@' > 0}
is nonempty, we can indeed consider only two nonzero components u;,
uj with (¢,7) in Jp.

How many components do we need to consider in general? To
answer this question, it is more convenient to change the notation.

Let T' be the set of all subsets of {1,2...,d}. For a set T =
{41,...,1 } with distinct elements, denote by |Z| = k its cardinality.
To Z, we associate the subspace Vz = span{e;,,...,e; } of dimension
|Z|. To the matrix C', we associate

N(C)=min{|Z|:Z€T,Jue Vz, (Cu,u) >0}
and
J(C)={ZeT:ueVy, (Cuu)>0,|Z|=N(C)}.

So, if N(C') =1, the set J(C) is J;. The integer N(C') is the smallest
cardinal of a set Z such that the inequation (C'u, u) > 0 has a solution
in Vz\ {0}. We exclude some degeneracy, assuming that

for any Z in T of cardinal |Z| < N(C), the matrix C

is negative on V7, (8.2.8)
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that is (C'u,u) is negative for any nonzero vector u in Vz. This typi-
cally prevents having 1 null, and the analogue when more components
need to be considered. Notice that this nondegeneracy is typical with
respect to the matrix C. In particular, the equation (Cu,u) = 1 has
a solution in any subspace V7 for Z in J(C'), and has no solution in
any subspace of the form span{ e,,, ..., €q, } for any £ < N(C).

We keep the notation

Ay ={zeRY: (Cx,z) =t} = VtA,.
The sets
Mr={meVr:(Cm,m)=1}, TZelJO),

are (|Z| — 1)-dimensional submanifolds of R% and 9A; as well. Indeed,
it suffices to prove that 1 is a regular value of the map z € Vz —
(Cx,x). The differential of this map at m is (C +CT)m. If m belongs
to Mz,

((C+ cTym, m) =2(Cm,m) =2#0.

Consequently, (C' 4+ CT)m does not vanish, or, equivalently, the
differential (C' + C™)m is of full rank, and 1 is a regular value.
The result is then as follows.

8.2.10. THEOREM. Let X be a d-dimensional random vector with
independent and identically distributed components with Student-like
distribution with parameter a.. Let C' be a dxd matriz and N = N(C).
For T in J(C) and m in Mz, denote G(m) the compression of the
diagonal matriz Y,z €; ® e;/Im;| to {(C + CT)m }L N Vz. Under
(8.2.8), for a > 2/N,

KN aN/2 ~
PLCX, X) >t} ~ 220 W
vy [Liez Imil

~ d
taN/2\/aN M (m)

ZeJ(C)

as t tends to infinity.

REMARK.  The assumption o > 2/N guarantees that the integral
over Mz in the equivalence is finite. But we will see that the
result is true whenever the integral over Mz is finite. It is not
clear whether @ > 2/N is required, though « too small makes
the integral diverge. This can be seen in Lemma 8.2.18 below. If
N(C) =1, Theorem 8.2.10 is exactly Theorem 8.2.1. Clearly, in this
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case, the term KN a®N/24=aN/2 [\ /o N in Theorem 8.2.10 gives the
term K, aalo 1)/215_0‘/2 in Theorem 8.2.1. For N(C') = 1, we have
J(C) = Jl, provided we identify {7} and i. If Z = {7} belongs to
J(C), then Vz = Re;, and

={zeRe:(Ca,x)=1}={— —C;; 1/2 ei, C; 1/261}.
Thus, the Riemannian measure on Mz is

My, = (5_071/2& + (50;1/2 _

Moreover, for m in Mz, the matrix @(m) is the compression of
ei ®e;/m? to { (C+CT)m }L N Vz. But, in our case,
{(C+CTm} Nz =19,
because, if x is in V7, we have x = se; for some real number s, and
(C+CTym, &) = 0, ((C + CVes o) = 22017 # 0

— the last inequality holds since we assume N(C') = 1 here and i in
Ji, ie., {i}isin J(C); we actually did the same work in the proof of
claim 8.2.3. So, the term det G(m) has to be omitted, and we obtain

CdMay, a2
2 /M Moy e = 222 it

ZeJ(C 1€J1

as in Theorem 8.2.1.

Proof of Theorem 8.2.10.  The proof is actually very similar to that
of Theorem 8.2.1, except that the dominating manifold will no longer
be a discrete set, and the parameterizations will be slightly more
sophisticated.

As in the proof of Theorem 8.2.1, we denote by S, the cumulative
distribution function of X;. We consider the two sets

={zeR: (Cz,x) >t} = VIA;,

and
B, ={yeR¥: (CSSo®(y),ST0d(y)) >t}.

Notice that if Z and Z’ are distinct and in J(C), then Mz does
not intersect Mz:,. Indeed, if x is in both M7 and Mz, then it is
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in Vz NV = Vzagr, and moreover (Cx,x) = 1. This contradicts the
minimality of N(C), since Z different than Z’ implies [ZNZ'| < N(C).

We first need a technical lemma, saying that whenever Z is in J(C),
the manifold M7 stays away from any subspace {e; }* with i in Z.

We denote by m; = (m, e;) the components of the vector m belonging
to R?.

8.2.11. LEMMA.  Under the assumption (8.2.8), there exists a
positive ey such that for all T in J(C), all m in Mz, and all i in
Z, the inequality |m;| > €y holds.

Proof. Searching for a contradiction, assume that there exists 7
in J(C), some index ¢ in Z and a sequence m(n) in Mz such that
limy, o mi(n) = 0. Write

m(n) = m;(n)e; + s(n)v(n)

where v(n) is a unit vector in Vz\(;3 = Vz © &R, and s(n) is a real
number. Dropping the index n for notational simplicity, the condition
m = m(n) belonging to Mz becomes

L= (Cm,m) =mi(Ce;, e;) +ms((C +CT)es ,v) + s*(Cv, ).
Assumption (8.2.8) guarantees
sup{(C’uv} cv € Vg, vl = 1} <0.

Thus, the above quadratic equation in s does not have any solution,
since its discriminant is m?((C' + C%)e;, v) — 4(m2C;; — 1){Cv,v) =
4(Cv,v) + o(1), which is negative as n tends to infinity; this is a
contradiction. n

In order to parameterize the boundaries 0A; and dB;, we consider
the normal bundle of the immersion M7 C 0A1, namely,

NIZ{(m,v):mGMLUETmaAl@TmMI}.

The analogue of the parameterization p j+(v) of 0A; in the proof of
Theorem 8.2.1 is now a map defined on o(v/t)-sections of the normal
bundle N7.

It is convenient to introduce

loglog vt  log(K, oa®/?2:/T)
t) = +/alogt — — ’ .
Q) @08 2v/alogt Valogt
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8.2.12. LEMMA.  Let m be in Mz. The boundary OA; near v/tm can
be parameterized as

pre(m,v) = ﬂm(l — %(C’Uw} +0(1/t)> + v,

(m,v) € Nz, [v] = o(\/t) as t tends to infinity. The boundary OB;
near ®~o S, (vtm) can be parameterized as qr(m,v) + o(logt)~/?

where

oz, o) = S sign(m) Q)+ L EE e i 57 s, e

ieT viogt 1<i<d
21
1/2.

and in the range |v| = o(v/1), log |m;| = o(logt)

Proof.  Since 0A4; = t0A; and 0A; is a manifold, there exists a
function h and some small positive e such that for any |v| < eV/¢, any
m in Mz and v in T,,,04A1 & T,, M7,

pr.e(m,v) = Vim(1+ h(v)) +v € 04;.
This equation can be rewritten as
t(Cm, m) (14 h(v)) + VE(1 + h(©)){(C + CT)m ,v) + (Cv,v) =t

Since (Cm,m) =1 and ((C + CT)m,v) = 0 — recall that v belongs
to T,0A; = { (C + CT)m }+ — we obtain

0 = th(v)? + 2th(v) + (Cv,v)

as in the proof of Lemma 8.2.2. Thus, h(v) ~ —(Cv,v)/(2t) as t
tends to infinity, uniformly in |v| = o(y/f). This gives the asymptotics
for pz +(m,v) in Lemma 8.2.12.

We pull back this parameterization to 0B; by introducing

qr,i(m,v) = o Sy (pz,e(m,v)) .
Lemma A.1.5 implies

log [m;]

Vlogt

as t tends to infinity, uniformly in the range |v| = o(v/t), log|m;| =

oS, (\/fmZ (1+vPot™h)) +v,~> =Qt)+va +o(logt)~4/?

o(logt)'/? and |m;| > €p > 0. Since Lemma 8.2.11 ensures that |m;|
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stays away from 0, the last condition, |m;| > €y, may be omitted in
the statement of Lemma 8.2.12. .

Define

M0410gt — @ loglog vt

— N(C)log(K, oa®?2y/7) + log(2m)Y/2.

R(t) =

Recall that I(z) = (|z|?/2) +log(27)%2. In the range |v| = o(v/f) and
log |m;| = o(logt)'/?, it follows from Lemma 8.2.12 that

Hazalmo)) = £ 3 (@02 + 200 VB o))

2 p Viogt
1 - 2 /2
+35 Z D70 Sa(v;)? + log(27)
1<i<d
iZT
1 - 2
:R(t)+aZlog|mi|+§ Z D0 So(v;)
i€l 1<i<d (8.2.9)
iel
+ o(1)

as t tends to infinity, for all 4 in Z.
For a set Z belonging to J(C'), define

VI:min{ H|mi|:m€Mz}.
1€T

Furthermore, set
vy=inf{r7:Z € J(C)}.

The following result locates the points on 0B; where the function [ is
nearly minimal.

8.2.13. LEMMA.  We have
I(B;) = R(t) + alogy + o(1) ast — 0o.

Moreover, there exists n in (0,1/2) such that for any number positive
My, any My > My /«, and any t large enough, the set

OBt N T 1(By)+ My loglog t
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18 included in
U {qz,t(m, v):m € Mz, |m| < (logt)M2
ZeJ(C)
] < t(1/2)= |Pr0JV¢v| (logt)M2 }

where ProjVIl is the projection onto VI .

Proof. We first prove the second assertion of the lemma. By
construction, ®~ o S,(0vtA;) = 0B;. Let u be a point in dA;.
Lemma A.1.5 implies that for any n in (0,1/2) and provided ¢ is large
enough,

I(@Ho Sa(ﬁu)) >a(l—mn) Z I[tfn’oo)(|ui|) log (\/%|uz|) )

1<i<d
Consequently, if
I(® o Sa(\/fu)) < R(t) + Miloglogt + O(1),
we must have, for ¢ large enough,

N(C)
2

(L+n) alogt > at{1<i<d:|u]| >t} log(t/2=m).

Taking n positive and small enough so that the integer part of
%N (C) is N(C), the previous inequality yields
C)={1<i<d:|u| >¢T"}.
Then, since v is in dAj, the minimality of N(C) and Lemma 8.2.11
implies that we must have
C)=t{1<i<d:|u|>t7"}.

Thus, v/tu is in a t(1/2 ~ = o(y/t)-neighborhood of \/_UIEJ Mz.
Therefore, it can be written as pz ¢(m, v) for some 7 in J(C), Some m
in Mz and |v| = o(t(1/2)=m).

Lemma 8.2.11 ensures that m; > ¢y wherever ¢ is in some set 7
of J(C'). Thus, for any positive € and ¢ large enough, Lemma A.1.5
implies

]((ID‘_O Sa(pzt)(m, v))

Zcr o (VElmi|(1 =€)

ZEI

> a3 log (vVimi]) — loglog (Vilmi) + o(1)

i€T

_ (N(20)a1ogt+a21og\mi|>(1+o(1)) (8.2.10)

i€
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Therefore, the inequality
I(@Ho Sa (pz,e(m, v))) < R(t) + Mjloglogt + O(1)

implies a max;e7 log |m;| < M log logt(l + 0(1)) for ¢ large enough.
So, for ¢ large enough, log |m| < Mz loglogt for Ms larger than M /a.
Notice that M5 can be chosen independently of m in M7 since all the
bounds are uniform in such m’s. This proves the second assertion of
Lemma 8.2.13, except for the restriction |Projvzu)\ < (logt)Mz,

In the range obtained so far, I(gz,¢(m,v)) has minimal value R(t)
up to o(1) as t tends to infinity. Hence, I(B;) is as claimed. Finally,
on this range, if \ProjVIu)| > (logt)™2, then at least one component

vj, for some j not in Z, is larger than (log t)MQ/\/E. Consequently, as
t tends to infinity,

1
(@ o Sa(pri(m,v)) = R(t) + alogy + Z 5@‘_0 Se(vi)? 4 o(1)
1gy<d
J¢l
> R(t) + alogy + aMzloglogt(1 + o(1)),

thanks to Lemma A.1.5. So, provided M5 is large enough, the
condition ¢z +(m,v) belonging to L'1(By)+Miloglogt imposes to have
\Projvzu)| less than (logt)M2. .

As we did in the proof of Theorem 8.2.1, we can start to apply
Theorem 5.1 in calculating the terms of the asymptotic formula.

How do we choose the dominating manifold?

Looking at the parameterization of 0B; by gz:(m,v) in Lemma
8.2.12, we see that variations of [];.7|m;| of order 1 yield small
variations of order 1/logt on gz(m,v), i.e., in term of the Euclidean
distance in R? while, according to (8.2.9), they give variations of
order 1 in term of I. This suggests that on the dominating manifold
we should have [ ;.7 [m;| constant. Once m is fixed, (8.2.9) shows that
fluctuations in space of order 1 in v yields fluctuations of order 1 on [
as well. Keeping in mind that 0B, is of order ® o S, (v/1) ~ alogt
as far as its size is concerned, we see that small fluctuations in v — on
the scale of logt — brings sizable fluctuations of I. So, we should have
v constant in the dominating manifold; and (8.2.9) suggests v = 0.
This leads us to consider the set

{meMI:H\mi\:’yz}
i€l



116 Chapter 8. Application to quadratic forms of random vectors

of all points in M7 which minimize the product of their nonvanishing
components. And then, one can try to choose the image of v/t times
this set by &~ o S, as the dominating manifold, i.e.,

{CID‘_oSa(\/%m) :m e Mz, H|ml| =7 }.

€T
This is not quite right since it does not belong to Ayp,), but a
projection would fix this detail. For some reason that the author
does not quite understand — can someone give an explanation? —
this does not work and breaks down when looking for a quadratic
approximation of 7p,. The right manifold to consider seems to be a
projection of

ngt = {qz(m, 0):m € Mz, mealeog|m,-| < (logt)1/4, I e J(C)}

on Ayg,). The condition log|m;| < (log t)//* in the definition of

1/2

D, guarantees that log|m;| = o(logt)'/* and will allow us to use

Lemma 8.2.12 and equality (8.2.9). Since Aj(g,) is a ball of radius
pr = \/2 (I(By) — log(2m)4/2), this leads us to introduce

qIJ(m? U)
rz.(m,v) = Ptm )

and
Dy, = { rz4(m,0) :m € Mz, maxlog .| < (log)/*, T € J(C) }.
1€

Again, the projection on the sphere that we are doing is actually a
mapping through the normal flow to the level set Arp,). In more
general situations, we would define rz;(m,v) = ¢p, (qz,t(m, U),s)
with s = I(B;) — I(qz,¢(m,0)).

Let us agree on the notation

qz.t(m) = qz+(m,0) and rzi(m) = rz+(m,0).
Define
p(m) = \/aZsign(mi) log |mjle; me Mz,T e JC).
i€l

1/2

For any Z in J(C) and any m in Mz with log|m| = o(logt)'/*, we

have

m) = sign(m;)e; p(m)
qz,i(m) Q(t)g gn( Z)ZJF\/@
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as can be seen from Lemma 8.2.12. From Lemma 8.2.11, we infer that
the vector ), sign(m;)e; is constant on each connected component
of Uze J(C) M7. On each of these connected components, we can think
of the set of all gz +(m) — i.e., the connected components of D,Bt —
as a translation by a fixed vector of length /|Z|Q(t) and a rescaling
by 1/+/logt of the corresponding connected component of the set

Dz ={p(m):me Mz}, ZelJO).

Following what we did in the proof of Theorem 8.2.1, we can start
to apply Theorem 5.1. The value of I(B;) is available from Lemma
8.2.13.

For m in Mz, the differential p,(m) is the restriction to T,, Mz =

{(C+CTym }J' N Vz of the matrix

Vadiag(1/|mil)jer = Vay e @ ei/lmil.

i€l

The change of variable m < ¢z, +«(m) gives
1/2 B
UM, = e 5. 00 0 N

provided we integrate on the restricted range log|m| = o(logt)/2.
Since rz4(m) is reasonably close to gz:(m), we should be able to
approximate the measure dMp,, by d/\/lpbt when applying Theorem
5.1.

From equation (8.2.9), we infer that

8, (qz¢(m)) = aZlog |m;| —alogy +o(l) ast— oco.
1€
To obtain the needed quadratic approximation for 75, along the
geodesic leaves orthogonal to 7,Dp,, we first need to determine
1A, ©T:-Dp,. What should it be? Let us argue informally. Later,
we will make the argument rigorous. First, we should be able to
replace T, Dp, by Ty, ,(m) D', for some Z in J(C) and m in Mz. Since

qz,t
qu «(m)A1(B,) is the orthocomplement of gz ¢(m)R , we should expect

QI t(m )AI(Bt) © TQI ¢(m) ?9 to be rOUghly {qfﬂf(m) }J_ S/ TQI,t(m)D/Bt'
Given the expression for gz +(m), we have

Tf]I,t(m)D/Bt = Tp(m)DI = P« (m)TmMI

:{Z#ei:UGVIG(C+CT)mR}CVI~
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Intuitively, our idea of projecting ngt on Arp,) to obtain Dp,
will work well if the projection does not create a singularity or
reduce the dimension; in other words, if ngt is transverse to the
direction of gz¢(m) = Q(t) Y ;c7 sign(m;)e; (1 + o(1)), or, roughly,
if 7 sign(m;)e; does not belong to Ty(m)Dz for all m in Mz. Since

this latter vector is in Mz, our calculation of T}, )D,Bt allows to

I,t(m
rewrite this condition as

<Z sign(m;)|mgle; , (C+CTym) #0.
1€l
It holds since Y,z sign(m;)|msle; = m and ((C + CT)m,m) > 1.
In this case, since gz ¢(m)R is approximately . 7 sign(m;)e;R C V7,
the subspace V7 is almost spanned by gz (m)R and Ty, Dz. So,
approximately,

1
{th(m) } S/ TQI,t(m) /Bt ~ VIJ_ :

Then, the expression of gz; in Lemma 8.2.12 shows that in VIL +
qr+(m)R, the boundary 0B; is approximately the (d — N(C’))—
dimensional affine space VZ& + gz +(m,0) — consider ®~ o S, (v;) as
a new coordinate, say, w;. But then, working on VIJ- + ¢z+(m)R,
the very same argument as in the proof of Theorem 8.2.1 shows that
TBt(equI’ A(m) (w)) is approximately |w[?/2 for w in the normal bun-
dle. So, we should have

N IdVIL B IdefN(C)
lare(m)|  Q(t)\/N(C)

GB, (gz.4(m))

Thus, as t tends to infinity,

det G, (qz.(m)) ™ ~ Q) =NO)/2 N () (=N (©)/4
~ (aN(C) logt) N,

We can then put all the pieces together, find a way to drop the
restriction log [m;| < (logt)'/* in the range of integration on Dp,, and
use the formula given in Theorem 5.1 to obtain the — hypothetical
— approximation
N(C) _aN(C)/2
Koo
Pi{CX, X) >t} ~—2
{ < > } v NataN(C)/2
1/2
/ det (p. (m)Tp. (m) "/
Uresc)Mz Hiez |mi |

dMUIeJ(C)MI(m) )
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which is the result.
Let us now work out the proper arguments.
We first determine our candidate for cp,. Let

c(t) = (d+ @ + 1) loglogt.

From Proposition 2.1 and Lemma 8.2.13, we infer that

L(I(By) + ¢(t)) = O(1)e 1B e=e® 1( B, )
_ t—aN(C’)/2(log t)d+(N(C)/2) (log t)—d—(N(C)/2)—1O(1)
= o(t7NO)/2) | (8.2.11)

Thus, ¢(t) is a good candidate for an upper bound of cg, — notice
again that c(t) is of order log I(B;). Many assumptions in Theorem
5.1 deal with the behavior of 75, near the dominating manifold. Our
goal is now to more or less calculate the value of 75, where we need
it.

The following lemma will give us the normal bundle of Dp, im-
mersed in Arg,).

8.2.14. LEMMA.  Let T be in J(C). Let m be a point in Mz with
max;cz log |m;| = o(logt)'/?. Then, Ty DB, + r7e(mM)R = V7.
Consequently,

Ty stmy M5 © Trp i) PB, = Vi

Proof. ~ The map u € R*\ {0} — u/|u| € S;_; has differential
|u|~'Proj,. at u. Consequently,

Trzyt (m) DBt
Pt

B m Proj‘ll,t(m)l TQI,t (m) ngt

= PrquI,t(m)J_ { qri«(m)v:v e TmMI}

. Uy
= PI‘OJqI’t(m)J_{ Z Wei ((C+CTYym v) = O} cVr.
ez 't

Consequently, T,

rz.+(m)PB, 1s of dimension

dim ({ (C+C")m} NVz) =dimVz —1=N(C) -1
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and T, ,(m) DB, +qz+(m)R = Vz. Since rz(m) is collinear to gz +(m),
this gives the first statement of the lemma.

The last statement of Lemma 8.2.14 follows from the fact that the
tangent space of Aj(p,) at rz¢(m) is orthogonal to gz (m) since the

level sets are spheres. "

As we did in the proof of Theorem 8.2.1 with Lemma 8.2.7, we now
relate 7p, on Dp, to 75, on Dy, . Since DY, is somewhat more explicit
than Dp,, and better parametrized, this will make further calculations
easier. Using Lemma 8.2.7, we see that for any w orthogonal to

Tt,1 (m)a

qu,t(m)lﬂ

0
78, (€xXPy ,(m) (W) = 75, {m HPaz,(m) <w

Pt
_laze(m)? (1 p7 )
e A3G10) N A
2 |QI,t(m)|

|QI7t(m)|)]

+ 7B, [equz’ +(m) (w o

(8.2.12)
In particular, since exp,(0) = q,

7B, (€XPry , (m) (W) — 7B, (17,4 (m))

=75, | XDy ) (wm;#)] = 7 (aze(m)

=TpB, {equzyt(m) (w‘%tp%)] +o(1),

the last equality coming from the parameterization of 0B; in Lemma
8.2.12. We can now prove the analogue of Lemma 8.2.8.

8.2.15. LEMMA.  For m in Dp, and w in VIJ‘ = Ty ym)Ai(By) ©

Ty; ,m)DB, in the range |w| = o(y/logt), we have

B, XDy, (m) (W) — 7B, (17,0 (M) = % +o(1) ast— o0o.
Consequently,

Gp, (rz,(m)) ldgeviey , _ldgenio) ast — oo.

- [DI(rz(m))| N(C)alogt
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Proof.  Let w be a vector orthogonal to V7. From the calculation
preceding Lemma 8.2.15, we see that it is enough to evaluate s =

7B, (2) for z = expy, ,(m) (wlgz,e(m)|/pt). By definition, 1(z,s) is
in the boundary of B;. Lemma 8.2.12 shows that on directions
orthogonal to Vz, the boundary 0B; behaves like a (d — N(C))—
dimensional linear subspace — at least in the range w = &~ o0 5, (v)
with v = o(v/%), that is |w| = o(logt)'/2. So, looking on the
components on V7, we must have for (m,v) in NV,

<1/J(Z, s) ,ei> = <q17t(m, v), ei> + o(logt)_l/2 , 1eT.
To evaluate the left hand side term of the above equality, we use
¥(z,s)

=4/1+ \C]Ij(ijnw [COS <|;U—t|)qz7t(m) + sin <|;U—t|> ‘qz,t(mﬂ‘wm] .

To evaluate the right hand side, we have

<QI,t(m7 U) 7ei> = <QI,t(ma 0) 7ei> + O(IOg t)_1/2 :
Then, we obtain
2 -1 2
5 = laze(m,8)| (1 +ollogt)™" 1) I Gl o(1)
2 cos? (Jwl]/p) 2
in the range |w| = o(p), ie., |w| = o(logt)'/? as announced.

The matrix Gp,(rz,¢(m)) in the statement of Lemma 8.2.15 is that
corresponding to the assumption (5.17) as weakened at the end of
Remark 5.2. n

We are now in position to verify that the assumptions of Theorem
5.1 hold.

It will be helpful to keep in mind two orders of magnitudes. Since
Dp, is contained in Ajp,) = Sq—1(0, p), points in Dp, are of order
pt, that is of order y/Togt. On the other hand, Lemmas 8.2.12, 8.2.13
and A.1.5 show that any point of 0B N T'1(p,)1c(r) is at a distance at
most O(loglogt) of a point gz +(m). Indeed, if |Projvzu)\ < (logt)Mz,
the component of gz ¢+(m, v) on V3 is > 1<i<d:igz ® 705 (vi)e;, which
is of order O(loglogt) thanks to Lemma A.1.5. Since the projection
onto the sphere Ay(p,) is a Lipschitz function when acting on I §( Bi)’
the points in B, 5, are also at a distance O(loglogt) of Dp,.
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Assumption (5.1) holds trivially since k = dim M7 = N — 1.

To check (5.2) amounts to proving that any point s on App,), ina
O(loglogt)-neighborhood of Dp,, can be written in a unique way as
XPy , (m)(w) for some T in J(C), some m in M7z and

we TTI,t(m)AI(Bt) o TTI,t(m)DBt = VIJ_ .

Lemma 8.2.11 implies that such a point s is actually in an O(loglog t)-
neighborhood of a unique set Dp, N V7 = {rzt(m) m € Mz} for

some 7 in J(C). For w belonging to T, (m)Ar(B,) © Try,(m) P, We
have v
. w
PTOJVIl EXPrr 4 (m) (w) = cos <E>7'I,t(m) .

Consequently, the component of s on V7 is in a one-to-one relation
with cos (|w|/p¢)rz4(m). This last point being a positive multiple
of rz¢(m) € Sq—1(0,p¢), it identifies r7(m) and consequently m.
Looking at the component of s in VIL, we can then calculate w in a
unique way, and (5.2) holds.

Our choice of ¢(t) satisfying (8.2.11) will imply (5.4) ultimately,
while (5.6) is plain.

Assumption (5.5) can be verified exactly as in the proof of Theorem
8.2.1. Indeed, Lemmas 8.2.12 and 8.2.13 show that 9By N ', )+c(1)
can be approximated by a ruled hypersurface based on ngt where
the generators are (d — N)-dimensional Euclidean balls of radius
O(loglogt).

Assumption (5.7) is verified exactly in the same way as in the
proof of Theorem 8.2.1. The bound ty a(p) = O(loglogt) follows
from Lemma 8.2.15 — or from the discussion at the beginning of this
assumptions checklist, after the proof of Lemma 8.2.15. Assumptions
(5.8)—(5.11) are obtained in the very same way as we did in the proof
of Theorem 8.2.1.

Checking (5.12) requires some more work. Let m be in Mz.
Consider a curve m(s) on Mz, such that m(0) = m. The curve
rzt(m(s)) lies on Dp,. In Lemma 8.2.14 we proved that V7 can
be identified with T, A1) © Trpy(m(s))Pp, for all small s.
Hence, for any w in the unit sphere of VIJ‘ and A positive, the curve
€XPr , (m(s)) (Aw) on Ap(p,) is well defined. Its tangent vector field at
s = 0 is given by

d

T EPrr (m(s)) (AW)|
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= 3 (e Cprzatmio) s (Fp oy

= cos <)\—>7‘I7t,*(m)m'(0) . (8.2.13)

s=0

Let p = exp,,,(m(s))(Aw). Since 7p,(p) = rzy (m(s)) provided p
stays in wp, ;. ,(m), and since the orthocomplement of ker g, .(p) has
dimension k, this orthocomplement can be identified as
L
(ker 7TBt7*(p)) = 7'I7t,*(m)TmMI = Trzyt(m),DBt .
Moreover, (8.2.13) implies that for u in T, ,(m) D,

B, «(p)u = u/ Ccos (%) .

In other words, the restriction of 7, «(p) to (ker WBt,*(p))J' is the

Ide/cos (%) .

Consequently, Jrp, (p) = cos (A|w|/p)™" =1+ o(1) uniformly in the
range A < O(loglogt) = o(p;) and m in Dp,. This proves (5.12).

Before checking (5.13), we need to evaluate the candidate for the
limiting integral, namely

/ eI o)) (7B, )
D

d—k+1

5, [DI]*5™ (det G, )1/

— notice that we use the Riemannian measure on Dp, and not

map

Dp,

that on Dp. Since rz;(m) is in the image of gz (m) by the
map u € R4\ {0} — pu/|u| whose differential at gz.(m) is
(Pt/|QI7t(m)\)Projqz’t(m)L, we have

dMopy, (rre(m)) = dMpy (gza(m)) (1 +0(1)), (8.2.14)

in the range |gz+(m)| ~ p;. This range includes that for which
78, (rz,(m)) is less than c(t), thanks to Lemmas 8.2.12 and 8.2.13.
Furthermore,

TB; (Tl,t(m)) = TB, (QI,t(m)) + %(‘CII,t(mHZ - P§>
= I(qz4(m)) — I(By)

:aZIOg\mi\—alog’y—i-o(l) as t — 00
i€
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uniformly over 7, (r¢z(m)) < c(t) — the first equality comes from
(8.2.12) with w = 0; the second from the fact that ¢z ;(m) belongs
to OBy, and so 7, (qz,+(m)) = 0; the third from (8.2.9) and Lemma
8.2.13.

Uniformly in 73, (rz4(m)) < ¢(t), we have

IDI(rz.4(m)) ~ |DI(gz.(m))| ~ /Nalogt.

Consequently,
e~ Lo e(o)] (75,
’ dM
/th DR D/2(det G 12 1P
Y 1jo,c0)) (T, M
. [liez [mil*(Nalogt) ==/ (Nalog t)~(d=N)/4 Df,
7 1/2
~ Z Wdet (p* (m)Tp*(m)) / I[O,c(t)} (TBt (Tt,I(m))>
zeg(c) ! Mz LLlieT T
1 1
dMMI(m) (Nalogt)1/2 (IOgt)(N_l)/Q ast — o0.
Thus, the formula in Theorem 5.1 becomes
I(B) (d—k—1)/2 e "Bt
(#m) /DB |DI|(d=k+1)/2(det G p, )1/2 dMDBt

(K Q)N Z/ detp* Tpe(m ))1/2
/Na tNoe/2 My

TeJ(C [Tiez |ml N
To,c(t) (T B (Tt,z(m)))dj\/l Mz (m).

This formula is valid whenever « is positive. To remove the term
Ljo,c(t)] (TBt (rzvt(m))) from the formula, it is enough to prove that for
all Z in J(C),

e m)T « (N 12
/M d t(pﬁ(‘ )I|fn,-(|a)) AM s, (m) < o0, (8.2.15)

because lim;_, ¢(t) = oco. This is where we need the assumption a >
N/2. For this purpose, we first derive a bound for det(p.(m)Tp.(m)).
The following result will be useful. Since M7 is in the complement of
a neighborhood of the origin, it extends Lemma 8.2.11.
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8.2.16. LEMMA.  There exists a constant K depending only on the
matriz C such that for any T in J(C), any m in Mzt and i in T,

Im|

e < Imi| < K|m)].

Proof. Assume that the lower bound were false, and that,
for instance, infyenr, [mil/lm| = 0 for some i in Z and 7 in
J(C). Then, there exists a sequence m(n) in Mz such that
lim,, o mi(n)|/Im(n)] = 0. Given Lemma 8.2.11, this forces
lim, o |m(n)| = co. Set m'(n) = m(n) — m(n)e; = Projeilm(n).
Define s(n) = |m‘(n)| and v(n) = mi(n)/|mi(n)|. Since |m(n)| tends
to infinity with n, the condition m;(n)/|m(n)| = o(1), ensures that
|m®(n)| does not vanish for n large enough. Thus v(n) is well defined
for n large enough. Moreover, |m;(n)| = o(s(n)) as n tends to infinity.

We then have
1= (Cm(n),m(n))
= mi(n)QC'i,i + mz(n)s(n)«c + C'T)ei \ v(n)> + 8(n)2<CU(n) ,o(n))

— o(s(n))” + s(n)*(Co(n) ,v(n)) .

Since v(n) is in the compact sphere Sy_; C VI\{i}, We can assume,
up to extracting a subsequence, that v = lim, o, v(n) exists. Then
v belongs to Vz\(;3 and we must have (Cv,v) ~ s(n)™2 = o(1), i.c.,
(Cv,v) = 0. This contradicts assumption (8.2.8).

The upper bound is trivial since |m;| < |m| anyway. .

8.2.17. LEMMA. IfZ isin J(C) and m belongs to Mz, then

. No1/ K 2N
0 < det(ps(m) " pe(m)) < a (W)

Proof.  From Lemma 8.2.16, we infer

e ®e  yaK
\/az Z| Z|Z < Idy;

(6%
N
i€l

in the sense that the difference between the right and left hand sides is
anonnegative matrix. Consequently, since restriction preserves matrix

ordering,
K2o
Px (m)Tp*(m) < Wld{ (C+CTYm}+nvzg -
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Taking the determinant preserves the ordering as well, and the result
follows. .

We can now prove (8.2.15).

8.2.18. LEMMA. Ifa > 2/N, then

1/2
/ det(p*(m)Tp*(m)) dMMI(m) < 00.
Mz

[Liez Imil*

Proof.  Using Lemmas 8.2.16 and 8.2.17, it is enough to prove that

/ dM g, (m) -0
My .

|W”N—1+Na

First, using a change of variable in polar coordinate, we see that for
any € positive and s > N,

dz
|MZE-BJ§<<CO.
z€RN

Take € < €y, where ¢y is as in Lemma 8.2.11. In V7 identified with
RY, make the change of variable z = #m, with 6 positive and m in
Mz. We claim that

d Proj m
/ g —‘Z>/ / | J(T’;MT( )|dM(m)0N‘1d0.
L“"g‘;; |z 0>1 JmeMz 0%|m|

To obtain the right hand side and prove the claim, we argue as follows.

Let m(tq,...,tn—1) be a parameterization of Mz. The Jacobian of the
transformation x = Om(ty, ..., ty—1) is
0 0 0 0 0
det<—$7... 7—$,—$> :9N_1det<—m7... 7—m,m).
oty Otny_1 00 oty Otn—1
Using the multilinearity of the determinant, writing m as a component
on span{ %t_wf e 3% } = T,,, Mz and a component on (T, M1)*,
we obtain
om om om om
(2N (2 O )
“\on oty )~ o Dty_y (T M)t
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Up to a sign, this last determinant is

) om om \T/0m om 1/2
|PI'O‘](TmMI)Lm‘ <det(a—t1, ,m) <8—t17 ,m)) .

This proves our claim. If s > N, we obtain, after performing the
integration in 6,

Recall that (T,,Mz)* N Vz = Proj, (C + CT)mR. Since Mz is
included in Vz, it follows that for any m belonging to M7z,

. (m, (C +CT)m)
Proi, e - (M) = (510 1@ T 0Ty
z
B 2
- |Projy, (C' + CT)m|

5 Projy, (C' + cTym

5 Projy, (C' + CcTym.

Thus,
[Projz, agg) (m)| > ’ > o
r0j(1, Myt (m)] = - > .
(T Mz) IProjy, (C' + CT)|[ lm| ~ ||C[ |m|
d
Consequently, for s > N, the integral / %ﬁ) is finite. This
meMz |m‘

proves Lemma 8.2.18. "

Putting all the pieces together, we are left with only assumption
(5.13) to check. But this is plain from the calculation we did in
Lemmas 8.2.16 and 8.2.18. This concludes the proof of Theorem
8.2.10. .

We can now state an analogue of Theorem 8.2.9, that is a result on
the limiting behavior of X given (CX, X) > ¢ as t tends to infinity.
For 7 in J(C), Lemma 8.2.11 implies that the vector (sign(mi))iez is
constant on the connected components of Mz. Hence, to a connected
component C of Mz, we can associate a unique unit vector

cc=N"12 Z sign(m;)e; ,
ieT
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where m is any point in C. Moreover, for o > 2/N and G(m) as
defined in Theorem 8.2.10, the number

1/2

MC:/C (detG(m))

dM m
Mooy e ez (m)

is finite.

8.2.19. THEOREM.  Under the assumptions of Theorem 8.2.10,
the distribution of the random vector (sign(X;)log |Xi|)1<2.<d/ log v/t
given (CX, X) >t converges weakly* to

I/:ZMC(SEc/Z/’L67
C C

where the sums are over all connected components C of UIeJ(C) Mrz.

Proof.  We proceed in a similar way as we did for proving Theorem
8.2.9. Set A\p, = pt. The numerator of the measure in (5.18) when
looking for the conditional distribution of Y/p; given Y € By is

oy exp (= 78, (per))

pgd—(N—l)Jrl)/?(Na log t)—(d=N)/4
~ (Na logt)N/2 exp ( —TB, (ptr)) dMDBt/Pt (r).

MDBt /pt (r)

Let f be a positive continuous function. Then (8.2.14) implies
[ #)exp (= (o)) M, (1)

~ [ 107 ex0 (= 7)) A (1)

as t tends to infinity. Using the parameterization of Dp, and the
expression for 7p,(r; ,(m)) Obtained from equation (8.2.14), this last
integral is also asymptotically equivalent to

>5[ g

fe?
IEJ(C) p €L |ml|

(07

det (pa(m) Tp.(m)) PdMar, (m), (8.2.16)

where the second summation is over all connected components C of
M7z. But if m is in a connected component C, then
rzi(m)

lim —— =e¢,
t=oo Py
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uniformly in the range of m’s such that ¢z +(m) belongs to ngt —
i.e., max;cz log |m;| is less than (logt)'/4. Consequently, as ¢ tends to
infinity, (8.2.16) converges to

>y f(EC)'YaMC:’YaZHC/de-
c

TeJ(C)CEMz

Since the measure involved in (5.18) is normalized, we proved that the
probability measure with density proportional to

k
77 exp (— 78,(ptq)
( 1)) - dMp, /. (q)

IDI(peq)| 2 (det G, (peq))?

converges weakly™ to v. Thus, (5.18) holds.

Assumption (5.19) holds trivially. Assumption (5.20) follows from
the fact that p; is of order /logt, while for p in Dp,, the set
Wgtl(p) N By is in an O(log log t)-neighborhood of Dp, thanks to
Lemma 8.2.13.

Applying Corollary 5.3, we deduce that the conditional distribution
of Y//Nalogt given Y € B; converges weakly* to v.

Using the Skorokhod representation Theorem as we did in proving
Theorem 8.2.9, Theorem 8.2.19 follows from

S0 @(eC\/Nalogt(l n 0(1)))
- \/NECS‘Q_O @(x/alogt(l + 0(1)))
=v/Nec exp (log \/E(l + 0(1)))

as t tends to infinity, thanks to A.1.6. .

One way to interpret Theorem 8.2.19 is to say that X given
(CX,X) > tis distributed as t(//2+°() S where S is distributed
according to v. In other words, we obtained something like the first
term of an expansion of X given (C'X, X) > ¢. Given the work done,
a little extra effort will give us a second order term. That is, given
(CX,X) > t, and given that (sign(X;)log ‘Xi‘)lgigd/bg\/% is close
to some €e¢, we can derive the limiting distribution of X. Refining the
asymptotic analysis, we could obtain an asymptotic expansion of the
distribution of X given (CX, X) > t, as t tends to infinity, in term
of successive conditional distributions. Such type of result is easier to
phrase in term of random variables than in term of distributions.
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8.2.20. THEOREM.  Under the assumptions of Theorem 8.2.10,
the random wvariable X given (CX,X) > t can be represented as
VimgH (1 4 o(1)) 4+ Ty + o(1), where the random variables g, myg,
H and ty are as follows.

The discrete random variable g has distribution v.

Let C be a connected component of some Mz. The conditional
density of mgy given g = ec is proportional to

|Proj (T oy (O e

det G(m) dMe(m).
ez Il () dMe(m)

The random variable H has a Pareto distribution
P{H > \} =\ A>1,

and is independent of g and my. Finally, Ty given g is a random
vector in Vzl, with independent components, all having the original
Student-like S, distribution.

One way to read Theorem 8.2.20 is in terms of simulating X from
its conditional distribution given (C'X, X) > ¢ for large t. We pick a
connected component C with probability proportional to . Once C
is picked, it lies in a unique subspace V7. In V7, we simulate m with
distribution proportional to

IPrOlcr, . picy |

HiEI |m |

Next, we simulate H with the Pareto distribution. Then the part
of X in Vg is VtmH (1 + o(1)) as ¢ tends to infinity. The part
of X in VIJ- is a random vector with independent and identically
distributed components from the initial Student-like distribution, up
to an additive term of order o(1) as t tends to infinity. We will
explicitly calculate the norm of Projg, () p(C)ec at the end of the proof
of Theorem 8.2.20.

det G(m) dMe(m).

Proof of Theorem 8.2.20.  The intuition behind the proof is extremely
simple given all that we did. Looking at Y = &0 S, (X), we want to
obtain an approximation of Y given Y € B;, and invert it to obtain
one of X = S5 0®(Y) given (CX, X) > t. Lemma 8.2.12 asserts that
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the points in B; near Q(t)v/Nec are of the form w(qz,t(m, v), s). Set
w =P 0 5,(v), and define

B ) Vvalog|m;| 1
) = 7 t 7 5 e V.
qz+(m,w) ZEGI sign(m. )(Q( )+ Toa i )e +w we Vi

Formula (8.2.9), the definition of the normal flow, and Lemma 8.2.13
show that the normal density at w(c}I,t(m, w), s) is

exp [ - I(d}s (Z]I,t(m, w)))} = exp { — I(qzt(m, w)) — 5}

e_R(t)e_se_‘wF/z
= e (1+0(1)) (8.2.17)
1€ t

In this expression, the term e~ is an exponential density, the term

e~1w?/2 is a Gaussian one, and the term [Licz Ims|® will give us
another density. We can parameterize points y of B; in term of s, w, m.
Then, we interpret these parameters as random variables. This will
give a representation of the random variable Y given Y € By, and we
will pull back this representation to X.

However, we need to be careful with the different scales. For m in
a connected component C of Mz,

Vlogt Projy. (az.:(m,w) — Q(t)VNec) = p(m),

while
Projy.. gz ¢(m,w) = w.

Thus, the part of y in V7 should be centered and rescaled by /logt,
while that in VIl is already of order 1.

To proceed rigorously, let f be a nonnegative smooth function
defined on RY x RN with compact support.

For some Z in J(C') and a connected component C of Mz, let us
evaluate the integral

/ f(\/logtProjVI(y—Q(t)\/ﬁec),Projvzly)e_l(y)dy. (8.2.18)
By

Divided by P{Y € By}, this integral will give us the limiting condi-
tional behavior of Y given Y € By, after proper normalization.

If the projection of y onto V7 is not in a neighborhood of Q(t)\/ﬁec,
then /logt Projy, (y — Q(t)\/Nec) diverges as t tends to infinity.
Since f is compactly supported, such points y do not contribute to
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the integral for large . From the preceding, since f is bounded,
we can also restrict the range of integration for those y’s such that
I(y) < I(B¢) + ¢(t). Let us make the change of variable

25 iz a(m,w)
_— m.w).
Gz.o(m, w)?

y = ¥(gze(m,w),s) = \/1 +

Notice that
|Gz.e(m, w)|* > |qz.¢(m)|* ~ Nalogt

as t tends to infinity, and uniformly in the range 7, (Gz,¢(m)) < c(t).
Therefore,

- s 1
Y= aze(msw) + \/Nalogtﬁc + 0<\/logt)

as t tends to infinity, uniformly in the range I(y) < I(B:) + c(t).
Consequently, in that range of y’s,

Viogt Projy, (y—Q(t)VNec) = p(m)+

s
ec+o(l ast — 00.

Ve

Using (8.2.17), we can rewrite (8.2.18) as

S

I e (1 + , X
/520 /meMI /wevzl 0,1(Bo)+<()] ( (y))f<p(m) ch w)

0

HieI ||~

e_se_‘w|2/2J(m, w, s)dM g, (m) dwds (1 +o(1)) ,

where J(m,w, s) is a Jacobian term. To calculate it, we first have

@_ E]I,t(maw) €C ( 4 (1))

— — 1
S ~ 9 2s vVNalogt
qrt\m,w 1+ —=——
iz P L

as t tends to infinity, uniformly in s in any compact set of R and m, w
such that I(y) < I(By) + ¢(t).
The explicit expression of 15(q) for the Gaussian distribution gives

2 2 1
PR TRV ¥ LU
4] lal® 1al* [y 2s
4]
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Let m = m(uq,...,un—1) be a local parameterization of C. Then
L4 (1, 0) = —— p.(m) o
duj Jlogt ¥ ouj
Consequently
Jy ~ gz 1(m,w) 1 om
o — Wsx ) : = * a 1 1 ?
o = s imelm, ) I — ) T (14 o(1)

uniformly in y such that I(y) < I(B) + c¢(t). Finally, since
—a?U_E]I,t(W% w) = e;, we have
j
dy N
= Ps,x (QI,t(m, w))ej =e;j+o(1) ast — 00.
8wj

Define the (d x d)-matrix with columns indexed by ¢ and rows indexed
by 7,

[ (G, (Ged) (o),
%

d-N <%7%>” <6aw%’g%>l <%7

This ensures that J(m,w, s) = (det F)'/2. Since dy/dw; is orthog-
onal to Vz, while 0y/0u; and 0y/0s are in Vz, and since dy/O0w;
is roughly e;, the determinant of F' is equal to o(log )~ plus the
determinant of the upper left N x N block of F, that is

1 om om 1 om

det tog <p* ) G () Ju; >u VNalogt <p () Gy Ec>i

1l <€C; p«(m) o > L

vV Nalogt uj / Nalogt
— in this determinant, ¢, 7 run over 1,..., N — 1. This determinant
is equal to

X (P G pa(m)Gi)  (pulm) Gt ec).
——det " ‘ !
Na(logt)N . ) 9m 1
< 2y )37].>j

|P1"0J'(Tp( )p(C))LGC|2 om om
_ m det . - . v )
Na(logt)N ¢ <<p (m)aufp (m) ou,j >”)




134 Chapter 8. Application to quadratic forms of random vectors

Consequently, up to o(logt)™

yLec|

[Proj(z,,(,.yp())

VvV Na(logt)N/2

Let us write

dy = et (ps(m) T p.(m)) 12 dMec(m)dsdw.

p(€) ={p(m) : meC},

the image of a connected component C by p(-). If follows from our
calculation that that the integral in (8.2.18) is

s e w2
/f(P(m)+m€c,w) oy i € ds [Projiz, . p(cyy+€c!
1
det (pX (m)p.(m 1/2d./\/l m)dw ————(1 4+ 0o(1)) .
Elementary algebra shows that
e—R(t) (Ks aaoc/2)N 1

VNa(logt)N/2 — tNa/2\/Na (27)(d=N)/2

Consequently, as t tends to infinity, (8.2.18) is equivalent to

o—lwl?/2

/f(p(m) TNoew >H|m2|_a h (2m)@=M)/2

i€l
|PI'Oj (Tp(m)p(C))J- €C| det( *(m)Tp* (m)) /2dS dMC(m) dw

Combining this estimate with that for P{ X € B; } given by Theorem
8.2.10, the conditional distribution of

(VlogtPrOjVI (Y - Q(t)\/ﬁec),ProjVIL(Y» given Y € B,

and Y in a neighborhood of ¢ converges weakly* to that of (p(M )+
(Sec/VNa), W) where M, S and W are independent with respective
densities proportional to

| det (po(m) Tp.(m)) '
IProlr, . ey el e Mo @)
e *ds, and  N(0, Idy1).

In particular, S has an exponential density.
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Using Skorokhod’s representation theorem and up to changing
the versions of the random variables, given Y € B; and Y in the
neighborhood of Q(t)v/Nec, we have

Projy, Y = Q(t)VNec +
Projy .Y =W + o(1).

ec> + o(log t) "1/

Then, given X € A;, we have
X = S50 ®(Projy,Y) + S5 0 ®(W +0(1)) .

The term T7r = S5 o <I>(W + 0(1)) is asymptotically a random
vector in VIJ- with independent coefficients having a Student-like S,
distribution. Then, for ¢ in Z and ¢ large enough, Lemma A.1.6 yields
ST o @((ProjVIY, ei))

«

- 1 S
=570 2(QU)VN{ee, i) + —=(p(M) + ——=cc.cx)
+ o(log t)_1/2)
=sign(m;)S5 o @(Q(t) + %(p(l\/ﬁ, e;) + Ni\/a + o(logt)_1/2)
, S sign(my)
=/t sign(m;) exp <W + T(p(M), ei) + 0(1)) .

If both M and m belong to C, then
o Psign(m,) (p(M), e5) = log [(M, e;)]
Therefore,

X =) e ONM, ej)ei(1+o(1)) + Tr + o(1)
i€l
= \/Ees/(aN)M(l +0(1)) + Tz + o(1)

S/(aN)

To conclude the proof, notice first that e has a Pareto distribu-

tion, since

P{ exp <%) > x} = P{w > aNlogz} = e Nlosz _ p=al
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Finally, as announced, let us calculate the norm of the projection of
¢ onto the orthocomplement of the tangent space of p(C) at p(m).

Since @
e; X e;
p*(m)zz Z|m'|27
ieT v

the tangent space of p(C) can be identified as

€ & e

1€l

= V&Y SO+ Cm)

1€l
Defining v(m) = 3,7 [mi|{((C + CT)m, e;)e;, we have
Tp(m)p(C) =Vzn {U}J' .
Consequently, using that (C'm, m) = 1, we have

[v(m)]
= 1 > ier mi{(C + CMYym, e;)
VN (Ziez m2((C + CT)m, €i>2)1/2
- (N > m{(C+CT)m, e,->2)1/2 _

i€l

‘PrOij(m)p(c)L €c ‘ =

This concludes the proof of Theorem 8.2.20. "

Theorems 8.2.1 and 8.2.10 do not settle completely the tail behavior
of (C'X,X). For instance, it may happen that the largest diagonal
term of C' vanishes, or that N(C') > 1 but (8.2.8) does not hold. The

situation not covered assumes that

(Cu,u) = 0 for some nonzero u in V7 and some 7 in

T, of cardinality strictly less than N(C). (8.2.19)

The technique developed in this section may work in this situation;
but we will see in the next section that, under (8.2.19), some extra
complication is added. For the time being, we will only prove a rather
weak result. It will be useful for the statistical applications developed
in chapter 9.
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Denote Ny(C') the smallest cardinal of a set Z such that (8.2.19)
holds. Under (8.2.19), the next result asserts that the tail probability
of (CX, X) is much lighter than t~®No(©)/2,

8.2.21. THEOREM. Let X be a d-dimensional random vector with
independent and identically distributed components having a Student
like distribution with parameter o. Let C be a d X d matriz, and write

No = No(C). Under (8.2.19), and if o > 2/ Ny,
Jlim 1N 2pL(CX, X) >t} =0.

Proof.  The statement is obvious if C' is negative. Thus, we assume
that C is not negative. For e positive, denote C. = C + eld. The
proof relies on two very basic observations. The first one is that for
any positive € the matrix C. — C' is positive. Consequently, for any ¢,

P{{CX,X) >t} < P{{CX,X)>1}.
Assumption (8.2.19) states that No < N(C). Let
Jo(C)=A{Z €T :|Z|=No(C),IueVz\{0}, (Cu,u)=0}.
The second observation is stated in the following lemma.

8.2.22. LEMMA.  If € is positive and small enough, then N(C,) =
No(C) and J(Ce) = Jo(C). Moreover, C. satisfies assumption
(8.2.8).

Proof.  Denote by Ty, the set of all subsets of { 1,...,d} of cardinal
at most Ny. Assumption (8.2.19) is equivalent to the following.
Whenever 7 is in T, \ Jo(C), the compression of C' to V7 is negative;
moreover, for any Z in Jo(C), this compression is nonpositive and
there exists a nonzero z7 in V7 for which (Czz, z7) = 0. Consequently,
(8.2.19) implies the existence of a positive €y such that (Cu,u) < —¢g
for any 7 in T, \ Jo(C') and any unit vector u of Vz. If € is positive,
less than €p, and Z is in T, \ Jo(C), the compression of C, to Vz is
negative. Furthermore, if Z is in Jo(C), then (Ce2z, 27) = €|27)? is
positive. This proves N(C¢) = Ny and J(C¢) = Jo(C) as well as C¢
satisfies (8.2.8). .

Let € be positive and small enough so that the conclusions of Lemma
8.2.22 hold. For Z in Jy(C) = J(C¢), denote

Mcz={meVz:(Cem,m)=1}.
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Using our two observations and Theorem 8.2.10, we infer that for any
€ positive and small enough,

lim sup t*N/2P{(CX, X) >t}

t—o0
K, aaNo/2 det G(m
<= ) / ad./\/lMél(m) .
Te o (C’ eI HZEI |m2|

To conclude the proof, we show that the above upper bound tends
to 0 as € tends to 0. For this purpose, we need a good description of
M, 7. 1t will be helpful to have some understanding of the sets

Z7(C) = {ueVr: (Cuu) =0}, TeJo(C).

Despite the fact that these sets are defined by a quadratic equation,
minimality of Ny implies that they are linear spaces.

8.2.23. LEMMA.  Under (8.2.19), the set Zz(C) is a one dimensional
vector space. It coincides with the null eigensubspace in Vz of the
compression of C + CT to V7.

Proof.  Since the compression of C' to V7 is nonpositive,

Zz(C)={ue Vg : (Cuu) = vseué) (Cv,v) }.

The equality 2(Cu,u) = {(C + C%)u,u), shows that Zz(C) is the
eigensubspace associated to the largest eigenvalue of the compression
of (C'+ C7T) to Vz. Thus, Zz(C) is indeed a linear space.

Let ¢ be in Z € Jy(C) and w be a nonzero vector in Zz(C'). If
(u, e;) vanishes, u belongs to the (Ng—1)-dimensional subspace V7 f;1,
contradicting the minimality of N(C'). Consequently, no component
of w in V7 vanishes.

Assume now that we can find two linearly independent vectors
w and v in Zz(C). Since none of their components in V7 vanish,
there exists a linear combination of these two vector with at least one
component in V7 vanishing. This linear combination is a vector which
contradicts what we just showed. Consequently, there are not two
linearly independent vectors in Zz(C'). Since Zz(C') in nonempty by
definition of Ny, this concludes the proof. "

It follows from Lemma 8.2.23 that the unit sphere of the space
Z7(C) is actually made of two points, z and —z.
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To describe M, 7, we now introduce the sphere corresponding to
the compression of —C' to the orthocomplement of Z7(C') in Vz, that
is

Sr(C)={veVy: (Cvv)y=-1;v L Z7(C)}.
Since Zz(C') is the eigenspace associated to the simple null eigenvalue
of Projy, (C' + CT)‘VI, the set S7(C) is a compact ellipsoid. We can
now make M, 7 explicit.

8.2.24. LEMMA.  For any T in Jo(C), for any € positive and small
enough,

M.1 = {%\/1+8(1—6)Z+\/§U cve S7(0),
s>0,ne{—1,1}},
where z s in the unit sphere of Z7(C).

Proof.  Let Z be in Jy(C'). A point m in V7 belongs to M, 7 if and
only if

1= (Cm,m) + elm|*. (8.2.20)
The nonpositivity of C on V7 implies (Cm,m) < 0. Therefore

|m|? > 1/e. In particular, m is nonzero. Write A = |m|?> and
p =m/|m|. Equality (8.2.20) and nonpositivity of C' on V7 imply

1
0= (Cp,p) =—€c+ 3 > —€. (8.2.21)
The function u + (Cu,u) is continuous. Its restriction to the
— compact — unit sphere of V7 is maximum exactly on Z7(C).

Consequently, if U is an arbitrary neighborhood of the unit sphere
of Zz(C) on the unit sphere of Vz, the inclusion

{%:mEME,I}CU

holds for any positive € small enough. Then, we can write p =
cos 0z + sin fq for some ¢ in V7 of norm 1 and orthogonal to z, and
some 6 close to 0 mod m — the coefficients cos f and sin 6 are imposed
by |p| = 1; speaking geometrically, we parameterize the sphere in
normal coordinates. Since Projy. (C' + C")z = 0 thanks to Lemma
8.2.23, equation (8.2.21) forces

sin? 0 (Cq,q) = —¢ + % : (8.2.22)
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If & = 0 mod m, this forces A = 1/e and p = z. Thus m = z/\/e.
Assume that 6 # 0 mod 7. Since Sz(C) is invariant under { —Id, Id },
equality (8.2.22) imposes

L €— B v for some v € Sz(C).

q:sine A

We can then write
m = \/sz VAcostz+Ver—1uv.
But equation (8.2.20) yields
1=—eA+1+eAcos’h+eX—1),
from which we can obtain cos® . Thus,
m=nvV1+ A1 —e€)z+Ver—1v forne {-1,1}.

Set s = e\ — 1 to obtain the parameterization given in the lemma.
Notice that for s = —1, we obtain m = n\/Xz. =

We can now obtain some good bounds on the components of points
m belonging to M, 7. We write m; = (m,e;) the i-th component of
m, as we did in the proof of Theorem 8.2.10. The following statement
is the analogue of Lemma 8.2.16.

8.2.25. LEMMA.  There exists a positive M such that for any positive
e small enough, any point m = % 1+s(l—€)z++/svin M.z
€

satisfies for all i in T the inequality

Proof.  For € small enough and any positive s, we have s/(2¢) <
s(1 —e€)/e < s/e. If n(z,e;) is positive, this implies

€ S€E
\/ 1+Smi<77<276i>+\/1—+8(%6i>
€ 1+ (s/2) s€
./ >/ e es).
Tts s e Ty e

and
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Since Sz(C) is compact and the functions s — s/(1+ s) and s —
(24 s)/(1+ s) are bounded on [0, 00), the result follows.
If n(z, e;) is negative, we proceed similarly. .

We can conclude the proof of Theorem 8.2.21 with the next result.
8.2.26. LEMMA.  For any T in Jo(C),

lim det G(m)

dMpr . (m) =0.
=0 Jur, 7 ez Imal® *

Proof.  Arguing as in Lemma 8.2.17, we obtain
det G(m) < M/|m|No~1

for any m in M, 7 and some fixed positive M, not depending on € or
m. Using Lemma 8.2.25, we have

det G(m)

=—dM
MEVI HZEI |m2|a Me,I(m)

Ng—1+Nga
2

< /Ms,z <1 j S) dMa,(m)O(1),  (8.2.22)

as € tends to 0. To express the Riemannian measure on M, 7, notice
that Sz(C) is a manifold of dimension Ny —2. Write v(z1,...,zN,—2)
for a local parameterization of Sz(C). It induces a parameterization

m(s,T1,...,TNy—2) = %\/ 1+s(1—e)z+Vsv(r,. .., vN-2)

of M 7. In this local chart

V1 — e s(No—2)/2
dMyr . (m) = 1-cs det(zﬁ,..,&)
’ Ve 1+ s(1—e) Oy 0T Ny—2
(No—2)/2 0 B
S () (%
+27\/§det<'l),a—xl,...,m) dS/\de'l/\.../\de'NO_Q.

Since z is orthogonal to Sz(C') and of unit norm, we have

ov ov

det(z,—,...,i
81‘1 aINO_Q

>d$1 VANPAWA dHTNO_Q = dMSI(C) .



142 Chapter 8. Application to quadratic forms of random vectors

Therefore,
dM s . (m) < e Loz ggqm (v)
e,Z ~ 1 +8(1 _ 6) \/E Sz(C)
5(No—3)/2 )
+ T‘PYOJ(TUSI(C))L'U‘ dsdMg, (o) (v).

Consequently, (8.2.21) is less than

¢(No—2+Noa)/2 s(No—2)/2
/s>o /SI(C) (1 + 5)No=1+Noa)/2 /T3 g(1 —¢)

No—14+No)/2 s(No—3)/2

(
€
1+ S)(N()—1+N()a)/2 2

+ ( lv|ds dAM g, () (v) -
We can bound the integral in v by the constant diamSz(C)VolSz(C),
for instance.

Then, the integral in s is less than

o0 Np—2 No—1+Npa 1 Np—3 Np—1+Nga
2+2/ sT2 T 2 T24s 2~ 2 ds
1
o0 Noa
:2+4/ 517 ds < 00.
1

Therefore, the right hand side of (8.2.21) is less than a constant times

N0(1+a)_1 Ng—1+Nga
2 2

€ +e€

This tends to 0 as € tends to 0, provided « is strictly larger than
(2/Np) — 1. This concludes the proof of Lemma 8.2.26 as well as that
of Theorem 8.2.21. .

8.3. Heavy tail and degeneracy.

The results of section 8.2 are incomplete. The tail behavior of (C'X, X)
is not described when the largest diagonal coefficient of C' vanishes,
or when (8.2.8) does not hold. The proof of Theorem 8.2.10 breaks
down in these cases.

In example 4 of chapter 1, we dealt with the tail of the product
of two independent Cauchy random variables. In the language of the
current chapter, we considered the 2 x 2-matrix

S 1(0 1
c_§<1 O).
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We saw that the tail of (C X, X) is in t~!logt. For this specific matrix
N(C) = 2. Comparing with the result obtained in the previous
section, we have an extra logarithmic factor in ¢t. Going back to
chapter 1, the factor t~! is explained by the fact that for most points
(z,y) on the boundary of

A ={(z,y) : xy >t} = ViA,

the minimum of x and y tends to infinity, sharing some similarity
with the case where N(C') = 2 and (8.2.8) holds. The factor logt is
explained by the closeness of the boundary dA; to the level sets of the
Cauchy density, along a sizeable part of the hyperbola zy = t.

Quite amazingly, Theorem 5.1 can still be used in this situation,
but the analysis is a bit more involved than needed to prove Theorems
8.2.1 or 8.2.10. Our goal in this section is rather modest. We do not
intend to obtain the tail behavior of the quadratic form whenever
(8.2.8) does not hold. We will concentrate only on matrices C' with
vanishing largest diagonal coefficient. The reason is twofold. First,
this simple degeneracy is sufficient to understand what we should do
when (8.2.8) does not hold. Second, we will make use of this specific
case in chapter 11, when studying a statistical application.

8.3.1. THEOREM. Let C be a d x d-real matriz, with vanishing
largest diagonal coefficient. Let X be a random wvector in R%, with
independent components, having a Student-like distribution S,. The
following asymptotic equivalence holds as t tends to infinity,

logt
PUOXX) 2t} ~ —2oK200% D0 D7 [Cig + Gl
:C;:=01<j<d

Proof. Since (CX,X) = ((C + CT)X,X)/2, we will assume
throughout the proof that C' is symmetric. The proof builds upon
that of Theorem 8.2.10 in the case N(C) = 2. However, Lemma
8.2.11 cannot be used anymore since (8.2.8) does not hold.

As before, we denote

Ay ={peR?: (Cp,p) >t} =VtA

and

Bt =0 o Sa(At) = {CD(_O Sa(p) Ipe At}
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This guarantees

1 g2
t

The main part of the proof is to precisely locate and describe the
points in By with nearly minimal norm. This will be done through
the next five lemmas.

Since all the diagonal coefficients of C' are nonpositive, N(C) > 2.
Our first lemma shows that N(C') = 2, an easy fact. It also introduces
points which will be essential to determine a dominating manifold.
Define

J(C)={{i,j}:1<i,j<d, C;;Cj;=0and C;; #0}.
If {i,j } € J«(C) then either C;; or Cj; is null.

8.3.2. LEMMA. Let T = {i,j} be in J.(C), and assume that
Cii = 0. The solutions of the equation (C'm,m) =1 in V1 are

1 1
202'7]- (Ej—mjcm)ei—kmje% m; GR\{O}
Proof. Let m = mje; + mje; be a point in Vz. The equation

1 = (C'm,m) can be rewritten as
1= QCivjmimj + Cjﬂ-m? .

Since (m;,0) is not solution, we obtain the result in expressing m; as
a function of m;. .

It follows from Lemma 8.3.2 that J(C') contains J,(C'). As we did
in the proof of Theorem 8.2.10, define

Mz={meVy: (Cm,m)=1}, Te ),

and

’yz:inf{H|mi| : mGMI}.

€T
It will be convenient later to extend slightly the notation introduced
so far. For 7 = {4, } in J(C), we will write M; ; or M;; for Mz.
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If 7 belongs to J(C') \ J.(C), Lemma 8.2.11 shows that 7 is posi-
tive. If Z = {4,7 } is in J,(C), Lemma 8.3.2 gives

1 —m3Cy ] 1
Wsz{i : m»GR\{O}}:—7
2|Ci 4l ! 2|Cij

because C} ; is nonpositive. Consequently,
v=min{~z : Z € J(C)}

is positive. As in Theorem 8.2.10, we hope

_ WP 4/
I(y) = 5 log(27)

will be minimum on By at points lying in ®~ o S, (v/t Uzes o) Mz)-
Let

R(t) = 2alog v/t — loglog V't — 210g(Ks,aaa/22\/E)
+10g(27T)d/2 + alog~y.

If Z and m are fixed, respectively in J(C) and Mz, the proof of
Theorem 8.2.10 — see the calculation of 1 (th(m, v)) before Lemma
8.2.13 — shows that

(@ o Sa(ﬂm)) = R(t) — alogvy + alog (H |ml|> +0o(1)
1€l

as t tends to infinity. This suggests that I(B;) = R(t)+o0(1) as t tends
to infinity. To locate the minima of I on By, we try to imitate the
second assertion of Lemma 8.2.13. The coming lemma gives a coarser
estimate. After its proof, we will be able to explain more precisely the
difficulty created by the nonemptyness of J,(C).

8.3.3. LEMMA. Let M be a number strictly larger than 2, and € be
positive. The set of all points p in 0Ay such that

(@0 So(Vtp)) < R(t) + Mloglogt

is included in an et='/%(logt)M/*-neighborhood of UIEJ(C) Mz.
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Proof.  For any point p, we use Lemma A.1.5 to obtain

1(270 Sa(Vip))

1<i<d

_ % <2a log (t'/3(log t) = ) — log log (/3 (log #)/) (1 + 0(1))> g

H1<i<d ol > oog 7).

Consequently, for all the points under consideration in the lemma, and
for t large enough,

Hl1<i<d: |pi| > et™/O(logt)/*}
alogt + (M — 1)loglogt + O(1)
= 5 logt + (M — %) loglogt(l + 0(1))

3 loglogt
< 3 = —
<3 a(2M 4) og { (1+0(1))

<3.

Thus, at most two of the p;’s have their absolute value larger than
et=/%(logt)Me. Since N(C) = 2, this concludes the proof. .

Now, let us see precisely why the proof of Theorem 8.2.10 breaks
down. Lemma 8.2.11 still holds for Z in J(C) \ J.(C). But it fails
if Z={4,5}isin J.(C), since Lemma 8.3.2 shows that we can have
|m;| as small as we like; and whenever C;; vanishes, |m;| can also
be as close to 0 as desired. Lemma 8.2.11 was used in deriving the
expression of gz¢(m,v) in Lemma 8.2.12. Then all the proof was
more or less based on this approximation of gz (m,v). Notice that
we can still use this expression whenever we can make the expansion
which was used in its proof. Thus, for Z = {1,757} in J(C), we still
parameterize JA; near a point m of Mz, as

pz(m,v) = m(l + h(v)) +uv, v € TnoAL 6T, Mz .

We need to be able to prove that only those v’s such that v < m
componentwise are of interest for us. Thanks to Lemma 8.3.3, this
can be done right away on the range where

Imi| A Jmj| = 718 (log t)M/e (8.3.1)
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say. But it can be seen easily that we need a larger range when 7
belongs to J,.(C).

Another difference with the situation of Theorem 8.2.10 is that
the sets Mz are no longer far apart. It is true that the distance
between Uze 5. (o) Mz and Uze joy\ 1. (o) Mz is strictly positive. Also
the distance between Mz and M7 for Z and J distinct in J(C')\ J.(C)
is positive. This follows from Lemma 8.2.11. However, if {i,j } and
{i,k} arein J,(C) with j # k then M; j and M, j, are at zero distance.
They connect at infinity on the axis ;R . This can be seen as follows.
For my, = m;C;;/C;, the corresponding point on M;, given by
Lemma 8.3.2 is

1 ( 1 c ) n
— —m (2 mre
QCM e kCk k) €i kCk

1 CijCrk ) m;Ci
B <20i,jmj 2C2, et Cix

Its distance to

1 /1
20, (E - ijm)ei +mjej € Mij

((Giay* s (G o)) .

It tends to 0 as m; tends to 0. This has a dramatic consequence.

is

For m; small, we can have py; ;1 (m,v) = py gy (m’,0") for some m in
M; j, some m' in M;j and v, v satisfying the a priori estimate given
in Lemma 8.3.2. In other words some components of v, even small,
may cancel with the corresponding components of m. Thus, the naive
approach used in Lemma 8.2.12 cannot succeed.

It is essential to understand that what goes wrong here is the pa-
rameterization of the set 0A;. The naive parameterization with (m, v)
is onto, but is not one-to-one anymore, at least in the interesting range.
The trick is then to introduce a new parameterization, well tailored
to handle small components of the points m in (Jz¢ 1.(C) M7z. Lemma
8.3.2 shows that when (8.3.1) fails, then one component of m has to
be of order larger than ¢!/ (log t)M/ @. The corresponding component
of v in pz(m,v) can be neglected thanks to Lemma 8.3.3. Writing p
for the corresponding point in A1, we have p; ~ m;. Since p; is very
large and Lemma 8.3.3 tells us to look in a neighborhood of m, all the
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other components of p must be small, going to 0 as ¢ tends to infinity.
We can then single out another component of p, say pg, such that we
can locate p near M; . To do so, write

P = pi€ + prer tw
where w is orthogonal to Vi; ;1. Since p is in dA; and C;; vanishes,
1= 2C; wpipk + PiCrk + 2pi{Ces, w) + 2pi(Cej, w) + (Cw, w) .

Using Lemma 8.3.2, we focus on a zone where py and w are o(1) as ¢
tends to infinity, and obtain

1 = 2C; ppipr + 2pi(Cej, w) + o(1) .

Notice that
Ce; € span{ e, : {i,1} € J.(C)}.

Thus, whenever {4,1} is in J,(C), if we can guarantee |w;| < |pg|, we
obtain
1 < 2[Cix] + ICIVA) pipx| +o(1).

This gives us a lower bound on |pg|. It will be good enough to
bound Vtp; away from 0, and to do an asymptotic expansion of
d~ o S, (\/fpk))z in the calculation of I(® o S, (vtp)). We will
then be able to improve the a priori bound of Lemma 8.3.3. Only
then we will use the parameterization pz(m, v).

We have not said how to guarantee that |w;| < |px|. This is easy.
Take py, to be the largest of the |p;|’s for {7, } in J,(C). This index
k depends on p € 0A;, and this parameterization is one-to-one up to
a set of Lebesgue measure zero.

To proceed along these lines, define the function

loglog/z  log(K, oa®/?2,/T)
Q(z) = \/2alog /o — - ’ , z>0.
(=) & 2y/2alog\/x V2alog \/x

8.3.4. LEMMA. LetZ ={i,j} be in J(C). Uniformly in the range
m in Mz and v in T,,0A; \ Trn Mz such that \/t(Jm;| A |m;|) tends to
infinity, v; = o(m;) and v; = o(m;),

@S (Vipz(m.v)) = 3 sign(mi) (Qtm?) +o(log(tm?) ™) ey

kel

+® o Sa(PI'OjVIJ_U) .
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Proof.  In the given range, for k =1, j,
<\/¥p1(m, V), ex) = \/Emk(l + 0(1))

tends to infinity. We can apply Lemma A.1.5 to obtain an asymptotic
expansion of & o Sa(<ﬂp1(m, v), ek>). This gives the result. .

In particular, for the points considered in Lemma 8.3.4, as t tends
to infinity,

I <CI>‘_ 05, (ﬂpz(m, v)))

= Z (a log (\/ﬂmkD - %log log (\/ﬂmkD)
P (8.3.2)
-2 log(K&aao‘ﬂQ\/?_T) + IOg(ZW)dm

1, . .
+ §|<I> o SQ(PI“OJVIJ_U)|2 +o(1).

As we explained above, Lemmas 8.3.3 and 8.3.4 give us a suitable
approximation of 0B; near points parametrized by m = m;e; + mje;
in M;; with [mg| A |m;| = t7/6(logt)M/®. Those points have two
components greater than ¢t~/ (log t)M/O‘(l + o(1)). If now a point
p in 0A; has only one component larger than t_l/ﬁ(log t)M/O‘ and is
in a o(1)-neighborhood of UIGJ(C) M7z, then one component, say p;,
has to blow up with ¢. Then, p has to be in a o(1)-neighborhood of
U k:Cy A0 M; 1. The following lemma gives some control on the largest

component of py, for C; j, nonzero.

8.3.5. LEMMA.  Let € be a positive number. Let i be such that C;; is
null. Furthermore, let p be a point in A1 and in a o(1)-neighborhood
of Uk:Ci 20 Mik, as t tends to infinity, with |pi| = €. Choose j such
that

pjl = max{|px| : Cip #0}.
Then, fort large enough,
1
lpip;| = SO 1)
In particular, for t large enough, the inequality |p;| < r forces

1
il > e e
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Proof. Since Ukzciyk?éo M;, is included in the union of planes
generated by (e;,ey) for C; ) nonzero, at most two components of
p are not o(1). Moreover, one component is p; and the other one is
a py for C;;, nonzero, that is p;. Write p = p;e; + pje; +w with w
orthogonal to both e; and e;. By definition of p;, each component of
w is smaller than [p;|. From what precedes, the norm of w has to be
less than /d |p;|, as well as o(1). Since p belongs to dA4; and Ce; is

in span{e, : C;p #0},

1 =(Cp,p) =2pip;Ci ; + 2pi(Ce;,w) + 2p;(Cej, w) + (Cw, w)
< 2lpip; [IIC]] + 2v/d [pip; || C| + [pjlo(1) + o(1)

as ¢ tends to infinity. Since |p;| > €, we obtain
1< |pipj| (2(1+ VA)[|Cl| + 4671) +0(1).

This implies the first statement of the lemma. The second follows
trivially. "

The lower bounds in Lemma 8.3.5 are useful only if p; and p; are
not too large, so that we can have v/t(|p;| A [pj|) going to infinity.
Thus we need to shrink the domain on which we need to perform the
integration. This relies on the simple observation that for Student-like
distributions, a Bonferoni type inequality gives

tM logt
1> lgog o° (a=1)/2 3.
P { e, Xl 2 o } S 2y s (8.3.3)

for ¢ large enough. Thus, we define the subset

tloglogt
o . g | ¢ Viloglogt
At \/%141 \/%{])GR <Cp7p>/1,1I2§1<Xd|pz‘\ (10gt)1/a }

We denote B, = ® o S, (vtA)).
We can now improve dramatically upon Lemma 8.3.3.

8.3.6. LEMMA.  The set of all p’s in OA) such that
(@0 Sa(Vip)) < R(t) + M loglogt

can be parameterized as p(m,v) with m in some Mz, some Z in J(C)

and
Projvzw =0 (t—1/2(10g t)M/(2a) (loglog t)l/(2a)) .
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Moreover, whenever |m;| A [mj| > t—1/2(10gt)M/(2a)(1og Iogt)l/(2°‘),
then v; = o(m;) and vj = o(mj;). In addition,

(@0 So(VtAL)) = R(t) — alogy — alog(16d||C||) + o(1)
as t tends to infinity.

Proof.  Let p be a point in A} as in the statement of the lemma.
Lemma 8.3.3 guarantees that it belongs to an o(t~'/6(log)M/®)-
neighborhood of z¢ joy Mz. If it is in an o(t~Y/%(log t)M/)-neigh-
borhood of UIGJ(C)\J*(C) M7z, then we are done thanks to Lemmas
8.3.4 and 8.2.11. Thus, assume that it is not. Let ¢ be such that

Ipi| = max{ |px| : 1< k<d}.
Since 1 = (Cp,p) is less than ||C|||p|?, we have
il = 1/d||C| > ¢~/ (log 1)/

Therefore, pis in a o(t_l/6 (log t)M/O‘)—neighborhood of Uk:Ci w20 Mij-
Since p belongs to A},

Vtloglogt

il S g7 -
|p| (logt)l/o‘

Let p; be as in Lemma 8.3.5. The second inequality in Lemma 8.3.5
gives
(logt)/« 1
‘pj| > ﬂl :
oglogt16d||C||

In particular, both v/t|p;| and V/t[p;| tend to infinity. Write p =
pie; + pje; +w with w orthogonal to both e; and e;. We calculate

1@ 0 5a(Vip) = 51870 Su(Vip)? + 5180 Su (Vi)
+ %\(ID‘_O Sa(Vtw)|? + log(2m)4/?

= alog(vilp) 5 loglog(Vilpi) + alog(vlp,)

~ 5 loglog(vlp; ) ~ 2log(Kyaa®*2y7)

4 %\qfo Su(VEw)[2 + log(2m)Y2 + o(1)



152 Chapter 8. Application to quadratic forms of random vectors

as t tends to infinity. From the first estimate in Lemma 8.3.5, we
deduce

alog(Vi|pi]) + alog(Vilp;]) > 2alog vt — alog(16[|C])).
Moreover, since log(1 + h) < h for any h > —1, we also have

log |p;

log log(v/t|pi|) = log(log V't + log |p;|) < loglog v/t + -
log v/t

Thus,

(@70 So(Vp)) =2alog vVt — loglog vt — 2 log (K o0%/?2y/7)
+ log(2m)%? — alog(16d||C||) + o(1)

+ 51070 Su(vViw)l

where the o(1)-term does not depend on p in A}. This gives the lower
bound on (@~ o S, (vtA})) stated in the Lemma. Moreover, the
inequality
(@0 S (Vip)) < R(t) + M loglogt
implies
|®0 S, (Viw)[* < Mloglogt + ¢

for some constant c¢. This forces, for any k not in {i,7 },

Vitlwg| < S5o¢(y/Mloglogt + ¢) = (log t)M/ (%) (loglog t)/ ) 0(1)

as t tends to infinity, thanks to Lemma A.1.6.

Set Z = {4, }. We just showed that the projection of p on V3 is at
most of order t~/2(logt)™/(%) (loglogt)"/?®) as t tends to infinity.
From Lemma 8.3.3, we then know that p = p(m,v) for some m in
Mz and v in T,,0A; \ T,,, Mz with |Projy, v| = o(t_l/G(logt)M/O‘).
Therefore, if [m;| and |m;| are at least t=1/6(log )M/  the lemma is
proved. Our choice of 7 implies that the only case left to investigate
is |m;| < t71/6(logt)M/®. In this case, Lemma 8.3.2 shows that C;
must vanish — because m; is lower bounded if C;; is not null in
Lemma 8.3.2; this is what we are claiming up to a permutation of i
and j. Then, Lemma 8.3.2 shows that m; ~ 1/(2C; jm;) as t tends to
infinity. Since v is in T},,0A1 & T,, M7, it is orthogonal to the vector
spanning T, Mz, that is, to

1

1
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Thus, there exists a real r such that

1

2
m;

. T
Projy v =re; + Fw< + Cj,j>6j . (8.3.4)

Since v belongs to T;,0 A1, we must have (C'm,v) = 0, or, equivalently,
(Projy, Cm, Projy, v) = (Cm, Projy_v) = —(Cm, ProjVIu;}. (8.3.5)

Since Cj ; is null,

. . 1/1
{Projy; Cm, Projy, v) = <§ (m— - ijj,j> ¢j +m;Cijei +m;Cjje;,
j
r 1
re; + m (m—§ -+ Cj7j>ej>
r 1 1
iy () (1 )
r;Ch + 1C;; \m; +m;Cj m? + 0

Thus, if m; tends to 0 as ¢ tends to infinity,

r
4Ci7jm§ ’

(Projy, C'm, Projy, v) ~
On the other hand, using the bound on the projection of p on VIJ‘ that
we obtained earlier in the proof of this lemma,
[(Cm, Projy10)| < ||C| [m] [Projy. (v)]
1
= —O(t_1/2(log )M/ (29 (1og logt)l/(zo‘)) .

myl
Therefore, (8.3.5) yields
r= m?O(t_l/z(log t)M/(za) (loglog t)l/(2°‘)) .
as t tends to infinity. Therefore, going back to (8.3.4),
Projy, v = o(m;)e;+ (O (t_1/2(10g £)M/(22) (1og log t)l/(2o‘))+o(m]—)) ej.
This concludes the proof of Lemma 8.3.6. "
Though we do not need this right now, Lemmas 8.3.3 and 8.3.6

imply
I(B) ~ R(t) ~ alogt ast — 00.
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More importantly, if i belongs to Z = {i,5} € J.(C), and m is
in Mz, Lemma 8.3.2 shows that m; ~ 1/2C; ;m; as |m;| tends to
infinity. Therefore, Lemma 8.3.6 allows us to use the expansion of
Lemma 8.3.4 in the range |m;| < v/t/(logt)™/(%) (loglog t)1/ (%)

To conclude what we have done so far, we can use Lemma 8.3.4
over all points ¢ = ®~ o S,(Vtp) in By, with p belonging to A},
except for those in an O(t_l/ﬁ(logt)M/a)—neighborhood of a point
m = me; +mje; with {,7} in J,(C) and, say,

Vt/(logt)M/ ) (log log £)/* < [my| V [mj| < MVE/(logt)'/* .

We now discard this missing range by an ad hoc argument. The
key observation is that Lemma 8.3.5 guarantees that this set of p’s is
included in

Vit
o= {pGRd: - <Inil V]
fe 1/(20) il VIp;
{i,j}€J.(C) (logt) (loglogt)
Vitloglogt 1
S #; lpipj| = 7}
(log t)/e 164 C]

We now show that ultimately we will be able to discard the set €4
in our computation.

8.3.7. LEMMA.  We have

P{XG\/EQt}ZOC(z—it) ast — 0o.

Proof.  The upper and lower tail of the Student-like distributions
are asymptotically equivalent. The result is then a consequence of the
independence of the X;’s and the following calculation,

t tloglogt t
{ (log t)M/(209) (log log t) 1/« (logt)L/e 77 16d|| O] }
tloglogt(logt)~1/e
-/ 1~ Sa(t/16d|C|x) dSa(x)
t(logt)=M/(22) (log log t)—1/«
tloglog t(logt)~ 1/« o
o / P 480 (z).
t(log t)—M/(20) (log log t)—1/a 1
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An integration by parts shows that the last integral is

1 o tloglogt(logt)*l/a
t_a [(L‘ (Sa(.fl?) o 1))]t(logt)*M/(Za)(loglogt)*l/&
o tloglog t(log t)~ 1/«
+ — 2711 = Sa(x)) dz.
a
1% Jt(log t)=M/(20) (log log t)~ 1/

Since :Eo‘(l - Sa(x)) tends to a constant as = tends to infinity, the
above sum is
tloglogt(logt)~1/e
o(t™™) + O(l)t_a/ v dx
t(logt)=M/(22) (loglog t)—1/«

=o(t™)+ O(1)t *loglogt = o(t™*logt)
as t tends to infinity. .
Define
B = B, \ ® 0 S, (V).
Combining (8.3.3) and Lemma 8.3.7, we obtain

P{{CX,X)>t}= [ e TWdy+ o(lo—it) .
Bél t

From now on, we concentrate on the integral of e=! on B/. Combin-
ing Lemmas 8.3.4, 8.3.5 and 8.3.6, the set B} (' p)4ar10g10g¢ CaN be
identified, for ¢ large enough, with some points &0 S, (ﬂpz(m, v)),
with

IGJ(C), m € My, UETmaAl\TmMI
[Projy, | < t7/%(logt)*M/*(loglog )"/,
minger [my| > t7/%(loglog t)'/*(log t)M/2*),

and Projy, v = o(m) componentwise.

For those points, we can use Lemma 8.3.4 and (8.3.2). This allows
us to obtain the value of I(By) up to an o(1)-term as ¢ tends to infinity.

8.3.8. LEMMA.  The equality I(B}) = R(t) + o(1) holds as t tends
to infinity.
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Proof.  Making use of formula (8.3.2) we first need to evaluate the
minimum of the function

5™ (atos(vilm]) — 5 loglos(Vilm))

kel

on Mz. We also need an approximate location of the minimum, to
check that ®~o S, (v/f+) maps it to a point in By — and not in B;.
When Z is in J(C)\ J«(C), we can argue as in (8.2.9). We concentrate
on the case where Z = {4, j } belongs to J,(C). Considering Lemma
8.3.2, this leads us to define the function

- ijj,jD + alog(V|mj])

1
— - ijjij ~3 log log(V#|m;|) .

When () ; vanishes, this function is

1
fro(mj) = alogt — alog(2|C;;|) — - loglog
’ 2 |Cs 5]

1
— 5 loglog(Vt[my]).
The function f;o(-) is minimum when r = log |m;| maximizes
(log V't —log |Ci 5| — r)(log Vi + 1),

that is 1
r= —3 log |C; 5] -

Moreover, as t tends to infinity,

1
fuo(i) = alogt — alog(2|C; ;|) — loglog vt +o(1) .

VICijl

When m; = 1/4/|C; ;| and C;; vanishes, Lemma 8.3.2 gives m; =
sign(C; ;)/(24/1Ci41). Clearly mje; + mje; is mapped into By by
D=0 Sy (Vt).
If C; ; is nonzero and m; is positive and fixed, then
frc; (m;) = alogt — alog(2|C; ;|) + alog(1 — m?Cj,j)
—loglog vVt +o0(1) (8.3.6)
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— recall that Cj; is negative. Thus, for f; ¢, (m;) to be minimum,
we must have m? tends to 0 as ¢ tends to infinity. But if /tpz(m,v)
belongs to By, expansion (8.3.6) always holds since |m;| A |m;| >
1/v/t. Taking |m;| = 1/logt for instance, we have

fr.c;;(1/1ogt) = alogt — alog(2|C; ) — loglog Vit+o(1).

as t tends to infinity. Given the uniformity over B} in (8.3.2), this
gives the asymptotic minimum of f; ¢, ., and ultimately I(5B;). .

We can now apply Theorem 5.1. Denote by

pr = \J21(BY) — log(2m) /2

the radius of the ball Aj(p,). As we have seen after the proof of Lemma

8.3.6,
pr ~ /2alogt ast — 0o.

In view of Lemma 8.3.4, for Z in J(C') and m belonging to Mz, define
gre(m) =) _ sign(my)Q(tmj)ex
keT

and its projection onto Ay(p,) through the normal flow,

N th(m)
) = g )]

We consider the dominating manifold of dimension k = 1,
Dpn = U {rz,t(m) tmE U Mz;m & Qy;

ZeJ(C) ZeJ(C)

Vtloglogt
max |m;| <

— " <
1<i<d (IOg t)l/a » By (TI,t(m)) X 10g logt} .

It is fairly clear that Dpr is a dominating manifold for the set
BY N T (Bry+1m10g10gt- We can take M large enough such that

J

When applying the formula given in Theorem 5.1, the integral over
DB;’ splits into two parts. The first part comes from the contribution

e_I(y)dy:0<lot—§> ast — 00.

c
R(t)+M loglogt
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of points rz(m) with Z belonging to J(C) \ J.(C). This part is
exactly like the integral we dealt with in the proof of Theorem 8.2.10.
It is of order 1/t®. Thus, we concentrate on the second part, coming
from points rz(m) with Z in J,(C).

Let T = {i,j} be in J.(C) and rz+(m) be a point of Dpy. From
(8.3.2) we infer

(|QI,t\2 - P?)

N —

TB,’&’ (rI,t (m)) =

:a10g|mimj|—alog7—%logbgl(\/_%
0g
1 1 tlm.
__lOgM—FO(l)
2 log v/

Consequently,

exp ( — Tpy (rz,t(m)))

7 log |m| log |m;|
-7 1 1 1+o(1
|m,-mj|a\/< i logﬂ)< i logﬂ)( +o)

uniformly over the part of Dpy corresponding to points rz+(m) with
m in Mz. Notice that if Cj ; is nonzero, the inequality

TRy (rz+(m)) < Mloglogt

2M/e for ¢ large enough; this can

required in Dy imposes [m;| < (logt)
be seen from the above expression of 75 (rz7t(m)) and using the same
lower bound argument as in the proof of Lemma 8.3.6 to handle the
term in log (log(\/f|mi|)/ log ﬂ) Therefore, when applying Theorem
5.1 to a component coming from M; ; with C} ; nonzero, we need only
to integrate for |m;| < (logt)2M/.

Still in order to apply the formula in Theorem 5.1, on D By

|DI(T1¢(m))| = |rz(m)| ~ pr ~ \/2alogt ast — 00.

We can now calculate the matrix G Bl (rz,t(m)). In the range of
m’s that we are considering in Dpy, Lemma 8.3.4 shows that 0By
behaves like a ruled surface made of (d —2)-dimensional flat subspaces
in directions orthogonal to V7. Hence, the very same argument as in
Lemma 8.2.8 shows that

Ide72

GB;:/ (T:Z'7t(m)) ~ \/Togt

ast — oo,
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uniformly over the part of Mz we are considering. We can then write
explicitly the contribution of the part related to M7z in the formula
given in Theorem 5.1. This contribution is

_7—32/

—I(BY) a—2 e
c e / DI (det Gy )12 Mreatai)

where we integrate over all points rz (m), for m in Mz, with |m;| vV
Imj| < Vtloglogt/(logt)'/*; and |m;| < (logt)*/® if C;; is
nonzero. As in Theorem 8.2.10, we can replace the Riemannian
measure on 77,¢(Mz) by that on ¢z +(Mz). Its expression in the local
parameterization given by m; in Lemma 8.3.2 is

1/2

((%Q(m?))z - (diij(tm?)f) dm; .

J

Since Q'(z) ~ /a/(2z+/log x) as = tends to infinity, this expression is
equivalent to

o (dmi)2+ o 1/2dm-
m? log(tm?) \dm, m? log(tm3) .

Putting all the pieces together, the contribution to the integral in
Theorem 5.1 coming from M7z is

log Vi K204

(d—2)/2
ta (27r)d/2,yo¢ ( 7T) X

[ (O R
mym;|“

(2alogt)¥/4(2alogt)—(d=2)/4

«o dm;\ 2 o 1/2
dm,; 8.3.7
<ml2 log(tm?) (dmj) + m? log(tm§)> i ( )

where we integrate over m; such that
(logt)M/ () (log log t) 1/«
2|Ci vt
it C; ; is nonzero, and
(log )M/ (loglog t)'/®
2|Ci vt

(1+0(1)) < |my| < (logt)*M/«

(1 + 0(1)) < |myl

Vit

log t)M/(22) (log log t) 1/

<
(
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if € ; is null. The finale of the proof consists in showing how simple
this integral is, at least asymptotically! Up to multiplying it by 2, we
can restrict the range of integration to m; positive.
We first integrate in the range
(logt)M/(2%) (loglog t)Y/*(1 + o(1)) - 1

2|Ci,j‘ mj 10gt

In this range, m; ~ 1/(2C; jm;), and

1 (dmi>2 1
m? \dm m?

Using the change of variable m; = t*, the integral becomes — on that
range —

kfa\/ Mog /I20,J| (1+of ))\/(1—2s+0(1))(1+25)x

( ! - )1/21 t15d
\/log_ 1—2s+o(l) T1+2s/) 8°0%

_ e Vi Kiaa® J|a/\/2+o 0 ds,

e

where we integrate for

1 Mloglogt(1 n 0(1)) <s< _loglogt .
2 2alogt logt
This gives a term
log\/_ 0012 [
7-7

When 1/logt < m; < (logt)QM/o‘, then log |m;| and log|m;| are
O(loglogt). This part of the integral contributes a term less than

logﬁO(l)/ 291C; 51 (loglogt)t/2 1
to ( —m?C'M)O‘ (logt)t/2 \/logt

() mig)”?dmj.

Since C} ; is nonpositive, 1 — m?CM > 1. Therefore

m; dmj

L1+m2cjj‘< 1

2 o
mj 1 CJ J mj
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The contribution in the integral is of order at most
M/o

O(logtl;gt) /ljl:)ggtf dﬂzzj _ O((logizg t)2> _ 0(1(;_§t) .

Consequently, if C} ; is not zero, (8.3.7) is equivalent to

1og \f

012G 1%,

as t tends to infinity.
If C; ; vanishes, we need to add a contribution for the part where

t
(log?) "9SS log £)M/2a) (log log )1/

We argue as in the case m; < 1/logt above — this amounts to exploit
the symmetry between m; and m; when m; is large. Therefore, if Cj ;
is null, (8.3.7) is equivalent to

log \f

0%2C;5 1%,
as t tends to infinity. Putting all the estimates together, we obtain
1
/ —I(y )dy ~9 og\f a® x
él

Z 12C; 51 (Try 103 (Cj5) + 21403 (Cj5)) - (8.3.8)
(4,7)€J+(C)

Noticing that

> 12051 (ryoy (Chg) + 2040y (Ci)) = D D 12Ci40°,

{i,jYeJ.(C) :C; =0 1< <d

we see that (8.3.8) is the expression given in the statement of Theorem
8.3.1 since we replaced C by (C' + C7T)/2 in this proof.

To conclude the proof, we need to check the assumptions of Theo-
rem 5.1. This part of the proof of Theorem 8.2.10 can be copied almost
word for word, and this concludes the proof of Theorem 8.3.1. "

Combining Theorem 8.2.21 and Lemmas 8.3.2, we obtain the
following result.
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8.3.9. COROLLARY. Let X be a d-dimensional random wvector
with independent and identically distributed components, all having
a Student-like distribution with parameter o. Let C' be a d X d matriz,
with N(C) > 2. Then

lim (°P{(CX,X) > 1} =0.

Proof.  Notice that if the largest diagonal element of C' is positive,
then N(C) = 1. Moreover, if this largest diagonal term vanishes,
Lemma 8.3.2 gives N(C') = 2. Then, N(C) > 2 implies that all
the diagonal coefficients of C' are negative. Consequently, No(C)
— defined after (8.2.19) — is at least 2. Apply Theorem 8.2.21 to
conclude. .

At this point, the reader who doubts of the usefulness of Theorem
5.1 in providing a systematic technique should try to obtain the result
of this chapter by other methods. Maybe once the results are known,
Theorems 8.2.10, 8.2.21 and 8.3.1 can be proved more simply. It is also
hoped that though Theorem 8.2.1 can be derived by easier methods,
the path taken makes the current proof rather didactic. As it may
have been noticed, Theorems 8.2.10 and 8.3.1 add extra arguments to
the basic ones developed to prove Theorem 8.2.1.

Notes

This chapter is motivated by the statistical applications in time series
developed in chapter 11.

Concerning section 8.1, there is a classical argument for the Gaus-
sian case. Replacing C by (C'+C7T)/2, there is no loss of generality in
assuming that C' is symmetric. Thus we can diagonalize the matrix,
writing C' = QDQT for a diagonal matrix D and an orthogonal one Q.
Define Y = QT X. Since the standard Gaussian distribution is invari-
ant under orthogonal transformation, Y has again a standard normal
distribution. Thus (CX, X) = 37y Y2D;; is a weighted sum of
independent chi-square random variables. This can be generalized to
noncentered Gaussian distributions — see Imhoff (1961) — and opens
the door for saddlepoint approximations — Barndorff-Nielsen (1990).

The orthogonal invariance argument can be used for other ad hoc
distributions. However, the Gaussian one is the only orthogonally
invariant distribution with independent marginals.
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For quadratic forms with heavy tail distribution, not much seems
to be known. Davis and Resnick (1986) contains some asymptotic
results as d tends to infinity in a time series context, based on the
point process technique exposed in chapters 3-4 of Resnick (1987).

This chapter 8 is full of open questions. To state a few, what
happens in the degenerate cases when N(C') > 2?7 Can one find a
closed formula for the integral involved in Theorem 8.2.107 What is a
good numerical scheme to compute such integral? Can we find more
terms and obtain an asymptotic expansion? Can one obtain good
upper bounds instead of asymptotic equivalents? Answers to these
last two questions would be useful in the applications developed in
chapter 11. Can one prove conjecture 8.1.17

When dealing with heavy tails, there is a fashionable extension
which consists in replacing any power function by itself times a slowly
varying function. This is done mainly for linear functions of random
variables. For quadratic functions, things turn to be much more
complicated, and the classical guess, consisting of putting the same
slowly varying function in the tail equivalent, is plain wrong. This can
be seen already when multiplying two heavy tail random variables.






9. Random linear forms

In this chapter, we investigate the following problem. A d-dimensional
random vector X = (Xj,...,Xy) defines a random linear form
X(p) = (X, p) on R% Given a subset M of RY — eventually M could
be of dimension much smaller than d — we can look at the restriction
of the linear form on M, and at the distribution of its supremum,

X(M)=sup{(X,p):pe M}.

Writing
Ay = {m eRY: sup (x, p) 215} =tA;,
peEM
we see that
P{X(M)>t}= dpP

tAq

where P is the probability measure of X. Provided 0 is not in the
closure of A1, the sets tA; = A; are moving to infinity with £. Theorem
5.1 may provide tail approximations of the distribution of X (M).

There has been a tremendous amount of work on this problem,
but from a somewhat different perspective. Traditionally, the set M
is parametrized as M = {p(s) : s € S} for some set S and some
function p : S € R¥ — R? When k = 1, the random variable
X (M) is the supremum of a linear stochastic process; for k& > 1,
it is the supremum of a linear random field. Though it is widely
used, parameterizing the set M has the disadvantage of hiding the
fact that X (M) is completely parameterization free. Any surjective
— even not smooth, not injective, not measurable, etc. — change of
parameterization of M leaves X (M) invariant.

Often, one is interested in the supremum norm

| X|(M) = sup { [{(X,p)| :pe M },

more than in X (M). Up to changing M into M U (—M), it is enough
to consider X (M).

The key point to understand is that obtaining an approximation
of P { X(M) > t} for large t covers several distinct questions. First,
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notice that A; is the complement in R% of the convex set

CMz{méRd:x(M)gl}: ﬂ {z:(z,p) <1}
peEM

— an intersection of half spaces. So, a first question is to understand
how the probability that X (M) is large is related to the geometry of
0Cys. A second question is to study how the geometry of dC)s is
related to that of M. When dealing with a parameterization of M, a
third question is how to read in the parameterization the geometric
information we need about M.

Among some amusing features of our point of view, we cannot resist
mentionning the degenerate case M = {(1,...,1)} € R% Then, one
has X(M) = X1 + -+ + Xy4. From our point of view, approximating
the tail distribution of a sum of random variables, approximating the
tail distribution of the supremum of a linear process, approximating
the distribution of the supremum of a linear random field are all the
same problem.

As in the previous chapters, we will investigate light and heavy tail
distributions. Our purpose is again to illustrate the use of Theorem
5.1 and to show that very different geometric features govern the tail
behavior of X (M) according to the distribution of X.

9.1. Some results on convex sets.

In this section we relate the set M C R? to the convex set Cps. Notice
that Chrunre = Cu. Hence, Cyy does not characterize M. To study
which part of M is characterized by Cs, we first prove that we can
also assume M is closed.

9.1.1. LEMMA. For any subset M of RY, the equality Capnr =
Cur holds.  Moreover, Cyp contains the origin if and only if M is
unbounded.

Proof.  The inclusion of M in its closure implies that of Cejps in Chy.
On the other hand, any point p in the closure of M is the limit of a
sequence of points p, belonging to M. Any point x in Cj; satisfies
(x,pn) < 1 and consequently (z,p) < 1. This proves the inclusion of
C M in Ccl M-

The second statement in the lemma follows from the equivalence
between the inclusion of the ball of radius € centered at the origin in
Cyr and that of M in the ball of radius 1/e around the origin. n



9.1. Some results on convex sets 167

In what follows, we assume that M is closed and bounded, i.e.,
M is compact in R

Another way to think of this assumption is that we can take M to
be closed since X (M) = X (cIM). Moreover, X (M) is infinite almost
surely if and only if M is unbounded and X is nondegenerate. In
short, the behavior of X (M) is trivial if and only if M is unbounded.
So, we may as well assume M to be compact.

Recall that for a convex set C, there is a dense set in its boundary
containing points for which the tangent space to 9C' is well defined —
see, e.g., Schneider (1993). Consequently, it makes sense to define

My = Cl{p € R? : there exists z € 9C), (x,p) =1,
T,0C) exists, and p L TmaC}

The next proposition shows that My is the smallest closed set in M
necessary to describe 0C)y.

9.1.2. PROPOSITION.  Assume M is compact.

(i) The inclusion My C M holds.

(it) Moreover, Cpr = Chy, .

(i11) If My is closed in M and Cpp, = Ciy, then Mo C M;.

Proof.  We will use the following claim: If z is in 0C)y; and T,0C,
exists, then there exists p in M, orthogonal to T,0C}s, such that
(x,p) = 1. Indeed, for such z, there exists p in M with (z,p) = 1.
Let u be a tangent vector to Cas at x. We can find a curve x(e) in
0C)y such that z(e) = = + eu + o(e). Since z(€) is in Cpy, we must
have 1 > (z(e),p) = 1 + €(u,p) + o(e) as € tends to 0. Thus, (u,p)
vanishes, and indeed, p is orthogonal to T,0C)y.

(i) Let ¢ be a point in R?, such that there exists z in 0Cy; with
(q,z) = 1, the tangent space T,0C) exists, and ¢ is normal to dCs
at x. By the above claim, there exists p in M and orthogonal to
T,0C)s such that (z,p) = 1. Since M is compact, 0 is in the interior
of Cyr and T,0C)y is of dimension d — 1. Consequently, p and g must
be collinear. They are equal since (x,p) = (x,¢) = 1. Thus ¢ belongs
to M. Since M is closed, the inclusion My C M follows.

(ii) The inclusion of My in M implies that of Cps in Cpy,. To obtain
the reverse inclusion, convexity of Cjz, and Cjs shows that we just
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need to prove dCy, C 0Cp. Assume that 0C)y, \ 0Cys contains a
point z. Then
(z,p) < 1forall pe M. (9.1.1)

Since C)s is included in Cy,, such an z cannot belong to C)y.
Moreover, since Cjs contains the origin and x is not in Cjy, there
exists A in (0,1) such that y = Az belongs to dC)s. For any positive
€, there exists y. in Cys such that |y — ye| < e and T, 0C) exists.
Using our claim, there exists p in M, orthogonal to T}, 0Cjs and such
that (pe,ye) = 1, i.e., p belongs to My. Since M is closed and is in
the compact set M, it is compact. As € tends to 0, the points p.
admit a cluster point p belonging to My, thus belonging to M. Then,
as lime_g ye = v,
1=(p,y) = Xp,x).

Consequently, (p,z) = 1/A > 1, which contradicts (9.1.1). It follows
that 0Cyg, C OC)y, and therefore Cpy, C Cpy.
(iii) is clear from (i) and (ii), and shows the minimality of M. .

Proposition 9.1.2 motivates the following definition.
DEFINITION.  We say that a set M is reduced if M = M.

If OCy; has a well defined tangent space at x, it admits a unit
normal vector N (z) pointing outward from C. The claim in the proof
of Proposition 9.1.2 shows that there exists p in M, orthogonal to
T,0C)s, and such that (p,z) = 1. Such a p is collinear to N(x) and
satisfies |p|(x, N(x)) = 1. In conclusion,

Moy =c{ N(z)/(x,N(x)): x € 0Cy, T,O0Cps exists } .  (9.1.2)

This set is called — traditionally assuming that 0C}y; is smooth —
the polar reciprocal of dCy; — see, e.g., Schneider (1993).

Whenever 9C); is locally a C2-manifold, the following lemma
shows that My is also locally a C?-manifold. Moreover, the second
fundamental form of Mj is related to that of 0C),.

9.1.3. LEMMA. Letz : U Cc R¥*1 s 9Cy be a local parame-
terization of OCyr.  Then, xg = N o x/(x,N o x) defines a local
parameterization of My. If (bivj)lgi,jgd—l is the the matriz of the
second fundamental form of OCy at x in this parameterization, then
bo,i,j = bij/((N(z),z)|z]) is the second fundamental form of My in
the corresponding parameterization x.
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Proof. ~ We follow closely Hasani and Koutroufiotis (1985). Let
u = (uy,...,u4—1) € U. Define z; = 9x/0u; and N; = ON o x/Ju,.
The function zg = Noxz/{x, N ox) defines a local parameterization of
My according to (9.1.2). Define f = (z, N ox). Since (z;, N ox) =0,
we have 5 N, (o)
Lo i Ly V4
$07i—8Ui—7— f2 N.

Moreover, x is normal to My at xq since

_ %(Ni,:w - (:p,Ni% 0.

for all 4 = 1,...,d — 1. Thus, the components of the second

(zo,i, )

fundamental form of M are

8x0 1 oz NZ' <$,NZ> Zj

g=—(S0 Y o (T iy

0 <5‘u,~ \x\auj> <f 12 ||
_ by
fle|”

>= —ﬁ(]\’mfﬁj)

In Lemma 9.1.3, we derived properties of My from knowledge on
0Cyr. We will also need to go the other way, that is obtain some
information on the boundary of Cj; from the knowledge of M or Mj.

Our next result shows that whenever C)y; is bounded, an half line
starting at the origin can cut My in at most one point.

9.1.4. LEMMA.  Assume that Ciy is compact in R If q is in Mo,
then qRT (Mo = {q}.

Proof. Consider a point ¢ in My and A positive such that A\g
belongs to My as well. Representation (9.1.2) of My implies that
q = limy, 00 N(24)/{xn, N(x,)) and A\qg = limp, 00 N (Yn)/{Yn, N (yn))
for points x,,y, in 0Cy; at which 0Cj; has a well defined tangent
plane.

Both 0C)ys and Sy_1 are compact. Up to extracting a subsequence,
we can assume that x,, y,, N(z,) and N(y,) converge respectively
to x, y, N1, No. Then ¢ = Ny/(z, N1) and A\g = Ny/(y, N3). Since ¢
and Ag are collinear, we have N1 = Ny or N7y = —Ns. Since () is
convex and contains the origin, (z, N7) and (x, N2) are nonnegative.
The positivity of A implies N1 = Nos.

Next, Cjs being convex, it lies on one side of its tangent spaces.
Thus (x,, — Yn, N(x,)) < 0. Taking the limit as n tends to infinity, we
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obtain (x—y, N1) < 0. Permuting x and y yields (y—xz, No) < 0. Since
N1 = Na, the vector  — y is orthogonal to N7 and (z, N1) = (y, No).
Thus, A equals 1. "

As a consequence of Lemma 9.1.4, the next result asserts that
whenever C); is compact and My is a manifold, the space pR is
transverse to T, My for a typical point p in M.

9.1.5. LEMMA. If M is compact in R% and My is a manifold, then
{pe My:pR CT,My} is nowhere dense in M.

Proof. Assume that the set under consideration is dense in an
open set U of My. Since My is smooth, pR is included in T, My
for every p in U. Up to considering an open subset of U, we can
assume that U does not contain the origin. Thus, p/|p| is a unit
vector field in the tangent bundle of My. Let v be an integral curve
of this field, with v(0) in U. It satisfies the equation v = ~/|v|.
Consequently, v = |y|y’. Differentiating, we obtain v =~/ + |y|v".
Hence " vanishes since v does not. Consequently, 7' is constant and
v(s) = v(0) + s — 7(0)(1 + W) Hence the curve v is in the

[ (0]
ray 7(0)R, which contradicts Lemma 9.1.4. .

Making use of Lemmas 9.1.1-9.1.3 and Proposition 9.1.2, we can
reduce M to My. Moreover, My is smooth if 9C)y is. In the following,
we assume that

M is reduced and is a smooth m-dimensional submanifold of R?.
(9.1.3)
As announced, our next task is to relate the differential geometric
properties of dC); to those of M. For this purpose, we build a local
parameterization of 0Cj; starting from one for M. Lemma 9.1.5
asserts that under (9.1.3), if Cps is compact, then, at a typical point
p of My, the direction pR is not contained in the tangent space T}, M.
Actually, the proof of Lemma 9.1.5 shows slightly more; namely, that
we cannot have pR included in 7}, My along a submanifold of M. We
will assume more, even when C' is not compact; namely that given pg

in M,
pR is transverse to T, M for all p in a neighborhood of py. (9.1.4)
Consider a local parameterization

pi(u, .. Uy,) €U CR™ = plug, ... um) € M
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of M around py. We can assume without any loss of generality that
U is an open neighborhood of the origin and that p(0) = pg. For
what follows, it is convenient to extend p to a ma_p defined on a
neighborhood of the origin of R4, Thusjlet V' be a neighborhood
of 0 in R4 1=™ and consider

p:uEUXVC]Rmde_l_mHp(u)zg(ul,...,um).

Under (9.1.4), to each point p near pg, we can associate a unit normal
vector

v(p) € (T,M +pR) & T, M ;

that is, v(p) is normal to T, M in T,M + pR.

Let Xyq1(p),--.,X4g—1(p) be an orthonormal moving frame in
(T,M + pR)* = R & (T,M + pR) = R“™"1 For u in U x V,
let

Xy = 2P S (o p(w) 4 uy) X; o plu)

(vopu),p(w)) Ly,
where the function ¢;’s are C? and such that

(Umtt, - ug—1) € Vo I(X (ur, .. U, U1, - - -, Ug—1))

is minimum at 0 — the existence of these functions and their smooth-
ness comes from the implicit function theorem and the smoothness of
I. By construction, X (u) is normal to T, M for all u in U x V.

Our next lemma asserts that if M is positively curved, then X
defines a local parameterization of 0C);. Combined with Lemma
9.1.3, it allows us to parameterize M or 0Cj;, whichever is the most
convenient.

9.1.6. LEMMA.  Under (9.1.3)-(9.1.4), if the second fundamental
form of M relative to the normal field X is definite positive at every
point, then X (u) defines a local parameterization of 0Cyr. Moreover,
p(u) is outward normal at ICyr at X (u).

Proof. ~ Denote by II3(p) the second fundamental form of M at
p along the normal field X. Notice first that X (u) is orthogonal to
TpwyM. Also,

(p(u), X(u)) =1,
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and p is orthogonal to span{ X, 11, ..., X4—1 }. Consequently, if ¢(s)
is a curve on M, parametrized by arc length, such that ¢(0) = p(u)
and ¢'(0) = ¢, then, as s tends to 0,

82
5 (¢"(0), X () + o(s%)
82

2

(q(s), X(u)) =1+

= 1= I (pla)) (8 1) + o).
Thus, s — (q(s), X(u)) is maximal and equals 1 at s = 0. This
proves that X (u) is in 9Cj; and that X(u) indeed defines a local
parameterization of 0C)y.

To prove that p(u) is normal to OC)y, notice first that

0
auz}((u):Xi(u) fori=m+1,...,d—-1.
it o _ 0 o _ 0
Furthermore, writing v; = Y © p(u) and p; = au‘p(u), for
1=1,...,m, ' '

8 Vi 7Vi
X; = —X = _ >21/+ Z do;(p) - pi X;

ou; (v,p)  (p,v) +1<j<d—1
mT+l1l)sx (915)

+ ) (bjop+u)dX;(p) - pi-
m+1<j<d—1

From the very definition of X, for j =m +1,...,d — 1, we infer
(Xjop(u),p(u)) =0 forj=m+1,...,d—1. (9.1.6)
Differentiating this equality yields
(dX;(p)-pi,p) +(Xjop,pi) =0, i=1,...m, j=m+1,...,d—1.
Therefore, since X is orthogonal to T, M, we have
(dX;(p) - pi,p) =0 forj=m+1,...,d—1. (9.1.7)

Combining (9.1.5)—(9.1.7) yields (X;,p) = 0 for i = 1,...,m. Thus,
p(u) is normal to 0Cys at X (u).

Since C)s contains the origin and (p,x) = 1 is positive, the vector
p(u) must be pointing outward 0C)y. .

We can now explain how to compute the second fundamental form
of 0Cys at X (u). It is determined by its value on the basis X; of the
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tangent space. Let us denote by N = p/|p| the outward unit normal
vector field to dCys. The proof of Lemma 9.1.6 shows that

1
(AN - X;, X;) = m(l’i,Xﬁ
0 ifi=m+1,....d=1lorj=m+1,...,d—1
- (vi,pi) 1 P
— + — _ op+u i, ==—X,.) otherwise
Pl 1ol Zm+1<r<d 1(¢r p )i ou; r)

Consequently, if H}\//[ denotes the second fundamental form of M
relative to a unit normal vector field Y, we have

—(dN - X;, X;) (9.1.8)
I (pi,pj) 1
B W + 7l Y miir<d—1(@rop+ un) I (9, p5)
N ifi,j=1,...,m.
0 otherwise.

This second fundamental form vanishes whenever ¢ or j is not in
{1,...,m}, expressing the fact that Cj; is a ruled surface with
nontrivial generators if m < d — 1. Along a generator of dimension
d — 1 —m, the set C}s is flat and has vanishing curvature.

Now, consider a convex function I on R%. Since we are able to
relate points and geometry of dC)s to points and geometry of M, we
should be able to relate points in dCy; which minimize I to some
specific points in M. For this purpose, to a function f defined on R?
we associate the functions

@) =sup{ f(y): (z,y) =1},
fol@)=inf{ f(y): (x,y)=1}.

The basic properties of these transforms will be of some use and are
stated in the following proposition. Notice that the statement (iv) in
the Proposition does not require any smoothness.

9.1.7. PROPOSITION.  Let I be a convex function on R?, such that
lim|g| oo I(7) = 00. Then,

(i) I, is continuous on R\ {0} with lim, oI, (x) = 0o. Moreover,
if 1 is minimal at 0, then lim|y_ L,(z) = 1(0);

(ii) if I(CS;) = I(0Cr), then

I(Cfy) =it { L(p): p€ M } = I,(M) = I,(Mo);
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(even if M is not reduced)

1) points in manimizing I correspond naturally to points in My
ints in C§; minimizing [ d naturally to points in M,
minimizing I in the sense that

U {meMy:(m,z)y=1}

{zeCs§, : I(z)=I(C$,)}
={me My:I,(m)=1,(My)};

() for any convex function f with its minimum at 0, the equality

(fo)* = f holds.

Proof. (i) If (x,p) = 1, then 1 < |z||p|. Consequently,

L(x) = inf { I(p) : Ip| > 1/]x| },
and

lim I,(z) = lim I(p) =o0.

|z|—0 p| =00

Moreover, if (x,p) = 1, then p = —%5 + Proj, . p. Therefore,
x

|z]
T

1(0) = inf { I(p) : |p| € R} < L(2) < in { I(W

<I(#),

The equality lim,|_,o Io(7) = 1(0) follows.

+q>:qJ_x}

Let us now prove that I, is continuous. Let p be a nonzero vector in
R?. Let € be positive and less than |p|. Consider a point ¢ at distance
€ from p. Since [ is continuous and blows up at infinity, there exists
r in R? such that (z,p) = 1 and I(z) = I,(p). Then,

(z,q) = 1| = [(z,q —p)| <|zle.

Hence, there exists y in R? such that (y,¢) = 1 and |z — y| < €|z|/|q|
— take y =z — ((z,¢) — 1)q/|q|>. Therefore,

L(a) < 1(9) <sup { 1) jo— ] < 12}

lq|

Since [ is continuous and p is nonzero, it follows that

lirél_s);p L(q) < I(x) =1,(p).
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Next, consider a sequence py in the ball B(p,€) of radius e centered
at p, converging to p, and such that limy_, I.(px) = liminf,_,, I, (q).
Let xj be such that (pg,zr) = 1 and I,(px) = I(xy). The function I
is bounded on the set ¢/|q|? for ¢ in B(p, €) provided e is strictly less
than |p|. Then, the sequence I,(pr) < I(px/|px|*) is bounded, and
so is the sequence I(wy). Therefore, 7y, is in a compact set 1-1([0, c])
for some positive ¢, and admits a clustering point x. After taking
a subsequence, we can assume that x; converges to x as k tends to
infinity. Since (xg,pg) = 1, we have (z,p) = 1 and thus I,(p) < I(x).
Moreover, continuity of I implies

L(p) < I(x) = lim I(a) = lim L(py) = liminf L,(q).

Overall, lim,_.,, I,(q) = I,(p) and I, is continuous on R%\ {0}.
(ii) Let € be positive and p in M such that I,(p) < I,(M) + e. There
exists 2 in R? such that (x,p) = 1 and I,(p) = I(x). Since (z,p) = 1,
the point x is not in the interior of C'j;. Since [ is continuous,

1(C5y) = I((intCh)°) < I(x) = L(p) < L(M) + €.

Since € is arbitrary, we established the inequality 1(Cf,) < I,(M).

Next, we use the assumption I(CY§,;) = I(0Cy). Continuity of I
ensures that there exists  in dC)ys such that I(z) = I(9C)s). Hence,
there exists p in the closure of M with (p,x) = 1 — otherwise, x
would not be on the boundary of Cj;. Therefore, I,(p) < I(z), and
since I, is continuous,

L(cIM) = L(M) < L(p) < I(x) = I(C5).

This proves I(C§;) = I.(M). Since Cyy = Chy, we also obtain
I,(M) = I,(Mp). This proves assertion (ii). Notice also that we
proved I,(p) = I(x).
(iii) Let « be in dCy minimizing I over C§;. Since My is closed,
(x,m) =1 for some m in My. For this m, if I,(m) < I(x), then there
exists y such that (m,y) =1 and I(y) < I(z). Given how we choose
x, the point y is not in Cf,;. Since (m,y) = 1 and My is reduced,
y is in OCyr, and x does not minimize I over CY,. Consequently,
I,(m) = I(x). Then, assertion (ii) implies that I,(m) = I,(My). This
proves that in statement (iii), the set in the left hand side is included
in that in the right hand side.

To prove the reverse inclusion, let m in My minimizing I,. Since
lim|;| oo () = 0o and [ is continuous, I,(m) = I(z) for some x such
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nd x is not in the interior of
= I(C%;). Consequently, the
(iii) is included in that in the

that (m,z) = 1. Then, I(zx) = I,(My) a
Cu. Then assertion (ii) implies I(x)
set in the right hand side of statement
left hand side.

() If (z,p) = 1, then fu(p) < f(x). Thus, (£.)*(x) < f(). Now
seeking a contradiction, let z be such that f(x) is positive and assume
that (f,)*(x) < f(x). Let H be a supporting hyperplane at x of the
level set {y : f(y) < f(x)}. We can write H = {e}* for some
e in RY. If e is orthogonal to z, then z is in H. Since f is convex,
f(z) < f(z+h) for any hin H. Taking h = —z leads f(0) > f(z) >0
a contradiction. Thus, e is not orthogonal to x.

Notice that

{p:<p,x>=1}={| z yix}

Moreover, if y is orthogonal to x,

1 (pp e =1

:{a:r+(1 )‘y‘z%—z a€R, zJ_span(xy)}
Going back to the definition of f, and (f,)*, the assumption (f,)*(z) <
f(x) can be rewritten: There exists € positive such that whenever y is
orthogonal to z, the inequality f(az + (1 — a)yly| ™2 +2) < f(z) —€
holds for some real o and z orthogonal to span(z,y).

Consider the following y. If e is collinear to x, let y be any nonzero
vector in { e }*. Otherwise, let y = aProj, . e+ bz, where a, b are such
that

0= (y—lyPz.e)
= —a? |Proj,.e|*(z,e) + a (Proj, e, e) + (B*|z|> + b){(z,e) .

This quadratic equation in a always has a solution for |b| large enough

as well as |b| small enough, since (x,e) is nonzero. Moreover, for |b|

small enough but nonzero, the solution is not 0, and ¥y is not null.
This choice of y ensures that e is in the space spanned by x and y.

Consequently, the orthocomplement of span(z,y) is in H. Moreover,

for any real «,

)i =+ L

2
JE T R ) eat .

ar+ (1 —«
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Consequently, for any real @ and any z orthogonal to span(z,y), the
point az + (1 — a)yly|~2 + 2 belongs to z + H. Since f is convex,

f(a:c—l—(l—a)ﬁ—kz) > f(x)

contradicting (f,)*(z) < f(x). .

Given Lemma 9.1.1 and Proposition 9.1.2, we can replace M, by
M in statement (iii) of Proposition 9.1.5.

The explicit calculation of I, depends of course on I. Notice
however that homogeneity is preserved, as indicated in the following
result.

9.1.8. LEMMA. If I is positively a-homogeneous, then I, is —a-
homogeneous.

Proof.  The result is straightforward since

I(tz) =inf { I(y) : (tz,y) =1} =inf { I(y/t) : (z,y) =1}
:t_al.(x). ]

Finally, we calculate I, in an important case for applications. For
r positive , let [z], = (3];¢;<a |z;|")Y/". If 7 is larger than 1 this is
the ¢,-norm of x.

9.1.9. LEMMA.  If I(z) = c(|z1|* + - - + |za|®), then L. (p) = c/Ipl3
where o and 3 are conjugate — i.e., o=t + 7L =1.

Proof.  Without any loss of generality, we can assume that ¢ = 1.
If (p,x) = 1, Hélder’s inequality yields 1 < |z|q|p|g, and so I(z) =
|zl = 1/1Ip[3-

On the other hand, for z; = sign(pi)|pi\ﬁ/|p|g, we have (z,p) =1
and I(z) = 1/|p[3. .

In the situation described in Lemma 9.1.9, one sees that I,(M) is
related to sup{ Iplg :pe M }, that is to the radius of the smallest
ball in ¢3 which contains M.

9.2. Example with a light tail.
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In this section, we consider a random vector X = (Xi,...,Xy)
in R? having a log-concave density exp(—I). Our first result is
elementary. It is inspired by its Gaussian analogue, where I(x) =
Sl + log(27)%2. Tt shows that under a growth control on I, we
can estimate the exponential decay of P{ X (M) > ¢} as ¢ tends to
infinity.

9.2.1. PROPOSITION. If M is compact and

I(z +v)
lim limsup ————= < 1, 9.2.1
0]=0 |z|—o0  L(T) 621)
then
li logPy X(M) >t} =-—1.
tE&J(M/) og PLX(M) >t}

Proof.  Recall that the events { X(M) >t} and { X ¢ tCy } are
equal. Let a; = I(tCY;). Proposition 2.2 yields

hm—log{X }:—1
t—o00 at
if and only if
1
hII(l) htm inf —log [tCyy N T (14e)q,| = 0. (9.2.2)
€— —00 t

Let € be positive. Since [ is convex and C)y is a neighborhood of the
origin the points minimizing I over R? are included in tC); for ¢ large
enough. Consequently, for ¢ large enough, there exists xy in 9(tCy)
such that 1(tC§;) = I(xy).

Let n be a positive number. Consider a set of orthogonal vectors
v1,...,9q in a supporting hyperplane of 0Cys at x4, such that 7/2 <
lv;] < mforalli=1,...,d—1. The supporting hyperplane is the
orthocomplement of a unlt vector e, pointing outward from 9C};. We
define vg = ne. Since M is compact, the interior of Cj; contains the
origin. Therefore, z; tends to infinity with t. Consequently, if 7 is
small enough, (9.2.1) implies that for ¢ large enough

Hxg+v) < (T+e)l(xy) = (14 €)ay

Since I'(14¢)q, 18 convex, the simplex with vertices z¢, x1+v;, 1 < i < d,
is in tC§; (' (14¢)a,- Its volume does not depend on ¢; it bounds the
volume of tC; ('(14e)q, below. Consequently, (9.2.2) holds.
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It remains to prove that I[(tC%,) = I,(M/t). This is clear since
tCpr = Cpyyy, and Proposition 9.1.7 holds. .

Condition (9.2.1) looks good, but is far from being the best that
we can obtain. In particular, it does not cover the function I(z) =
exp(|z|*) with a > 1. The following will do, but assumes that [ is
differentiable.

9.2.2. PROPOSITION.  In Proposition 9.2.1, one can replace as-
sumption (9.2.1) by

=0.

o e supy, < [DI(x + ue™* )]
lim lim sup

Notice that since I blows up at infinity, e=%/(®)

is very tiny for large
z. In essence, when d = 1, the new condition asserts that I’e=%7/I

tends to 0. When [ is large,
I/€—5I/I < 1/6_51/2 _ 2(6—51/2)//5 '

Therefore, the only possible limit for I’e=%7 /I as its argument tends
to infinity is 0 — but in this discussion, nothing guarantees that the
limit exists. This does not show that the new condition holds for any
convex function; but it suggests that those which do not satisfy this
condition are rather pathological.

Proof of Proposition 9.2.2.  We follow the proof of Proposition 9.2.1.
All what we need to do is to specify how to pick the vectors v;,
1 <7 < d. The new assumption implies that there exists a function
d(z) tending to 0 at infinity, such that

—6(x2)I(x
lim < ) Supj, ) <exp(—s(@)1()) IDI(Y)] —0
el I(x)

Let n = exp (—6(x4)I(z¢)), and let € be an arbitrary positive number.
The previous limit shows that

n sup |DI(y)| < el(zy)
ly—zt|<n
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for t large enough. With this new n, take the v;’s exactly as in the proof
of Proposition 9.2.1. Since |v;| is at most 1, we have, for i =1,...,d,

I(xy +v;) < I(xy) + v sup  |DI(y)| < I(z)(1+e).
y:lz—y|<|vil

Consequently, the simplex with vertices ¢, X; +v;, 1 < i < d lies in
tOyv N T (140)1(zy)- Its volume is of order n®. Thus, to check (9.2.2), it
suffices to show that

logn

tlggo I(zy) B tliglo —0(w) = 0.

This is plain from the definition of §(-). n

Clearly, one can do many variations on the theme, and get different
conditions for the conclusion of Proposition 9.2.1 to hold.

To obtain a sharper result than in Propositions 9.2.1 or 9.2.2,
that is to estimate P{ X (M) >t} and not its logarithm, we need
further assumptions. Many results could be obtained under various
hypotheses. We will suppose that the random vector X has density
ae~!, where

I is convex, a-positively homogeneous for some av > 1. (9.2.3)

Under (9.2.3), Theorem 7.1 settles more or less the question of
approximating
P(tCyy) = a/ e 1@y .
tcs,

Of course, we need to verify the assumptions of Theorem 7.1. Since
Cyr is convex, assumption (7.5) is always satisfied, while (7.1) is
guaranteed by the boundedness of M. Thus, only (7.3) and (7.4)
are left to check.

It does not seem that we can work out a general theory much
further. But let us show how we can obtain a tail equivalent for
P{X(M) >t} from Theorem 7.1.

Proposition 9.2.1 and Lemma 9.1.8 imply

lim llogP{X(]\/[) >t} =—1,(M)

t—oo t&

and so we are done as far as the exponential term is concerned.
Reading the formula in Theorem 7.1, we have I(A;) = I,(M).
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We then need to relate the differential geometric quantities involved
in Theorem 7.1 to those of M. From section 9.1, we infer that we can
reduce M to My. So, let us assume that

My is a closed, connected, m-dimensional submanifold of R?.

Since we can replace M by My, we will drop the subscript and write
M instead of My until the end of this section. Consider a local
parameterization p(u) of M. We have seen in section 9.1 that it
induces a parameterization X (u) on 0Cps. Assume that

Doy ={peM:I(p)=1(M)}

is a k-dimensional submanifold of M.
We can choose the parameterization p(-) such that
(u1,...,up) €U CR¥ = p(uy,...,up,0,...,0) € Dy s

is a local parameterization of D, ;. With the notation of section 9.1,
it follows from Lemma 9.1.6 and Proposition 9.1.7 that

(ug,...,ux) € U X(uq,...,ux,0,...,0) € Dce,

is a parameterization of Dce,. To compute the Riemannian measure

Mp,. , we first compute the first fundamental form of the surface
M

Dcg,. We obtain

AMbeg, (X(w)) = (det (X)X, (1)), o, ) At A=+ Al

where X;(u) is given in (9.1.5). The first fundamental form of 0C)y,
involves inner products of v, v;, X;, dX;-p;, which can be expressed in
term of the third fundamental form of M — or analogously, in term of
the connection form on its normal frame principal bundle. In general,
such an expression is rather involved; we will see how it simplifies in
some cases.

To compute the curvature term G¢¢, in Theorem 7.1, the comment
after the statement of Theorem 7.1 shows that it equals

— ™ ™
G(l‘) - HAI(C?W),ZE - 8CM7SC

for all z in D¢g,.  Since G(r) = Ay e v = Moca vanishes on
M
directions tangent to D¢e , one way to compute det G (z) is actually to
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diagonalize G(z), and take the product of its positive eigenvalues —
by construction, the eigenvalues of G/(x) are nonnegative; they are null
only on the eigensubspace 1;,0C%; © T;Dcg . Ultimately, we need to
calculate det (G (x) — )\Id). For this purpose, consider an orthonormal
basis e1,...,eq—1 of T,0(C§;) = TmAI(C;?W)-

Denote by X the matrix obtained in writing the vectors X1, ...,
Xg—1 in the basis ey,...,eq_1, that is X = ((e;, Xj)) This
matrix is nonsingular and

1< j<n’

det(G(z) — Md) = 0 <= det(XTG(z)x — A\XTX) =0
= det ((XTX)'ATG(2)X — M\d) = 0.

How do we compute XTGX and (XTX)~1?
Write Nyc,, for the outward unit normal to dCp. Since

XTG(2)X = << (% — dNpe,, (:c)>X,~ ,Xj>> ,

1<6,j<n—1

we first compute (D?I(2)X;, X;), 1 < 4,5 < d — 1. The terms
(dNacy, Xi, Xj), 1 < i,j < d—1 can be computed with formula
(9.1.8) and depend on the curvature of M via its second fundamental
forms II}, and Hﬁﬁ m+1<r<d-1.

The first fundamental form XTX = ((Xi, X;j))1<ij<n—1 can be
computed in the same way. One may notice however that for i =
1,....mand j=m+1,...,d—1,

(Vi Xj)

(X, Xj) = +dgi(p) i+ Y. ee(dX,pi, X))

< ’ > m+1<r<d—1
Moreover, if i,j =m +1,...,d — 1, then
(Xi, Xj) =05 (Kronecker symbol)

Finally, if 4,57 = 1,2,...,m, the expression of (X;, X;) involves again
the third fundamental form of M.

At this point, it does not seem possible to push the abstract
calculation much further. The author hopes that it is clear that the
tail behavior of X (M) is governed by the differential geometry of M
immersed in R, a somewhat known fact. All the calculations can be
implemented on a computer.
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Some simplifications may occur in some specific cases. We now
discuss some important ones.
Assume for instance that [ is a radial function, namely that

I(z) = J(|z*) for a function r € [0,00) — J(y/T)

which is convex on RT, and increasing.

(9.2.4)

Under (9.2.4), I is minimal if and only if |z| is. Thus, the normal-
ization I(X(u)) minimum at w41 = -+ = ug—1 = 0 forces ¢; = 0.
Moreover, at the minimum, i.e., on Dce , the norm |X(u)| is mini-
mum, and therefore,

X_LXZ', i=1,2,...,d—10n'DCICVI.

Since v; is orthogonal to X; for i = 1,2,...,d — 1, the vectors X and
v are collinear on D¢ . Consequently, X, v, p are collinear on D ,
and all point outward A 1(C5,)-

Notice also that |v| = 1 forces (v,v;) = (p, ;) = 0.

Equation (9.1.5) becomes very simple then, namely

XZ-:L:ﬁ on Deg and for i =1,2,....m.
(v,p) Il

It follows that along Dce , the first fundamental form of dC)y is given
by

p| "2 (vi,vy), 4,5 =1,2,...,m.
(Xo, Xj) = IpI ™M vi, X)), i=1,2,...om,j=m+1,...,d—1.
0ij s ij=m+1,....,d—1.

The second fundamental form of dC}; also undergoes some simplifi-
cations. Indeed equation (9.1.8) becomes

(dNae,, Xi, X)) {0 ifivi=m+1,....,d—1.
M J —|pI % pi,v;) ifi,i=1,2,...,m.
(9.2.5)

— remember that the normalization um,+1 = ... = ug_1 = 0 at the
minimum forces ¢; = 0 on D .

REMARK.  Be careful when using (9.2.5). The Xj’s, for j =
m+1,...,d — 1 have unit norm. But for j = 1,...,m, the norm of
X, may not be 1. If one wants an expression of the fundamental form
in a basis of unit vectors, one should divide X; by its norm in (9.2.5).
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Nothing guarantees that the X;’s for j = 1,...,m are orthogonal to
the X;’sfor j = m+1,...,d—1. Thus to use (9.2.5) in computations,
one needs to use some form of orthogonalization technique to obtain
the matrix dNyc,, in an orthonormal basis.

REMARK. If we rescale M to AM, then Cy; becomes Cypy = Cr /.
So, the second fundamental form of C);; should be proportional to
A. Consequently, the expression on the right hand side of (9.2.5) is
homogeneous in A\. With our choice, the parameterization of Cyjs is
Xa(u) = X(u)/X. Therefore X, = X;/\. Fori,j =1,2,...,m, the
left hand side of (9.2.5) written for Cy; reads

Ty T4
<dN60A1wX>\,i 9 X)\7]> = <dN60A1VIX 9 _j> .
Thus, for Cyps, formula (9.2.5) is

(dNocyy Xin Xj) = Mpi, Nj) /|p|* -

This is indeed homogeneous in A since X; and X; do not depend on

A

Similarly to what happens for the second fundamental form of 9Cj,
along Dcg, , the second fundamental form of the level sets AI(Czcw)
undergoes a great simplification when [ is a radial function. Since the
level sets are spheres, their second fundamental form at X is

HAI(C?»4>(X)(Xi’Xj) = | XI7HX5, X5) = [pl{Xe, X5) on Dce,

— recall that for a radial I, we proved that X (u) is collinear to p(u),
and so 1 = (X(u),p(u)) = [X(u)] [p(u)].

Further simplifications may occur by a good choice of the parame-
terizations. For example, it may happen that D¢ is is parametrized
by (u1,...,ug,0,...,0), where k = dim D¢, . In the case dim M = 1,
we can take X3 to be collinear to the torsion vector of the curve M.
This ensures that v; = v/ is orthogonal to Xy,..., X4_1. The case
m = d — 1 is also rather specific. There is a vast number of possible
specializations where more or less remarkable formulas can be ob-
tained. However, it is not obvious that such extensive developments
would bring more insight. They may be worthwhile for some specific
applications and we will see some in chapters 10-12.

To conclude, we mention that when Theorem 7.5 applies, it shows
that the distribution of X/t given X (M) larger than ¢ converges to
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a distribution supported by Doe = {x € dCy : I(x) = I(C§y) } as
t tends to infinity. To a point z in D¢, correspond points m in My
such that (x,m) = 1. Proposition 9.1.7.iii shows that as x varies in
Dcg,, these m’s vary among the points in Mo minimizing /,. This
implies that when M is closed, {m € My : X(m) = X(M)} given
X (M) >t is a random closed set whose distribution given X (M) >t
tends to be concentrated on points in My that minimize I,. When
X (M) is achieved at a unique point m(X) in My, Theorem 7.5 even
gives the limiting conditional distribution of arg max,,ep, X (m) given
X (M) > t, as t tends to infinity. It is the image measure by m of the
limiting conditional distribution of X/t given X € tC,,; this latter
limiting distribution is given in Theorem 7.5. In particular, if I, is
minimum at a unique point m, of My, then argmax,cys X (p) given
X (M) >t converges in probability to m, as ¢ tends to infinity..

9.3. Example with heavy tail distribution.

In this section we consider a random vector X = (X1,..., Xg) in R?
with independent coefficients, all having a Student-like distribution
with parameter . Thus, the distribution of X; is absolutely continu-
ous with respect to the Lebesgue measure, and satisfies

P{X;i< -z} ~P{X; >z}~ K, a0 /2

as x tends to infinity, for some constant K ..

The estimation of P{X ¢ C} for an arbitrary convex set C
containing a neighborhood of the origin turns out to be amazingly
simple. Recall that (eq,...,eq) denotes the canonical basis of R?. Tt
is convenient to introduce the following terminology.

DEFINITION.  Let S be a set in RY, containing a neighborhood of the
origin. A point of the form Ae; on 0S is called an azial point of OS.

As their name suggests, axial points of 0C' are points on dC' which
lie on a canonical axis. Notice that if C' is not the whole space R,
then JC has at least one axial point. Moreover, dC' has at most 2d
axial points. These lower and upper bound can be achieved. For
instance, the half space {z € R? : z; < 1} has a unique axial point,
e1; and the centered unit ball has 2d of them, namely plus or minus
the vectors of the canonical basis.
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9.3.1. THEOREM. Let C be a convex neighborhood of 0 in RZ.
Assume that C is not the whole space R®. Let X be a random vector
with independent and identically distributed components having a
Student-like distribution S, with parameter a, and such that S (0) =
1/2. Then

P{X &tC} ~ t_o‘l(&QCJz(o‘_l)/2 Z la|~® ast — oo,

where the sum Y is taken over all the azial points of OC.

Proof. Notice first that if dC is not smooth at some of its
axial points, say aq,...,ag, then we can sandwich C' between two
smooth convex sets with axial points (1 — €)aq,..., (1 — €)ax and
(I1+¢€)ay,...,(1+ €)ay respectively. For these approximating convex
sets, the asymptotic formula in Theorem 9.3.1 can be proved assuming
that 0C' is smooth. We then let € tend to 0. So, there is no loss of
generality in assuming that 0C' is smooth, which we do from now until
the end of the proof.

The proof of Theorem 9.3.1 is then essentially the same as that
of Theorems 8.2.1 and 8.2.10. It is hoped that the reader will be
convinced that our unifying formalism is actually quite convenient,
even though, one more time, some specific examples could be treated
more easily with ad hoc methods.

Let s, denote the density of a single X;. To prove Theorem 9.3.1,
we need to approximate the integral

P{X ¢tC} = Sa(r1) ... sa(zq)dry ... dzy
RA\tC

for large t. As in the proof of Theorem 8.2.1, extend the function
P~ 0 S, to R? by considering it acting componentwise on each
coordinate. Making the change of variable Y = &0 S, (X) leaves us
to approximate

e—lyl?/2
/ o dy .
D08, (tce) (27)
This leads us to consider the convex function
2
Yy

1) = 5 1og(amy”

and the sets

Ay =tC°, and By = @70 S,(tC°).
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Our first proposition hereafter evaluates I(B;) and locates the
points of interests in B; as far as minimizing the function [ is
concerned. To this aim, define

v =min { |a| : a axial point of OC' } .

9.3.2. PROPOSITION.  Ast tends to infinity, we have

I(B;) = alogt — éloglogt + alogy
— log(Ksaa®?2y/7) + log(2m)¥2 + o(1) .
If a is an axial point of OC, then
78, (P70 Sa(ta)) = alog (|a|/v) + o(1) ast — oo.

For any positive number My, the set OBy N T 1B,y 40, loglogt lies in
an O(y/Toglog t)-neighborhood of the points ®o S, (ta), where a is an
azxial point of OC. Consequently, there exists a positive Mo such that
this set lies in the image through ® o S, of a (logt)M2-neighborhood
of the axial points of tC.

Proof.  An easy application of the expansion for (0 S,)? given in
Lemma A.1.5 gives for any axial point a of 9C,

1
I(CID‘_O Sa(ta)) =alogt — 3 loglogt + alog |a| — log(Ks,aaapQﬁ)
+ log(2m)? 4 o(1)

as t tends to infinity.
Let M; be a positive real number. Consider a point u in C° such
that
I(®7 o0 Sa(tu)) < alogt+ M loglogt. (9.3.1)

Consider < 1 — (1/4/2). For t large enough, the inequality

I(® 0 Sa(tu)) = a(l=n) > o oo (Jual) log (tus)
1<i<d

a(l— n)zﬁ{ 1<i<d: |y > t_"}logt
implies that for u as considered,

tHl1<i<d: w2t} <(1-n)"2(1+0(1) <2.
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However, since u is not in C', we must have
H{1<i<d: [yl 2t} > 1

for t large enough. Consequently, u has exactly one coordinate larger
than ¢="7. Thus, it must be in a ¢~"7-neighborhood of the canonical
axes in R?. Such a point is of the form u = Aa+ v for some axial point
a of C, some A > 1 —t""|a|~! and v orthogonal to a with |v| <77
Consequently,

(@70 Sya(tu)) = %qf_o Sa (t)\|a|)2 + %|<I><_o Sa(tv)|? + log(2m) 42 .

This expression is asymptotically minimum for v = 0 and A = 1 and
|a| minimum, i.e., |a| = 7. Combined with Lemma A.1.5, this gives
the value of I(B;) up to o(1) as ¢ tends to infinity. Then, the value
for 7, (® 0 Sa(ta)) follows from Lemma A.1.5 as well.

Still assuming (9.3.1), we must have

1 2
alogt + M loglogt > §<I>‘_o Sa (t|a|(1 + 0(1)))

1 - 2 d/2
+§1H<12a<xd<1> 0 So(tv;)” + log(2m)™=.

2
Hence, using Lemma A.1.5 to approximate & o S, <t|a| (1+ 0(1))) ,

— 2 <
lrglagd@ 0 Sqo(tv;)” < (M + 1) loglogt
for ¢ large enough, that is ® o S,(tu) = O(loglogt)'/2. Therefore,
d0S,(tv) is indeed in an O(loglog t)*/2-neighborhood of oS, (ta).
Given the expression for ®~ o S, in Lemma A.1.5, we also must
have

log (t|v;]) < (M; + 1) loglogt,
max o og (tlvi]) < (M + 1) loglog

that is, maxj<i<q [tvi| < (log t)(Mith)/e for t large enough, which is

the last statement of the proposition. "

We can now try to calculate the asymptotic equivalent given by
Theorem 5.1. Given the proof of Proposition 9.3.2, it is natural to try
the projection of the axial points of dB; onto Ay(p,) as a dominating
manifold. So, let p; be the radius of the ball Ay(p,), and set

O o S, (ta)

DB,: — {pt|¢<_osa(ta)|

. a axial point of 80} .
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Notice that because we assumed S,(0) = 1/2, the equality & o
S,(se;) = ® o S,(s)e; holds for any canonical vector e; of R? and
any real number s. Equivalently, we have

Dp, = {pt% : a an axial point of 9C } .

The dimension of Dp, is k = 0.
From the values of I(B;) in Proposition 9.3.2, we infer that

pr = [2alogt —loglogt + 2alogy — 2log(Kaa®?2/7) + o(1)] 1/2

~ \/2alogt ast — 00.

Putting all the pieces together, and assuming that we can verify its
assumptions, the approximation formula in Theorem 5.1 yields,

—al
P(A;) ~ e~ 1B (27) (@) /22 eXp( a Og(\a\/v))
(d+1)/2det(GBt(pta/|a|))1/2

a/2
a |

to (2a logt) (d+1 /4 a\ det GBt(Pta/|CL|))1/2 7

as t tends to infinity, with the sum taken over all the axial points a
of 9C. So, it remains for us to calculate det G, (pia/|al) for all the
axial points of C, and check the assumptions of Theorem 5.1. Our
next lemma does half of the task.

9.3.3. LEMMA.  For any axial point a of 0C,
Idefl
v2alogt

ast — oo.

G, (pea/lal) ~

Proof.  Let a be an axial point of 0C' and let u be orthogonal to
a. Since the origin is in the interior of the convex set C, the line
aR intersects OC transversally. Therefore, we can parameterize 0C
around a by a ball in {a}*, centered at 0. In other words, there
exists a smooth function h, : {a}* — R such that

Paiu€ {a}t = pa(u) = (1+ ha(u))a+uedlC

defines a parameterization of dC around a — i.e., for |u| small enough,
it is a parameterization. Since v is orthogonal to a and o S, acts
componentwise,

qfosa(tpa(u)):crosa(t(uh(u))) 70 Sa(tu).

lal
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If I(® o Sa(tpa)) < I(Bi) + Miy/loglogt — the domain which
will interest us after we choose cp, — Proposition 9.3.2 asserts
that |u| < (logt)™2/t for some My. Since OC is smooth, we have
|h(u)| < Mslu| < Ms(logt)M2/t for some positive M3 and in this
range of u. Consequently

o Sa<t(1+h(u))a) =d" 0 S,(ta) + o(1) as t — 00}
and in the range |u| < (logt)M2 /t,
D0 Sy (tpa(u)) = @7 o Sa(ta) + 7o Sy (tu) + o(1) (9.3.2)

as t tends to infinity. Up to the term in o(1), this last equation defines
a plane orthogonal to ®0S,(ta). Following the proof of Lemma 8.2.8,
it follows that

Idga-1 Idga—1
Pt V2alogt '

Gp, (P70 Sa(ta))

Lemma 9.3.3 implies
det Gp, (pta/|a|)l/2 ~ (2alogt)~(@=D/4 ast — 0o.

With the estimate of P(A;) obtained before the statement of Lemma
9.3.3, we obtain

(a=1)/2
P(A;) ~ Koo 17 Z la| = as t — oo. (9.3.3)

tCl{

This is the asymptotic equivalent given in Theorem 9.3.1. Thus, it
remains for us to check the assumptions of Theorem 5.1. Taking the
risk of making the rest of the proof boring, we will do it in a systematic
way, showing that this is a rather easy task.

Our candidate for ¢p, is ¢t = (d 4 1)loglogt. Indeed, combining
Propositions 2.1 and 9.3.2, we obtain

L(I(By) + &) < coe "B~ (14 I(By) + ¢;)"
=o(t™?) ast — 00.

Given (9.3.3), this choice of ¢; guarantees that (5.4) holds.
Given Proposition 9.3.2 and the way we constructed Dp, — using
a projection on the sphere of radius py — the set B, ), lies on
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O(loglogt)-neighborhood of Dp, on App,). Since the radius of
injectivity of Ajp,) — a sphere of radius p; ~ /2alogt — is mp;/2,
assumption (5.2) holds for ¢ large enough.

Assumption (5.5) is almost plain. Equation (9.3.2) is the analogue
of Lemma 8.2.2 or 8.2.12. It shows that the boundary dB; near an
axis point @~ o S,(ta) is a plane orthogonal to a up to an o(1)-term.
The very same argument as that used in the proof of Theorems 8.2.1
and 8.2.10 ensures that (5.5) is verified here.

(5.6) is clear.

(5.7) follows in the very same way as in the proof of Theorem 8.2.1.
We still have ¢ ps(p) = O(loglog t) while Kiax(q,to) = O(logt)~* for
q € Dp,.

(5.8) is plain, for a sphere has positive Ricci curvature in R?.

(5.9), (5.10) and (5.11) follow exactly as in the proof of Theorem
8.2.1.

(5.12) and (5.13) are plain as well given the proof of Theorem 8.2.1
or 8.2.10, and this concludes the proof of Theorem 9.3.1. "

REMARK.  Note that if we drop the assumption S,(0) = 1/2 in
Theorem 9.3.1, that is S, of median zero, axial points are not mapped
anymore to axial points by &~ o S,. The argument we developed
would still be valid though, since the asymptotic expansion for 0.5,
shows that the component of ®~o S, (te;) on {e;} is asymptotically
negligible compared to that on ¢;R. Thus, the conclusion of Theorem
9.3.1 still holds true without assuming S, (0) = 1/2.

From Theorem 9.3.1, we deduce the following limiting behavior of
the conditional distribution of X given X ¢ tC.

9.3.4. COROLLARY. Let C be any convex neighborhood of 0 in R?,
such that C # R, If X is a random vector with independent and
identically distributed components having a Student-like distribution
with parameter o, then the distribution of X/t given X ¢ tC' converges

weakly* to
Dol Pa/ Y lal™,

where the sums are taken over all axial points a of OC and P, is a
Pareto distribution concentrated on aR™, whose cumulative distribu-
tion function is given by

|a]”

Po{(X,a/lal) > |a|+A}=W’

A2 0.
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Proof.  Let X be a positive number. Consider the convex set

D={z:(z,aflal) <l|a|+\}.
The set of all axial points of (D¢ N C°) is just {a\a‘tilr)\ }7 and a is
an axial point of the convex set C'. Consequently, applying Theorem
9.3.1 with the convex set C' and (DN C°)° yields

P{X ¢tD|X ¢tC}=P{X et(D°NC°) }/P{tC°}

~ (lal + ) /Z\a\_“

This is the result, for the conditional distribution of X/t given X ¢ tD
converges trivially to P,. "

Let us now go back to the study of processes of the form (X, p), for
p in a set M of R?. Theorem 9.3.1 gives us the asymptotic behavior
of P{ X(M) >t} as t tends to infinity. To obtain a more readable
statement, we need to express the axial points of dC}s in term of M.
This is done in the next result.

9.3.5. PROPOSITION.  The set of all azial points of 0Cy coincide
with the set of vectors eacje; where € is in { —1,+1}, and i is such
that €(p, e;) > 0 for some p belonging to M, and

1/ac; = Sup{ e (p,ei) peM}.

Proof. ~ Let a be an axial point of dCy;. Necessarily a = €|ale;
for some € in {—1,1}, and e; a vector of the canonical basis of
R™. Since a is in 0Cys, we have (a,p) < 1 for all p in M, and
Sup{ (a,p) :p € M} = 1. Thus, sup{e|a|<ei7p> ip € M} =1 and
the result follows. n

If we have a parameterization f(t) = (fi(s),...,fa(s)) of M
indexed by s in some set S, it is particularly easy to relate the behavior
of f(s) to the geometry of the set M captured in Proposition 9.3.5.
This yields immediately the following result, where the reader will
notice that the function f is completely arbitrary — no need for
measurability, or any kind of regularity whatsoever!
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9.3.6. THEOREM. Let S be a set, and f(s) = (fi(s),..., fa(s))
be a bounded function defined on S. Let X be a random wvector in
R?, with independent and identically distributed components having a
Student-like distribution with parameter a. Let

X(8) =sup Xy fi(s) + - + Xafals) .

sES
Then,
oa®—1/2
P{X(S))t}NK&a o Z c‘;i ast — 0o,
1<i<d
ee{-1,1}
where

cg,i:sup{(efi(s))Jr:seS}, ee{-1,1},i=1,...,d.

Another way to interpret c.; is in looking at the projection of M
on the ¢-th canonical axis e¢;R. The value c; is 0 if this projection is
concentrated on the set —ee;R ; otherwise ¢, ; is the coordinate of the
largest point of this projection.

It is quite amusing to notice the following. Set f(s) = (1,...,1) for
all s. Then X(S) = X1 + -+ 4+ Xg4. Theorem 9.3.6 implies that

2

Ka
P{Xi1+---+Xg2>2t}~ %d-
Using again Theorem 9.3.6 for d = 1, we then infer
P{X1+ - +Xg2t}~d(1—S5.(t) =dP{X1 >t}.

This is a known asymptotic identity showing that the Student-like
distributions are subexponentiall

Notes

This chapter is connected with a huge literature. To proceed in order,
I first cannot quite believe that the transform I +— I, and its use are
new. It allows one to read the minimization of a convex function on
the complement of a convex set over its polar reciprocal. However,
I have not found it in the literature. Similarly to what is called the
infimum convolution in convex analysis, it would be natural to call
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I, the infimum Radon transform of I. The relation (/,)* = [ in
Proposition 9.1.7.iv is an inversion formula for this infimum Radon
transform.

Lemma 9.1.3 is essentially contained in Hassanis and Koutroufiotis
(1985). Though I refer to Schneider (1993) for convexity theory, the
differential viewpoint in section 9.1 is closer to Bruce and Giblin
(1992). The polar reciprocal is sometimes called the pedal surface.
It would be desirable to connect further the global properties of Mj
and C)y.

Proposition 9.2.1 is a generalization of the finite dimensional version
of Fernique (1970) and Landau and Shepp (1970). There are many
proofs in the Gaussian setting, and the lectures by Ledoux (1996)
are most illuminating. The current literature on related problems is
connected with notions such as concentration of measure and a set of
inequalities: isoperimetric, Sobolev logarithmic, Poincaré. A couple
of pointers to this literature are Talagrand (1995) and Bobkov and
Ledoux (1997, 2000). However, it is not quite clear that Proposition
9.2.1 can be recovered from the existing results in the literature. An
open question is if the conclusion of Proposition 9.2.1 holds for any
convex functions.

The result of Proposition 9.2.1 also makes sense in infinite dimen-
sion, using of course the dual space to define I,. But the proof given
here breaks down in infinite dimensions.

The part of section 9.2 following Proposition 9.2.1 is connected
with a flourishing literature on the Gaussian case and a few related
distributions such as the chi-square. The point of view given here
is close to an abstraction of Diebolt and Posse (1996). A radically
different line of investigation is in Piterbarg (1996). A most interesting
survey of the literature on supremum of Gaussian processes is in Adler
(2000).

In the heavy tail case, Theorem 9.3.6 seems to be part of the
folklore; but I have not found it in the literature. Both Theorems
9.3.1 and 9.3.6 can be proved directly by ad hoc methods.

Concerning sums of heavy tailed random variables, Bingham,
Goldie and Teugels (1987) contains invaluable material. I learned
about those things in part in Broniatowski and Fuchs (1995). Much
nicer results than the one presented in this section exist, including sec-
ond and higher order formulas. But, unfortunately, the accuracy of
these expansions is incredibly poor, especially when the tail parameter
« is large.
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It is interesting to rework the proofs of this specific chapter as-
suming that the cumulative distribution function of X; is 1 — F(x) =
x~*(x) for some slowly varying function ¢ at infinity. Linearity of the
functional considered here leads to neat results — but they depend
heavily on the linearity!






10. Random matrices

In this chapter we consider a matrix X = (Xj;),; ;<4 with random
coefficients that are independent and have the same distribution.
Many quantities associated to X are of interest. For instance, its trace
tr(X), its determinant det(X), or its operator norm || X||. All these
quantities have in general complicated distributions which cannot be
calculated very explicitly. Hence, it makes sense to investigate their
tail behavior.

Before going further, let us mention that the trace of X is noth-
ing but a sum of independent and identically distributed random
variables. Results from section 9 give the tail approximations for
P{tr(X) >t} when the coefficients of M have a Weibull or a Student-
like distributions. Therefore, in this section, we will concentrate on
the determinant and on the norm of X. We will see that their tail
behavior often turns to be quite interesting, if not fascinating.

Throughout this chapter, it will be convenient to think of matrices
as vectors in R™ as well as linear operators acting on R™. In
particular, we denote by E%/ the canonical orthonormal basis of R
viewed as matrices. Thus, E*/ denotes the matrix with 1 on the
(i, 7)-entry, and 0 elsewhere. In other words.

EZJ = (5(27]),(k,l))1<k7l<n

where 0, is the Kronecker symbol.

Let M(n, R) denote the set of all nxn matrices with real coefficients.
Also, we write GL(n,R) for the group of all invertible matrices in
M(n,R), that is the linear group.

Since our method is differential geometric, we will need the differ-
ential and Hessian of the determinant as a map from GL(n,R) to R.
For the sake of completeness, we recall them.

10.0.1. LEMMA.  For all = in GL(n,R) and h,k in M(n,R),
Ddet(x)h = det(z)tr(z™1h),
and

D2det(z)(h, k) = det(z)tr(z " h)tr(z 7 k) — det(z)tr(z ™ ha k) .
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Proof. Let z be an invertible matrix. Since det(z + h) =
det(x)det(Id+z~1h), it is enough to calculate Ddet(Id) and D?det(Id).

Let &,, denote the group of permutations of n elements. Define
&Y = {Id} C &, and let &} be the subset of &, made of all
transpositions. The signature of a permutation o is €(o) = +1
(resp. —1) if o is the composition of an even (resp. odd) number
of transpositions. We have

det(Id + Sh) = Z 6(0) H (6i,a(z’) + Shiﬂ(i)) .
ceS, 1<isn

This sum over &,, can be decomposed as a sum over &Y plus one over
&L, plus a remainder term. The sum over G2 has a unique term,

e(Id) H (035 + shi ;)
1<ign
=1+s Z hi,i + 82 Z hmhjd' + 0(83)

1<i<n 1<i<j<n

=1+ str(h) + 82—2( Z hiihg; — Z hz27,) +0(s%)

1<i,j<n 1<i<n

2
_ L 2 2 3
=1+ str(h) + (tr(h) 1<§2~<:n h) +O(s3).

Next, we also obtain

Z e(o) H (0i,0() + 8hi o (i)

ceel,  1<i<n

— Z H (1 + Shk7k)82hi7jh]’,i

1<i<ji<n 1<k<n
SNSIS o)

= — 82 Z hiJ’h]’J + 0(83)

1<i<j<n

=— 82—2< Z hijhji— Z hzz,i) +0(s%)

1<i,5<n 1<i<n
s? 2 2 3
1<i<n
If o isin &, \ (6% UGL), at least 3 integers in {1,2,...,n} are not

invariant under o. For such permutation

H (0i,0() + €0i.0(3)) = 0(53) .

1<ign
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It follows that

det(Id + sh) = 1 + str(h) + 82—2(tr(h)2 —tr(h?)) + O(s)

as s tends to 0. Consequently, for z in GL(n,R),
Ddet(z)(h) = det(x)Ddet(Id)(z~1h) = det(z)tr(z~1h).
Also, we have
D2det(Id)(h, k) = tr(h)? — tr(h?)
and by polarization
D2det(Id)(h, k) = tr(h)tr(k) — tr(hk).
Consequently,

D2det(x)(h, k) = det(z)D?det(Id)(z~ h, 27 k)
= det(:r)(tr(x_lh)tr(x_lkz) - tr(fv_lhx_lkz))

as claimed. n

We conclude this section by a trivial but useful formula. When
needed, we write (-,-)p,2 for the inner product in the Euclidean

space R™. We use the tensor product notation, E* @ Eb™ to
denote the bilinear form z,y € M(n,R) — E* @ E'™(z,y) =
<El’ma y>R”2 <Ei7j7 I>Rn2-

10.0.2. LEMMA.  On the basis E"I, the bilinear map (h,k) €
M(n,R) + tr(z~tha=1k) has the form

> @ e T)uEY @ B
1<i7j7l7m<n

Proof. 1t is straightforward,

tr(z tha k) = Z (l'_l)i,jhj,l(x_l)l,mkm,i
1<i7j7l7n<n

= > @i mE @ B (h k). -

1<i,g,l,m<n
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Viewing M(n,R) as R"z, we have a natural inner product
z,y € M(n,R) — (z,y) = Z Ti Vi = tr(zTy) = tr(zy?).
1<, j<n
Consequently, viewing Ddet(x) in R”27 Lemma 10.0.1 implies that

Ddet(z) = det(z)(z~ 1T € R™ . (10.0.1)

10.1. Random determinants, light tails.

In this section, we consider a random matrix X = (X; ;), <ij<n Where
the X;; are independent and identically distributed, each having a
symmetric Weibull-like density

al—(l/a) _|u|a R .
W (W) = ————F— X , uelk,a>1.
ol = Sh{/ay P ( a )
One of the aim of this section is to show that the Gaussian case,
obtained for o = 2, is rather specific. The main reason is of course the
invariance of the Gaussian distribution under the special orthogonal
group.
Given the densities w,, of interest, let us define

1
I@)== 3 |ryl*, zeMnR)=R".
a | =
1<i,j<n
Furthermore, define

Ar={zeM(n,R):detX >t} =t/ 4.

Since I is homogeneous, we can use Theorem 7.1 in order to
approximate

1=/ " ,
>ty = — 1) qq .
P{detX >t} <2F(1/a)> /tl/”Al e dz

This requires us to compute the dominating manifold D4,. Unfor-
tunately, I have not been able to do so in general. The following
result will rely on an explicit calculation in some special cases, and a
conjecture in general.
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Our first lemma provides a necessary condition for a matrix to be
in Dy,. We denote by SL(n,R) the special linear group on R", that
is the group of all matrices of determinant 1.

10.1.1. LEMMA.  Ifx is an nxn real matriz minimizing I(x) subject
to the constraint detx > 1, then x is of determinant 1, that is belong
to SL(n,R). Moreover, for such a matriz,

1
(7 1)y = XSign(ij,z')lfﬂm\a_l , 1<idj<n, (10.1.1)

where nA =min { I(z) : detz =1 }.

Proof.  Since det(Ax) = A"detz and I(Ax) = |A|*I(x), we clearly
have detx = 1 at the constrained minimum. So, we need to find
inf { I(z) : detz = 1}. At the minimum, the normal vector of the
level set of [ and {z : detz = 1} are collinear. Using (10.0.1), this
condition writes

L. a—1 _ —I\T
(yeiem(ang)lesgl® ™), =G
for some nonzero \.
Since 1 = (v~ 1z);; for all i = 1,2,...,n, we obtain
—1 1 : a—1
n= > (e irrri = X Sign (@) [Tha|* T T
1<, k<n 1<, k<n
I(z)
==
and the result follows. .

In general, I have been unable to solve (10.1.1) explicitely. But a
very partial solution can be given, suggesting that the general one may
be quite involved. As customary, we denote by SO(n,R) the special
orthogonal group, that is the subgroup of SL(n,R) of all matrices X
such that XTX = Id.

10.1.2. LEMMA. (i) If a« = 2, then D4, = SO(n,R).
(i1) If n =2 and o < 2, then

({2 %) )reroan)
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(1ii) If n =2 and a > 2, then
1 €1 —€9
Dy, = Zle o« renee € {11} o

Proof. (i) for o = 2, equation (10.1.1) becomes

(@ D=2 1<ij<n.
A

Hence, z7' = 2T/X and Id = 27 '2 = 2T2/\. Moreover, detz = 1
thanks to Lemma 10.1.1.

When n is odd, we deduce that 1 = detId = A™". Consequently,
A =1and 27! = 7. This proves D4, C SO(n,R). Since I is
invariant under the action of SO(n,R), we have Dy, = SO(n,R) for
n odd.

When n is even, we can also have A = —1. But this implies
—Id = 2T2. Since 2T
for real matrices.

x is symmetric nonnegative, this is impossible

(ii)—(iii): Set x = <CCL 2) Using equation (10.1.1), we rewrite the
equality 7'z = Id as
A = sign(a)|al* ™ a + sign(b)[b]* b = |a|* + [b]°
0= s1gn(a)|a|°‘__1lc + s-ign(b)|b|°‘:11d (10.1.2)
0 = sign(c)|c|* " a + sign(d)|d|* b
— sign()]c[* e + sign(d)|d[*1d = e[ + |d|°

Multiplying the second equality by ab, the third by cd and subtracting
yields
(la|* — |d|*)be + (1b]* — |¢[*)ad = 0.

But 1 = det x = ad — bc implies then
(lal® = 1d|* + [b]% = [e|*)be + [b]* — [e]* = 0.

At this stage, the first and last equations in (10.1.2) yields |b|* = ||,
i.e., |b] = |c|, which then implies |a| = |d|. Set ¢ = €1b and d = €ea for
€1,62in { —1,1}.

If bd is nonzero, the second equation in (10.1.2) gives, after multi-
plication by |bd|,

sign(a)|d|“esign(b)|b|* + sign(b)|b|“sign(d)|d|* =
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Thus, sign(a)e; = —sign(d) and |d| = |b| = |a| = |c|. Hence, the
matrix is of the form

m:|a|<2 Ei) with €1, €2,€3,e4 € { —1,1}.

The condition 1 = detz = a?(e1ey — €ae3) forces ejeq — eze3 to be
positive. Consequently, e;e4 = +1, and 1 = 242, ie., a = +1/V2.

Thus,
— 1 €1 —€2
e ( )
solves (10.1.2).

Next, if bd = 0, let us assume that, say, d = 0. Equation (10.1.2)
reads

A= Jol* + e
0 = sign(a)|a|* e
A=c*.

Since x is of determinant 1, the matrix x is not zero. Therefore, the
relation 2\ = |a|® + [b|* + |c|* + |d|* > 0 forces ¢ # 0. Hence, a =0
and |[b|* = A. The matrix is of the form

0 €
m2:|c‘<61 02>

The condition detzg = 1 forces |c| =1 and ¢ = —e3 € { —1,1}.
Finally, if b = 0, similar arguments yields a solution zg =

with € in {—1,1}.
We then have

e O
0 €)’

4 _a
Z [(21)i4]" = 2072 2277,

18,52

o l@iglt =2, k=23

1<i,j<2

If @ < 2, then 2 < 227(@/2) while if @ > 2, we have the reverse
inequality 2 > 227(@/2) The result follows. "

In general, I conjecture the following.

10.1.3. CONJECTURE. Ifa # 2, then inf {I(z) : detz = 1} is

achieved at a finite number of matrices. Moreover, the difference of the
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two fundamental forms of Apsyn,r)) and SL(n,R) at those matrices
is positive. Finally, if a < 2, these matrices have unique nonzero
elements on each row and each column, whose absolute value is 1;
hence, up to signs, they are permutation matrices.

Some numerical computations support Conjecture 10.1.3. Also,
permutation matrices satisfy equation (10.1.1).

We can now state our approximation of the tail probability for
det X.

10.1.4. THEOREM.  Let X = (Xi;), ¢ <, be a random matriz
with independent and identically distributed coefficients, each having
a symmetric Weibull like density w,,.

(i) If & = 2 then, as t tends to infinity,

(n—1)(n+2)/4 N
P{ detX > t} ~ WVOI(SO(TL, R))e_ntQ/ /2t(n2_n_2)/2 .

(it) If o > 2, under conjecture 10.1.3,
P{ det X > t} ~ Cl6—I(A1)ta/nt(a(n2_l)_2n2)/2n ast — 00,
where c1 > 0 is a constant.

REMARK.  The constant ¢; in (ii) can be numerically computed
as will be clear from the proof and Lemma 10.1.1. The volume of
SO(n,R) in (i) is the volume when SO(n, R) is viewed as a submanifold
of R™*. This volume is the n(n—1)/2-dimensional Hausdorff-Lebesgue
measure of the special orthogonal group.

When plugging o = 2 in the exponent of ¢ in (ii), we obtain —1/n,
which is clearly different from the exponent of ¢ in (i). Hence, the
exponent of ¢ has a discontinuity at ¢t = 2.

When a = 2 and n = 1, then det z = x; the formula reads

1
P{X}t}wﬁe_tz/zfl as t — 0o,

a well known fact! SO(1,R) = {1}, and its volume measure is
obtained by putting a Dirac mass at 1.

Proof of Theorem 10.1.4.  The result is an application of Theorem
7.1.
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Let us first determine the exponential term of the asymptotic
equivalent. Since A; = tY/"A; and I is a-homogeneous, this term
is e~t*/"I(A41) " The calculation of I(A;) relies upon Lemma 10.1.2
and Conjecture 10.1.3. For o« = 2, Lemma 10.1.2 implies that
I(Ay) = I(Id) = n/2. For n = 2, Lemma 10.1.2 gives I(A4;) = 2/« if
o < 2, while I(A;) = 4/(a2%/?) = 22722 /o if a > 2.

In general, I(A;) can be computed numerically.

To obtain the polynomial term in ¢ in the asymptotic expansion,
Theorem 7.1 requires us to calculate k¥ = dimD4,. When a = 2, we
obtain k£ = dimSO(n,R) = n(n — 1)/2. For o # 2, we have k = 0
since Dy, is discrete — here we use Conjecture 10.1.3 when n > 2.

It remains to evaluate the constant ¢; in Theorem 7.1 and to verify
the assumptions of Theorem 7.1. Since the differential geometries
of Dy, and 0A; are involved as well as that of Aj4,), we need to
calculate the differential and Hessian of det and I. Lemma 10.0.1
takes care of the former. When dealing with matrices it is convenient
to express DI and D?I on the orthonormal basis E*/. Thinking
of E'"J as an element in the dual of R” = M(n,R), we have
E%(M) = (E% M) = M;; for any matrix M = (M, ;) in M(n,R).
With this notation, the gradient and Hessian of I have the following
form.

10.1.5. LEMMA.  For any a = 1 and any n X n real matriz x,

DI(z) = Zl<i,j<n sign(xi,j)|mi7j|a_1Ei7j )

=X

Moreover, if a > 2,

D?I(z) = (a—1) Zlgi,jgn |zi ;|*72E% @ E% € M(n% R).
Proof.  Viewing M(n,R) as R"™ we have for every x, h in M(n,R),

I(x+¢€h)=1I(z) +¢ Z sign(w; )|z ;| hi
1<i,j<n
2
€ .
+3 > (a =D [*72hE; + O(e?)

I<i,j<n

as € tends to 0. Since h; j = (E%I h), we obtain the expression for DI.
Using the polarization formula to express D?I(z)(h, k), we see that

(hij+kij)* — hﬁj — ki%j = 2h; jki j = 2E% @ E™ (h, k).

This gives the expression for D21 (). .
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We are equipped to determine the tangent spaces to D4, and
Az(4,), from which we will deduce det G 4, .

10.1.6. LEMMA.  For any x in Dy,

Tohray = {h € M(n,R) : (z~'T,h) =0}
= {7} ={azh:heMn,R), trh=0};
T:Da, =0 if a # 2 (under conjecture 10.1.3 for n # 2).;
T.:Da, = {zh : h skewsymmetric} if « = 2.

Consequently, at any x of Da, N Ap(a,),

{7 ifa#£2

TeAra)©T:Da, = {xzh:h € M(n,R), h symmetric , tr(h) =0}
if a=2.

Proof.  Since Aj(4,) is a level set of I, we have for all z in Dy,
1 —
ToAreay = {DI(2) } = {=7"}*

thanks to Lemmas 10.1.5 and 10.1.1. Since

{7y ={h: @R =0} ={h:tr(z7th) =0}
={zh:tr(h) =0}

the expressions for T;Ar(4,) follow.

When « is different than 2, Conjecture 10.1.3 asserts that Dy, is a
finite set, and indeed T, D4, = 0.

For a equal to 2, the dominating manifold is SO(n,R). The Lie
algebra of SO(n,R) is the set of all skewsymmetric matrices — see,
e.g., Knapp, 1996, §I.1 — and the expression for 7, D4, follows in this
case.

The result on T;A74,) © T:Da, is then clear since the skewsym-
metric matrices are orthogonal to the symmetric ones. "

In order to describe the matrix G 4, involved in Theorem 7.1, recall
that the £,-norm of a vector z € R™ = M(n, R) is

= (32 fea) "

I<i,j<n
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10.1.7. LEMMA.  For x in Dy,, the matriz G a,(x), is obtained in
restricting the bilinear form

|z % (aep(@—1) > fwiy* P EY @ BV
1<i,j<n

+‘x‘2(a 1) A Z (m_l)l,i(fﬂ_l)j,kEi’j®Ek’l
1<7'7]7k7l<n

to the subspace TyAr(a,) © TiDa, -

Proof. Given the comment following Theorem 7.1, it is enough
to calculate the second fundamental form of the hypersurface Ar(4,)
(resp. 0A1). Since this hypersurface is the level set of the function I
(resp. det), its second fundamental form is the restriction of D21/|DI|
(resp.  D?det/|Ddet|) to the tangent space of Aja,) (resp. 0A;).
Lemma 10.1.5 gives

D2(x)  (a—1)30 g cn lvig|* 2B © B

|DI(z)] (Zl<ij<n|$i7j|2(a—1))l/z

a—1 Z |mij‘a—2Ei,j ® El,] .
| |2(a 1) 1<,5<n

To calculate the second fundamental form of 0A; at a point =
in Dy,, notice that for h tangent to dA;, Lemma 10.0.1 implies
tr(z='h) = 0. Consequently, for h, k in T,0A;, Lemma 10.0.1 yields
D2?det(x)(h, k) = —tr(z~'ha~'k). Then, Lemma 10.0.2 and (10.0.1)
show that for x € D4,, the matrix D2det(x)/|Ddet ()| is

o Z (x_l)m,i(m_l)j,lEi’j ® El’m/|($_1)T

1<i7j7l7m<n
and the result follows. "

10.1.8. LEMMA. If a =2 and x belongs to Dy, = SO(n,R), then

2
Gy, () = ﬁIdR(nq)(nm)/Q .

Proof. For a = 2 the differential of I is the identity. If x is
in Dy,, Lemma 10.1.2 forces |DI(z)| = |z| = /n. Furthermore,
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since Dy, is the special orthogonal group, Ddet(z) = (z~1)T
D4, = SO(n,R). Consequently, |Ddet(x)| = \/n on Dy, .

If h, k are in TyApa,) © T;Da,, and z is in SO(n,R), Lemma
10.1.6 implies (x7'h)T = 27'h since z7'h is symmetric as well as
tr(z~'h) = 0. We then infer from Lemma 10.0.1 that
D?det(z)(h, k) = —tr(z ™ ha ™ k) = —tr (27 h) T2~ k) = —tx(hT k)

= —(h,k).
Consequently, the restriction of the bilinear form D?det to T, A 1(A) ©
TxDa4, is the identity. When z is in Dy, , it follows that G4, (z)(h, k)
= 2(h,k)/v/n on TyApa,y) © TyDa,. Since TpApa,) © TeDa, has
dimension (n—1)(n+2)/2 thanks to Lemma 10.1.6, the result follows.

= T on

In order to obtain an expression for G4, when a # 2, we find an
explicit orthonormal basis of T A7(4,)©T,Da, for x in Da,. It is then
possible to express the matrix G 4, in this basis. The construction goes
as follows.

For a real matrix M = (M;;),;;, we denote by M,;
(Mij)1<icn (vesp. M;,) the vector in R™ made of its j-th column
(resp. i-th row).

Notice that any x in D4, is also in SL(n,R), and so is invert-
ible. For 1 < 4,57 < n, i # j, let y; € R™ be an orthonormal
basis of { (z71),;}*, the orthogonal subspace in R" of the i-th col-
1<i<n € R™, the

vector whose coordinates are the diagonal entries of ™ 'Tz~!. Fur-

umn vector of z=1. Define also e = ((x_lTx_l)m)

thermore, define y!, 1 < i < n — 1 to be an orthonormal basis of
{e}+ where {e}* — in R — is equipped with the quadratic form
. . _1T _1 . . .
PrOJ{e}ldlag((m x )ivi)lgz’gn‘{e}i' This quadratic form is the
compression to { e }* of the diagonal matrix obtained by writing the
components of e on its diagonal. We denote by y,ij, 1 < k < n, the
components of the vector y§ in R”, 1 <4,j < n. Finally, define
F= Y g B i#j1<ij<n,
1<k<n
Fit = Z yii(m_l)m’lEl’m, 1<i<n-—1.
1<I,m<n

10.1.9. LEMMA. In M(n,R) = R"2, the n? — 1 wvectors F™, for
i,7 in{1,2,...,n} with (i,7) # (n,n), form an orthonormal basis of
{m—lT }J_'
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Proof.  Let us first show that all the matrices F*J are orthogonal to
71T Indeed, if i # j,

(F7,07T) = 3 g ke = (s (27 ei) = 0,

1<k<sn

while for i = 7,

(F ey = > gl D ma(@ e = D yiae Ty

To check that we have an orthonormal basis, we use the identity

(E%,EMY = 6 5y 0ey- 161 % j and p # q,

<F27j7 PP = Z y/if,jyi,q(sivp = <y§ 7yg>5i,p = 0(i,4),(p.q) -
1<k, I<n

Next, for i # j,

(FYFPP) = % gk (e ke =y (yh, (7)) = 0.
1<k<n

Finally, for ¢,7 =1,2,...,n— 1,

(Fii, [y = Z yf,iyf,j(x‘l)m,z(w‘l)mvl
1<lm<n
= Z ylinlj’j(fE_leE_l)l,l
1<i<n
= 0ij

by our choice of y. "

Combining Lemmas 10.1.7 and 10.1.9, we can calculate the (n? —
1) x (n* — 1)-matrix ((Ga,(z)F™, F&Y) where (4, 5), (k,1) belong
to{1l,....,n} x{1,...,n}\ {(n,n)}. This amounts to writing the
matrix G4, (x) in the orthonormal basis F*/, 1 < 4,5 < n, (i,j) #
(n,n). The explicit calculation is rather long, and unfortunately does
not seem to simplify much. But the work done so far is all that we
need to implement the approximation numerically.

To conclude the proof of Theorem 10.1.1, it remains to check the
assumptions of Theorem 7.1.
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Assumptions (7.1) and (7.2) hold since we assume a > 1. Assump-
tion (7.3) is trivial since we assume « > 2.

Assumption (7.4) is guaranteed by Conjecture 10.1.3 when « # 2,
while it is trivial for oo = 2.

To check assumption (7.5), use Remark 7.3 and the calculation of
Ddet and DI made in this section. Indeed, Lemma 10.1.1 yields

L 2(a-1
(DI(z), Ddet(z)) = X\xbga_l; >0

for any = in Dy, . This concludes the proof of Theorem 10.1.4. "

When a = 2, we infer the following corollary.

10.1.10. COROLLARY. Let (Xivj)lgi,jgn
with independent and identically coefficients all having a standard
normal distribution. The distribution of t=/"X gwen detX > t
converges weakly™* to the uniform distribution over SO(n,R).

be an nxn random matriz,

Proof. It is now a straightforward application of Theorem 7.5. =
10.2. Random determinants, heavy tails.

We now consider the problem of approximating the tail probability
of the determinant of a random matrix, assuming that its coefficients
are independent and all have a Student like cumulative distribution
function S,. For this problem, the general framework proposed so
far can be used. The argument is very much like that used to prove
Theorem 8.3.1. For a change, we will give a probabilistic proof, which
is actually inspired by Theorem 5.1, showing another sort of use of
that theorem. This proof will be far less conceptual, and will give no
insights.
The result is as follows.

10.2.1. THEOREM. Let X = (X, )i<ij<n be a matriz with inde-
pendent and identically distributed coefficients, all having a Student
like distribution with parameter . Then,

n(QKS,aa(O‘“)/z)” (log t)"_l
2c te

P{detX >t} ~ ast — oo.
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Proof.  We will see why Theorem 5.1 suggests that, as t tends to
infinity,

P{detX >t} =P{ > €(0) [[ Xioe >t}

cEG, 1<i<n

~ Y Plelo) T Xiow 2t}

ceS, 1<ign

=nlP{ H X1, >t}

1<i<n

Admitting this relation, our first lemma gives the key estimate.

10.2.2. LEMMA. Let Xy, ..., X, be n independent random variables
with Student-like distribution S,. The product X ...X, has upper
tail

a+1

(2Ksqa 2 )" (logt)"~1

2a(n —1)! to as b =00,

P{X,.. Xp>t}~

Its lower tail is equivalent to its upper tail.

Proof.  We proceed by induction. For n = 1, the result is plain from
the definition of Student-like distributions. Call F,, the cumulative
distribution function of the product X; ... X,, and ¢, the constant

(2Ks O{O[(oa—l—l)/2)n
2a(n —1)!

Cp —

Assume that F,,_1 has the form given in the statement of the lemma.
Then

1= Fo(t) = P{X1 ... Xp_1 > t/Xn; Xn >0}
+P{X1...Xn_1 <t/n;Xn<0}.

Let us evaluate the first probability in the sum. The second one is
either evaluated in the same way, or is obtained from the first one
by changing X, into —X,,. This first probability can be rewritten as
Joo 1= Fuoa(t/z) dSqa(2).

Let 6 be a positive number. Using the induction hypothesis, there
exists a positive M such that for any y larger than M,

(logy)" 2 (log y)"~2

(1 - 6)071—1 o <1- Fn—l(y) < (1 + 5)Cn—l o
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Moreover, taking M large enough, we also have

(1—0) L <1-Suy) < (1+8)—=.

Yy Y
Consequently,
t/M t/M log t n—2
/ 1= Fy_1(t/2) dSa(z) < (14 6)en_1 / Uog /)" 4 (a).
M M (t/z)
(10.2.1)
We integrate by parts, writing
t/M t/M
/ 2*(logt/z)" 2 dSa(z) = [:pa(log t/2)"2(So(z) — 1)]
M M

/M
—/M (ozxa_l(log t/2)" 2 —(n—2)x* (log t/x)n_g) (Sa(z)—1)dz.

The number M can be taken large enough so that 1/log z < § for any
z greater than M. Then,

/M
/ 2%(logt/z)"2dSs(x)

M
t/M 1 t\n—2
< O(logt)" 2 + (a(1 +8)ey +6(n—2))/ —(log —) dz
M T x
/M
= O(log )" 2 + (ac1 (1 4 6) + d(n — 2)) / g(log )" 2dy
M
n—2 (1Ogt)n_1
=O(logt)" ™ + (aci(14+6) + d(n— 2))ﬁ (1+0(1))
as ¢ tends to infinity. Therefore, (10.3.1) yields
/M
/ 1—Fo_1(t/z)dS,(x)
M
149 logt)n~!
< ( ;; )cn—1(a(1 +d)er +6(n— 2))%(1 +0(1)) .

We obtain a similar lower bound, replacing § by —4.
In the range of integration x > t/M, we have

/OO 1 —Fo1(t/z)dSa(z) <1 —S,(t/M)=0(t"?) ast — 00.
/M
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On the other hand, when x < M we have

/M (1 — Foo1(t/2)) dSy(z) < 1— Foq(t/M) = O((logt)n—2>
0 1o

as t tends to infinity. Since J is arbitrary, we proved that

c1cn—1 (logt)™ 1
n—1 o ’

P{Xl...Xn_l Zt/Xn;XnZO}NOé

as t tends to infinity. Therefore,

c16n_1 (logt)" 1
n—1 to

1 — F,o(t) ~ 2«

Since 2aci¢,—1 = ¢y, the result on the upper tail follows. The lower
tail F'(t) as t tends to infinity is handled in the same way. .

The next lemma will allow us to prove that if detX > ¢ and ¢ is
large, it is very unlikely that two different products ngign Xio(i)s
o € &, are both of order t.

10.2.3. LEMMA.  Let X1,..., X4k be n + k independent random
variables with Student-like distribution function S,. For o > 1, and
k positive,

1 tn—l
P{Xl...XnZt;Xk+1...Xk+nZt}=0((Og )

)

as t tends to infinity.

Proof. If k > n, the result follows from independence and Lemma
10.2.2. Thus, from now on, assume that £ < n. Set Y = X7... X},
Z = Xgi1...Xp and U = Xpy1... Xk Since these random
variables are independent, we have

P{YZ>t2U >t} = /WO P{ Z> t(év%) }dFk(y)dFk(u)
n /y’u@ P{ Z < t(i A %) }dFk(y)dFk(u) .

Let us evaluate the first integral, the second one being similar. Using
the symmetry in u and y, it suffices to prove that

/ P{X >t/y}dF(y)dFi(u) = o(t_a(logt)n_l)
0<y<u
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as t tends to infinity.

Let us use the notation ¢ as in the proof of Lemma 10.2.2. Let
0 be an arbitrary positive number. Then, there exists a positive M
such that for any u > M

n—k—1 n—k—1

(1- 5)%-1&% SP{Z>u}<(1+ 5)cn_k%
u u
k—1 k—1
(1- 5)%% <1- Fu(u) < (1+ 5)%%

We then have, using Lemma 10.2.2 and the fact that & is strictly less
than n

O<y<u P{Z > t/y}dFy(y) dFy(u)

t/M<u
< / dFy(u) = O(t_a(logt)kH)
t<M<u
= o(t™*(log t)"_l)) :
Thus, we need to prove that
P{Z > t/y}dFy(y)dFi(u) = o(t_o‘(logt)"_l)

(10.2.2)
as t tends to infinity. We first perform the integration in u, obtaining

P{Z >t]y}dFy(u) dFg(y)

/M<y<u<t/M

/M<y<u<t/M
:/ P{Z>t/y}(1— Fyly) — 1+ Fi(t/M)) dFy(y)
M<y<t/M

<(-non) [ o P2 U ARG).

We then use the bound on the tail of Z and integrate by parts,

/ P{Z > t/y}dF(y)
M<y<t/M

<(1+ 5)Cn—k/

M<y<t/M

<(1+0)en i [(log %)”_k—l (ﬁ(Fk(y) - I)KQM

ya_l t n—k—2
+(1+5)cn_k/ - (log—> X
M<y<t/M t Yy

<alog§ +(n—Fk— 1)) (Fr(y) — 1) dy
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Using the bound on 1 — F}, we obtain

/ P{Z > t/y}dFi(y)
M<y<t/M
< O((logt)™ =1 /1)

n—k—1 k—1
L on) / (log t/yo? (logy) dy
M<y<t/M t Yy

The change of variable v = (logy)/logt shows that

/ (logt —logy)" "1 (logy)*~! »
M<y<t/M 2 Yy

log )2 1
~ ( Ogto? / (1 o U)n_k_l’l)k_l dv
0

_ 0<(logt)”‘1> _

ta

Consequently, (10.2.2) holds as well as Lemma 10.2.3. .

We can now prove Theorem 10.2.1. For a permutation o in &,,

define
Yo =¢€(0) H Xio() -

1<isn

For any fixed positive 4,

P{detX >t} =P{ Y Y, >t}
ce6,

>P{ U (eza+03n ) (el <w/my) }

eSS, T€GL\{o}

>ZP{YU>t(1+6)}ﬂ N {\ergta/m}}

ceG, T7€G,\{o}

— > P{Y, 2 t(140); Yo, 2 t(1+0)}

01,0266,
o1#09

From Lemma 10.2.3, we infer that

1 t n—1
Yo P{Ye, > t(1+0); Y, > t(1+5)}=0(%>-
0'1,0'2667L
o1 #09
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Moreover, if 7 and o are distinct, Lemma 10.2.3 implies
(logt)" !
P{Y, > t(1+6) and |V;| > t/on! } = O(T) .
Consequently, using Lemma 10.2.2,

S P{vezti+oin () Al <w/m}}

€6, TEGn\{O’}
~n!P{Yq = t(1+9)}
n a+1

~ (2K aT)nM
200 7 (1+6)1)*"

ast — 00.

This proves the lower bound

(logt)"~ ! 1+0(1)
o+l (1 _|_6)a+1

P{detX >t} > QE(sz,aa“T“)"
«

as t tends to infinity.
To obtain a matching upper bound, notice that

P{det X >t} < P{30€6,,Y, > t(1—0)
and V7 € 6, \ {0}, |Ys|
-i-P{E|7'1,7'2€6n,7'17é7'27 5t/n' T

to/n!'}
ot/n!}

<
2

Applying Lemma 10.2.3 and 10.2.2, we obtain

n—1
P{detX >t} < Y P{Y, > t(l—d)}+o<(logt+j)
0’6677,
a+1

=-\n n—1
Nn(QKs,aa 2 )" (logt)" ™' 14 o(1) st o0

2 e (1—=9)~

Since 0 is arbitrarily small, we proved Theorem 10.2.1. "

Let us now show why Theorem 5.1 suggested the proof of Theorem
10.2.1. Define the set

Ay={zeMn,R) : detz >t} =t"/"A;.

Theorem 10.2.1 provides an estimate for the integral

[T i
A

t1<i,j<n
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The change of variable Y = ®~ 0 S, (X) leads us to introduce
Bt =d o Sa(At) .

It allows us to rewrite the integral under consideration as

/ 1) gy
By

where

is convex. To minimize I over By, take a matrix x in 0A; that is
in SL(n,R). Then y = ® o S,(t'/"z) is on the boundary of B;.
Furthermore,

1(®70 Salt"2)) ~ (logt"/™)E{ (1,7) « w1 #0}

Thus, for I(CID‘_O Sa(tl/":r)) to be minimum asymptotically, z should
have as many zero components as possible, namely n. The matrices
of SL(n,R) with n nonvanishing entries form a subgroup which can
be described as follows. Define the matrix

(-1 0
L= < 0 Idn_1> .

Let DSL(n,R) be the subgroup of all diagonal matrices in SL(n,R).
To a permutation ¢ in &,, we associate the matrix of its permutation
representation, conveniently denoted o as well. Thus, oe; = e,(;).
Denote by &,, + the subgroup of all even permutation of n elements.
Equivalently, &, ; is &, SL(n,R). Denote &,, — the subset of &,,
of all odd permutation matrices. Let (I; ,—16, _) be the subgroup
of SL(n,R) generated by the matrices I ,—10, with 0 € &,, . Then
S+ U(l1n—16,,—) is a group made of matrices which are, up to the
sign of their entries, permutation matrices, and are of determinant
equal to 1. This group acts on DSL(n,R) by

(o,m) € (64 U ([1,-16,,-)) x DSL(n,R) — om € SL(n,R)
Denote by (6n7+ U <Il7n_16n7_>)DSL(n, R) the image of this action.

One easily sees that it is a subgroup of SL(n,R), made of all the
matrices with exactly m nonvanishing entries. Let x = om be
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in this subgroup. Using Lemma A.1.5 and the fact that detm =

H1<i<d mi; =1,
(970 Sa(tYx)) = 1(® 70 Sa(t*/?m))

_ Z (alog(tl/n|mi,z‘|) — %loglog(tl/"|mi,i|)
1<i<d

— 21og(K; oa®/?2y/T)) + log(2m)""/? + o(1)
d
= alogt — 3 loglog t'/? — 2dlog( Ky 0™ ?2:/7)

+log(2m)" /% + o(1) . (10.2.3)

This expression does not depends on m. It suggests that the domi-
nating manifold in our problem should be

0 S, (tl/" (Sny Ull1p 16, ))DSL(n, R)) .

This set is made up of n! connected components, each component
being DSL(n, R) composed on the left either by an even permutation,
or by I1,—1 and an odd permutation. As I is invariant under
permutations and composition by /1 1, all these components should
be equally likely. Since the distribution of the X;’s is asymptotically
symmetric, this suggests the approximation

P{Y o) ] Xiow =t} ~ D P{ [] Xiworwy 2t}

ce6, 1<ign ce6, 1<ign

where 7 is a transposition, depending on o, such that &,, = {,007 :
o0 € 6,4 }. The main reason the proof is complicated using this
method is that (10.2.3) is not uniform in m. It is uniform in the range
t/"m — oo and log |m; |/ logt — 0. This is exactly the same problem
as the one we faced in section 8.3, and a similar parameterization can
be used.

10.3. Geometry of the unit ball of M(n,R).

The purpose of this section is to study some elementary differential
geometric properties of the set S of all real matrices of norm 1. This
will be instrumental in the next section to obtain results on norm of
random matrices. We will prove — Propositions 10.3.1 and 10.3.2 —
that this set is a fiber bundle over a Klein bottle of dimension 2(n—1),
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whose fibers are isomorphic to the unit ball of (n — 1) x (n — 1) real
matrices. We will explicitly calculate various curvatures of this set.

Recall that the set M(n, R) = R of all n x n matrices with real
entries is equipped with the inner product

(M,N)= > M;;N;;=tr(MNT).
1<6,j<n

With this inner product, M(n,R) is R equipped with its standard
inner product. On R”z, the Fuclidean unit sphere is a submanifold of
dimension n? — 1 with constant curvature, whose geometry is very
well understood. However, for algebraic reasons, it is often more
convenient to equip M(n,R) with the operator norm

|M|| =sup{ |Mu| : we S,_1},
where | - | is the Euclidean norm in R™ and
Sp—1={z€R": |z|=1}

is the unit sphere centered at the origin. The unit sphere centered in

(M(n,R), || - [|), namely
S={MeMnR):|M|=1}.

is not as familiar as S,2_; as far as its geometry is concerned. We
need to understand what S looks like in M(n, R) identified with R™”.
For this purpose, for any u,v € R™, define the subspace of matrices

Hyo={heMn,R) : hu=hTv=0}.

In what follows, vectors in R™ are considered as row vectors, and so if
u belongs to R”, then uT is a 1 x n matrix. We also use systematically
the tensor product notation; if u, v are two vectors in R™, their tensor
product is the matrix © ® v = vu™. This notation agrees with that
used in section 10.1 when we dealt with vectors in R"™”.

To understand the geometry of S, it is convenient to remove some
singular points and define

S'={M €S : 1isasimple cigenvalue of MTM }.

In M(n,R), the closure of §° is §. Proposition 10.3.1 bellow asserts
that S° is a smooth submanifold of R™”. Moreover, S is a fiber bundle
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over a Klein bottle S;,—1 ® S;,—1 = Sp—1 X Sp—1/{1d, —1Id }, whose
fibers are isomorphic to the unit ball of H, ., for the operator norm.
So the dimension of the fibers is (n — 1)2. We will show that there are
no higher dimensional convex subsets in $° — this follows from the
form of the curvature tensor of S given in Theorem 10.3.3. Each fiber
is also is orthogonal to its base point in S,,_1 x S,—1/{1d, —Id }.

10.3.1. PROPOSITION  Every matrizc M in S can be written as
M =u®uv+h for some u,v in Sp_1, and h € Hy, with ||h] < 1.
This decomposition satisfies the following properties:

(i) up to the transformation (u,v) — (—u,—v), it is unique if and
only if 1 is a simple eigenvalue of M M.

(ii) Hy . is orthogonal to u®v and dim H,,,, = (n—1)? for all u,v in
Sp—1-

Proof.  To check that matrices of the form M = u®uv+h, with u, v in
Sp—1 and ||h]] < 1 are of unit norm, notice that the operator norm of
such matrix is at least 1, since Mu = v. On the other hand, write any
vector x of R™ as u(x,u) + Proj,.x where Proj,. is the projection
onto {u}*. Then, apply M to x, use that h is a contraction and
belongs to H,,, to obtain [Mz|? < |z|?, and so || M|| < 1.

To prove that all matrices of norm 1 are of this form, take u to be a
unit eigenvector of MTM with eigenvalue 1. This vector u is unique
up to its sign if and only if 1 is a simple eigenvalue. Define v = Mu
and h = M —u ® v. Since

1=|ul= \MTMu| < |Mul = v] < |ul =1,

the vector v also belong to S,—1. One easily checks that h belongs
to Hy,. To see why h is a contraction, notice first that hu = 0.
Moreover, if w is orthogonal to u, then |hw| = |Mw| < |w|. The
uniqueness statement is then clear.

The orthogonality relation (ii) follows from (u ® v, h) = tr(vu™hT)
= 0, for h belongs to H, ,.

To obtain the dimension of H,, ,, write R,, as an orthogonal matrix
mapping the first vector of the canonical basis of R”, say e1, to u.
Then Hy , = REHel,elRu. Hence, dim H,,, = dim H, .,. Since the
equations determining He, ., are

h171:th:...:th:OandhLl:h271:...:hn,1:O,

we have dim H,, , = (n — 1)? as claimed. .



10.3.  Geometry of the unit ball of M(n, R) 221

For the unit sphere S,,_1 in R”, it is an obvious fact that the tangent
space at any point u is just the subspace orthogonal to w in R™. So
one may wonder if this property has an analogue for the unit ball S.
Our next proposition shows that this is somewhat the case and gives
an explicit description of the tangent spaces. This will be useful in
calculating the curvature tensor of S°. It also proves that the fibers
H, , are not only orthogonal to v ® v but also to the tangent space
Tugw(Sn—1 ® Sp—1). Hence, they point orthogonally to the base.

Notice that if h belongs to H,, ,, the image Imh = hR" is included
in {v}t =1T,5,_1, while Imh™ C {u}*+ =T,S,_1. For u, vin S,_;
and h in H,,, consider the following subspaces of M(n,R),

Hyp={a®v—u®(ha) : a € TySn_1},
Hg,v,h:{u®b_(th)®U : bETvSn_l}.

10.3.2. PROPOSITION.  Let u, v be in Sy,—1 and h be in H,, with
|h]| < 1. Then

(2) Hzi,v,h N Hg,v,h = {0 } )

(ii) Tu®v+h30 = Hu,v @ (Hi,v,h + Hg,v,h) :

The vector u ® v is an outward unit normal to S° at all points of the

form u ® v + h, with u,v € S,_1 and h a contraction belonging to
Hy .

Proof. It is convenient to notice the following trivial identity which
will be used repeatedly: for any a,b, z,y in R™,

(a®@bx®y) =tr(ba"zy") = (a,2)(b,y) .
(i) Let a be in T}, Sp,—1, and b be in T;,S,—1. Define

r=a®v—u®(ha) € HL, ),
y=u@b— (h"b)@ve H2,,.

Since u is orthogonal to a and v to b, and h is in H,,,,
(@, y)| = |(ha,b) + (a, hTb)| < |hal[b] + |a||R"D].
Moreover, for the same reasons,

2 = a2 + [ha2,  and |yl = o] + [RTHP2.
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Therefore |<:c y)| < |z||ly]. Thus,  and y cannot be collinear, and
‘H’ivhm uvh - {O}
(ii) The inclusion of H,, , into T, u®v+h80 is clear: consider the tangent
vector at 0 of the curve s — u ® v + (1 + s)h € S°.

Next, consider two curves u(s), v(s) in Sp—1, with u(0) = wu,
v(0) = v, ¥/ (0) = a, V(0) = b. Let h(s) be a curve in M(n,R)
such that h(s) is in Hiy(g) u(s), M(0) = h, and h'(0) = k. The tangent
vector at 0 of the curve u(s) ® v(s) + ( ) inS'isa®@v+u®b+k.
Differentiating the relation h(s)u(s) = hT(s)v(s) = 0 at s = 0 yields

ku = —ha and kv = —hTh. (10.3.1)

Taking b = 0, one sees that k = —u ® (ha) satisfies (10.3.1) and so
a®v—u® (ha) is in the tangent space Tu®v+h80. Hence, H;Mh isa
subset of TygprnSP.

Considering @ = 0 and checking that k = (—hTb) ® v satisfies
(10.3.1) yields the inclusion of HSMh in TyeprnSP.

The orthogonality of Hi o, and Hy , comes from the fact that for
ain T,S,_1 and h in Hu,v,’ ’

(a®v—u® (ha),h) = tr(avTh — u(ha)Th) =0.

Similarly, one proves that Hi .1, 18 orthogonal to H, ,.

As a consequence of Proposition 10.3.1, SV is a manifold of dimen-
sion n? — 1 and dim H,,, = (n — 1)?. Thus,

dim (Hy, @ (Hiv,h + Hi%h)) = dim &Y

and we indeed found the whole tangent space to S° — and not only
a subspace. "

We can now construct explicitly an orthonormal basis for the
tangent space in which we will express the second fundamental form
of the immersion S° C R“z, and hence the curvature tensor of S°.

For this purpose, we denote by ef,...,er_; an orthonormal basis
of T,Sy—1. Whenever h belongs to H, ,, the vector u is in the kernel
of hTh. Thus, if ||k|| < 1, the matrix (Id + hTh)~1/2 is well defined,
and {u }* is an invariant subspace for this matrix. Consequently, the
vectors

= d+hTh) "2t € TSy,  1<i<n—1,
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are all in 7;,5,,—1. They even span T3,5,—1, because so do the e'’s and
|h]| < 1. The matrices

fi=a;i@v—u®(ha;),1<i<n—1,

form an orthonormal basis of H& o1, Since an elementary calculation
shows

(fi, £;) = (ai, I + AT R)aj) = 6; ;.

To construct an orthonormal basis of the orthocomplement
Kyopn=(H: ,+H>, ,)oH!
u,v,h u,v,h u,v,h u,v,h

notice that for h in H,,,, with ||h| < 1, the subspace { v }* is invariant
under (Id + hhT)Y/2 and (Id — hh™)~!. Thus,

bj = (Id — hh") 7 (Id + hhT)/%eb € T, 8,y .

For any b in T),S,,_1, define

P=b-2 > (bha)ha € {v}',

1<i<n—1

B=hTb—2 Y (bhaa; € {u}t.
1<i<n—1

The vectors b = (b;)* and b = (b;)" are then defined, and so are the
matrices

gi =u®b] —bi®@veM(n,R).
Using the bilinearity of the tensor product, we deduce that g; belongs
to Hi,v,h + Hiv , since u ® b; — (RTh;) ® v is in HSMh while
a; v —u® (ha;) is in H}

u,v,h"

10.3.3. PROPOSITION.  The matrices f;, g;, 1 <i,j <n—1, form

an orthonormal basis of H& vh T Hu v

Proof. It remains for us to prove that the g;’s are orthonormal, and
that they are orthogonal to the f;’s. Since b7 is orthogonal to u and
by to v,

Using the expression of b , b, b;’ and by, we write

(95, 9k) = (bj, Qby) ,
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where () is the matrix

Q=hr"+1d+4 > haafh(1d + hTh)a;, ar)

1<i,l<n—1
-8 E hazal bt .
1<i<n—1

Since ((Id + hTh)a;, a;) = 6;;, we have

Q=hh"+1d—4 Y haal kT
1<i<n—1

Notice that
aia; = Id + hTh) "1 2etel ™ (1d + BTh)~1/?
1% )

1<i<n—1 1<i<n—1
= (Id + hTh)"Y2Proj,. (1d + KT h) /2.

Since the image of A" is orthogonal to v and {u }* is invariant under
(Id + KTh)=Y/2 | we obtain

Q = hh™ +1d — 4h(Id + hTh)"1AT .
This expression simplifies further since

(Id — hhY)(Id + RRT)~(1d — hAT)

_ (Id _ hhT)(Z(_l)k(hhT)k - Z(—l)k(hhT)k+l)

k>0 k>0
— Z hhT Z(_l)k(hhT)k-l-l
k>0 k>0
_ Z hhT k+1 + Z hhT)k+2
k>0 k>0
=Id+ hhT +4) (-1 (hnT)"
k>1
=Id 4 hh* — 4n(1d + KT R) AT

=0
Consequently, replacing b; by its definition,
(95, 9%) = ((Ad — hRT)~1(1d + hhT)l/zeg ’
Q(Id — hn®)"H(1d + hhT)!2ep)
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To conclude the proof, we calculate

(firgj) = (@ ®@v —u® (ha;), u® b — bj @)
= —(ai7b}‘> - <hal7b3’> .

Since

by + 10y =2nTb; -2 Y (b, hay)(Id + hTh)ay,
1<k<n—1

we deduce that

(firg5) = —2(ai, hTb;) +2 > (bj, har)di =0
1<k<n

as claimed. n

Consider an orthonormal basis hg, 1 < k < (n — 1)2, of Hy,.
Furthermore, define the vectors

¢j = —[Id —2(Id + h"h) "' hTb; € TuSn—1.

Quite remarkably, it is possible to explicitely calculate the curvature
tensor of S° through its second fundamental form.

10.3.4. THEOREM.  For u, v in Sy—1, for h in H,, with ||| < 1,
the second fundamental form of S at u ® v + h in the orthogonal
basis fi,gj he, 1 < i,j <n—1,1< k< (n— 1)2, is given by the
(n? —1) x (n? — 1) matriz

n—1 n—1 n2—2n+1
n—1 (a;,a;) (ci,a;) 0
= n-1 (ai, Cj> <Ci, Cj> + <b,’, (Id — hhT)bj> 0
2_9n+1 0 0 0

Proof. Let N = u®uv be the outward unit normal to S* at u@v+h —
see Proposition 10.3.2. We will denote by V the covariant derivative
on 8Y; that is, for a vector field X defined on S, for v a tangent
vector vector field and p a point on S°,

VuX(p) = Projp,s0DX(p) - u.
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The calculations made in the proof of Proposition 10.3.2 show that
fi is the tangent vector at 0 of a curve s — u(s) ® v + h(s) with
u(0) = u, h(0) = h and «/(0) = a; and h'(0) = —u®ha;. Consequently
vy,

7

N = a; ® v. Moreover,

vng = VU@bj—(thj®'U -2 Z b]’hal U®(hai)—ai®UN
1<i<n—1

=u®bj+2 Z (bj, haj)a; @ v.
1<i<n—1

Moreover, since N is constant along h € H,, , — u®v + h, ||h|| <1,
we have Vj,, N = 0. A routine calculation gives the first entries of the
matrix, namely

(ViN, f) = (ai, a5) -

Next, we have

(Vo fj) = —=(hbia) +2 Y (hTbi, an){ax, ay)

1<h<n—1
= (aj7 —]’LTbZ + 2 Z aka;thbi> .
1<k<n—1

Since the image of AT is orthogonal to u,
> apap kT = (1d+ hhT) AT
1<k<n—1
This gives the entries in (a;, ¢;).

Finally, we calculate

(Vg N,gi) = (u®b;+2 > (b, hap)ap @v, u@ by —bY @ v)
1<k<n—1

= (i,b0) =2 Y (i, hag){ag, bY)

1<k<n—1

where the matrix @ is

Q=1d-4 Z halalThT +4 Z haka?hka, ap) .
1<i<n—1 1<k, l<n—1

Again, since the image of AT is orthogonal to u,

h Y aafhT =h(1d+ hhT) AT
1<i<n—1
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Moreover,
T T
h g aga; {ag,a;)h
1<k, I<n—1

=h(Id+hhT) V2 3" epef (ep, (I + hTh) " tey)x
1<k, I<n—1

(Id + hhT)~/2pT
=h(Id + hhT)72RT.
Consequently,
Q = Id — 4h(Id + hh")"'RT + 4n(1d + RRT)2RT
—1d — hhT + h(1d — 2(1d + RT) 1) 2R
This gives
(Vg N, gj) = (bi (1d = hhT)bj) + (ci, ¢5)
as claimed. .
It follows from Theorem 10.3.4 and elementary results on immer-
sions that the Riemannian curvature tensor R of S? can be calculated
explicitly in the basis f;, g;, hi.. It is convenient to define f,,_14; = g;
fori=1,...,n—1and fyy_1)4; = h; fori= L...,(n=1)2 IfX)Y
are two elements of T},g,4+1,S?, then
<R(fi7 fj)Xv Y> =X (VfiN(ijN)T - ijN(VfiN)T)Y.
Thus, R(f;, f;) is the compression to the tangent space of the matrix

vfiN(vij)T - vij(vfiN)T'

As a byproduct of the work done, we can prove that there are no
flat and nontrivial convex subsets in S° besides the unit balls of the
fibers H, ,. This result will not be used in the sequel, but brings
more intuition on the shape of the sphere S. It is enough to show
that the 2(n — 1) x 2(n — 1) upper left corner submatrix of IT has no
zero eigenvalue. Since ||h|| < 1 on our parameterization of S°, this
follows from the next result.

10.3.5. PROPOSITION.  The following equality holds,

det ((ai;aj>i,j (ai7cj>i,j . >
(@i, cj)ij  (circj)ig+ (bi, (Id — hR7)bj)i 4

= det(Id + hh™") det(Id 4+ hh) det(Id — hh™T).
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Proof.  We first calculate a subdeterminant of the given one. Going
back to the definition of the a;’s and using that u is an eigenvector of
(Id + hTh) associated to the eigenvalue 1,

det({a;, a;))i; = det(ez-“, (Id + hTh)eju->)
= det(Id + hTh).

1<6,j<n—1

Furthermore, since v is an eigenvalue of (Id + ATh)Y/? and (Id —
hh™)~1 associated with the eigenvalue 1 — this can be seen by series
expanding and using the fact that hTv =0 —

det ((bi, (Id — hh™)by)),
= det((e?, (Id + hhT)2(Id — hhT) 1 (I1d + hhT)/2eb); ;)
= det(Id + hhT) det(Id — hhT).
To conclude the proof, we use the following claim, with d; = (Id —
hhT)1/2p;.

Claim.  Let a;, ¢;, d;j; 1 < i < n—1, be 3(n — 1) vectors in R™.
Consider the nx (n—1)-matrices a = (a1, ...,an-1), ¢ = (C1,...,Cn-1)
and d = (dy,...,dn—1). If the image of ¢ is contained in the image of
a, then

det<<‘6‘$>(a c)+<8 d9d>>:det(aTa)det(de).

To prove the claim, let P be an orthogonal matrix and D be a
diagonal one such that d*d = PDPT. Writing M for the matrix
whose determinant we want to calculate, we have

dernr=aer( (0 2) (%)@ (5 )+ (0 B))
(v (3 0))

The proof then goes by induction on the dimension of D, noticing
that for any real number ¢,

det<V+ <8 g)) = 6det Vi + det V



10.4. Norms of random matrices 229

where ?mm is the (m —1) x (m — 1) left upper corner of V' and m the
dimension of V. Consequently, we just need to prove that detV = 0.
This is clear since the condition Ime C Ima implies that the rank of
the matrix (a c¢) is the dimension of the image of a, and hence the
rank of V' is at most dim Ima. Consequently, we have

det<V+ <8 g)) =det (aa)det D.

This proves the claim and concludes the proof of Proposition 10.3.5.m

As a consequence of Proposition 10.3.5, the Gauss-Kronecker cur-
vature of the nonflat part of S° at u ® v + h is given by det(Id +

hTh) det(Id + hhT)det(Id — hhT). Other curvatures can be calculated
as well, leading to more or less interesting formulas.

10.4. Norms of random matrices.

Let us again consider a random matrix X = (Xivj)lgi j<n With
independent and identically distributed coefficients. Its (operator)
norm is

||XH:SUP{|XU|:|u|:1,u€R"},

In this section, we will obtain estimates for the tail probability
P{||X|| > t}, assuming that the X; ;s are either symmetric Weibull
or Student like distributed.

In theory, we just need to apply the results of chapter 9. Indeed,
R™ being reflexive, || X| = sup{(Xu,v) : u,v € S,_1}. Since
(Xu, v)re = (X, u ® V)pn2,
linear form X acting on the submanifold S,,_1 ® S,,_1 of R™.

we see that ||X|| is the supremum of the

However, a direct application of the results of chapter 9 in the case
of light tails is not that easy. We will proceed by using both chapter
7 and ideas from sections 9.1 and 9.2 as well.

Our first result is for light tails.

104.1. THEOREM.  Let X = (Xij), ¢ <, be a random matriz
with independent and identically distributed coefficients, all having the

symmetric Weibull-like density

ol—1/) —|I|a
wa(x)—mexp (T)’ r eR.
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(i) If o = 2, then

V2 o 12/242(n—1)-1

(i1) If a > 2, then
l=(1/a)\ "
PlIX| >tV ~ (S
(=)~ ()
(27T)(n2—1)/222n—1 e—to‘/(ana’z)

n(2=a)(n?+1)/2(o — 2)n=1(q — 1)(n—=1)%/2 45 (n*+1)—n?
as t tends to infinity.
Proof.  Define
Ay={z= (@iy)1<ijan € M, R) [z > t} =1tA;.

We need to evaluate

<O[1_(1/Oé)>n2 / < 1 Z | |a> H d
0 exXp - — Ii" Ii" .
2I(1 /) A o J J

Isi,g<n Isi,j<n

Defines the a-homogeneous function

|z]a
I) = =% = 2RI

1

Y i<ig<n
We can apply Theorem 7.1. The first step is to calculate I(A;) and
Da,. To do this, we need a description of the boundary

0A; ={z e M(n,R) : ||z]| =1},

that is of the sphere of radius 1 in the space of matrices endowed
with the operator norm. This is provided by Proposition 10.3.1. Let
us simply recall here that the matrices of norm 1 coincide with all
matrices of the form u ® v 4+ h, where u, v belong to the sphere S, _1
and h is an n X n matrix of operator norm less than 1, satisfying
hu = hTv = 0. This allows us to find Dy, .

10.4.2. LEMMA.  The function I is minimum over 0Ay ezxactly at
matrices of the form u ® v with
(i) u,v € {n_l/Q(el,...,en) g e{-1,1},1<i<n}ifa>2,
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(ii) u,v € Sp—1 if a =2,
(iti) u,v € {ee; e € {—-1,1},1<i<n}, ifa<2.

Proof.  As we already mentioned, ||z is the supremum of the linear
form x € R" acting on S;,,_1 ® S,_1. Proposition 9.1.7 and convexity
of AY implies I(0A1) = I,(Sp—1 ® Sp—1). Moreover, Lemma 9.1.9
asserts that I,(z) = 1/(alz|}) where a™l+ 37! = 1. We can first
calculate the points in S,,_1 ® S,,_1 which minimize I,. This is rather
easy since

—a/B
1<i,j<n

Thus, we need to locate the maxima of |u|g on S,—1.
If o is larger than 2, then 3 is smaller than 2. Therefore,

1 1/8 1 1/2 1
EPTO RIS > REE
" Gn " Ggn n

with equality if and only if |u;| = 1/y/n for all i@ = 1,2,... n.
Consequently,

[N

1
sup { Julg:u € Spq } =nf"2, ifao>2.

If « =2, then =2, and |u|g = 1 over all S,,_;.
Finally, if « is smaller than 2, then 3 is larger than 2. A unit vector
u has all its components u; between —1 and 1. Therefore,

1/8 1/
uls = (32 1l®) < (30 wil?) =1,
1<i<n 1<i<n
with equality if and only if one — and only one — of the |u;|’s is 1.
Consequently,

2—«

S Jn if a > 2,
O‘I'(“®”)/{1 if o <2,

with equality for (u,v) = (us, v«) with (u,, vs) exactly in the following
sets,
[y 5| = |vii| = 1/4/n i=1,2,...,n,if a > 2,
U, Vs € Sp_1 if « =2,
u*,v*e{eei:ee{—l,l},1<z’<n} if a < 2.
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For u and v in S,,_1, set
Hyp={heMn,R): hu:th:O}.
For h in H, ,, we have
(u@v,u@v+ h) = tr(ww’ vu’ +uww’h)=1.
Consequently,

L(u@v)=inf{I(z): (z,u®v) =1}
<inf{I(u@v+h):h€Hyy, R[] <1}.

The inequality
I(uy ®@v,) <inf{I(z):z € 0A; }.

follows. Observe that I, (u, ® v) = I(us ® vy) for any a > 1. Since
the function h € Hy, +— I(u ® v + h) is convex, as a restriction of a
convex function to a convex set, the infimum of I over 0A; is achieved
only at points z = u, ® v,. On those points I, and I coincide and this
concludes the proof. "

It is interesting to realize that the proof of Lemma 10.4.2 relies on
the fact that I, and I coincide on the matrices u, ® v.. Geometrically,
the matrices u @ v + h, h € H,, with ||h]| < 1 frorms a truncated
cylinder with base S,_1 ® S,,—1. What makes the proof work is that
Sn—1 is the polar reciprocal of its convex hull; a very special property
of the sphere!

Let us now calculate all the terms that come from applying Theorem
7.1. We will then justify that we can indeed apply this theorem in
verifying that its assumptions hold.

Let us first consider the case a > 2. From Lemma 10.4.2, we deduce

I(A) =n*"%/a.

The rescaled dominating manifold

DAlz{u(X)v:u,v of the form

%(61,...,%) :

qG{—Llngign}.
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is of dimension £ = 0. Its Riemannian volume is the counting measure

1
MDAl = 5 Z Z 61(51, €n) (N1 - yTn) Z(Se@)n/n

1<ij<negn;€{—1,1}

with

n) are

where the last sum is over all distinct matrices (n;e;/n), <ij
coefficients in { —1/n,1/n}. Note that e ® n and (—¢) ® (
equal, thus not distinct.

For z in Dy,, we have

sn

2
2 _ 20a-1) _ N _ . 4-2a
IDI(z)> = Z Rl = ey =T
1<i,j<n

We then need to calculate the curvature term det G 4,, and hence the
fundamental form HAI(AI),u*@)v* and Iy, y.@uv. for uy @ v, in Dy, .
From Theorem 10.3.4 with h = 0, we deduce that

Idy,_ 1y O
HaA1:< 2<0 b o> eM@®—1,R).

On the other hand, the second fundamental form of Ar(4,) at x is the
restriction to the tangent space T; A 4,) of

D2I(I) B 2a1) ~1/2 -
IDI(z)| ( Z |35 ) diag (| ;| )ngn(a —1).

Thus, if  is in D4,, we have |z; ;| = 1/n and

D2I(x) 1 a—1
= Id,2 = (o — 1)Id
DI(r)] — 2 paz 4t = (@ = Dlde

Hence, for x in Dy4,,

Idy, 1y O
HA](Al),x - HaAl,x = (a _ 1)Idn2_1 . < 2(8 1) O)

_ <(a — 2)ldy(p_1) 0 > |

0 (o = Dldp2_9,41

Therefore, on Dy,

det GAl (I) = (a — 2)2(”-1)(0[ _ 1)n2_2n+1 .
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We obtain the constant ¢; in Theorem 7.1,

1 \(*+1)/2 1
— (2 (n?-1)/2

o= s

B (QW)(n2—1)/222n—1

- n(2—a)(n2+1)/2(a —2)n—1(a — 1)(n—1)2/2

n—1)2/2 tDa,

n2—a

Putting all the pieces together,

al—(l/a) n2 e—nz’ato‘/a
) x

P(A;) ~
(4¢) <2F(1/a) fa-2)2 1
(27r)(n2—1)/222n—1

n(2—a)(n2+l)/2(a _ 2)n—1(a _ 1)(n—1)2/2

as t tends to infinity, which is the result.
Let us now turn to the case @ = 2. From Lemma 10.4.2, we conclude

I(Ay)=1)2.
The dominating manifold
DAl =op-1® Sn—l

is now of dimension k = 2(n — 1). Since S,—1 X Sp—1 is a double
covering of Dy, , the Riemannian measure on Dy, is half the product
measure on the product of 2 spheres S,,_1, each having the Rieman-
nian measure obtained from the Lebesgue measure on R™.

On Dy,, we also have

|DI(z)| = ( Z |Uin|2>1/2 = |ullv] = 1.

Isi,j<n

The computation of the curvature term det G 4, goes the same way as
for a > 2. Namely, we still have

Idy,, 0
HAI(Al) = Idnz_l and HaA1 — ( 2(8 1) 0) )

In particular,

0 0 0 0
HAI(A1) —1Ilpa, = <O Idn2—1—2(n—l)> - (0 Id(n_1)2> ’
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It follows that
GAI == Id(n_l)z

is of determinant 1. Therefore, with the notation of Theorem 7.1,

2 2
= (271')("2_2("_1)_1)/2 Vol(in—l) _ (271_)(”_1)2/2 VOI(S;n_l) .

Again, taking all the above estimates into account, we obtain
P{|X||>t} ~ %(27r)((n_1)2_n2)/2V01(Sn_1)26—t2/2t2(n—1)—1

as t tends to infinity. This is the result since S,_1 has volume
21"/2 /T (n/2).

It remains to check the assumptions of Theorem 7.1. We already
checked (7.3) and (7.4). Assumption (7.5) is clear as well since the
curvature of 0A; is bounded. "

We can now apply Theorem 7.5 to obtain the following re-
sult on conditional distributions. It is worth knowing that S; X
S1/{—-1d,1d } is the usual Klein bottle. Hence, S,—1 ® Sp—1 =
Sp—1 X Sp—1/{—-Id,Id } is a 2(n — 1)-dimensional Klein bottle.
10.4.3. PROPOSITION.  Let X = (Xi;),; i<, be a random matriz
with independent and identically distributed coefficients, all having the
density

al—1/a)
2T (1/a)

The conditional distribution of X/t given || X|| =t converges weakly
to a uniform distribution over

(i) the Klein bottle Sp—1 ® Sp—1 if @ =2,

(ii) the 2*"~1 matrices of the form u, @ vi for Ju.;| = |v.i| = 1/3/n,
1<i<n, ifa>2.

W (S eIl /e seR.

*

Proof. It follows from the calculation of D4, made in the proof of
Theorem 10.4.1 and Theorem 7.5. n

Let us now turn to the problem of estimating the tail probability
of ||X|| when the coefficients X; ; of the random matrix X are inde-
pendent and identically distributed with a Student-like distribution.
Given the work done in the previous sections, this turns to be an easy
problem.
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10.4.4. THEOREM. Let X = (Xivj)lgijgn be a random matriz with
independent coefficients, all having o Student-like distribution with

parameter a. Then,

2n2Ks aa(a—l)/2
ta

ast — oo.

P{IX) >t} ~

Proof.  Notice that the set
Ar={zeM(n,R): |z|| >t} =tA;

is the complement of a convex set, namely the ball of radius ¢
centered at the origin in M(n, R) endowed with the operator norm. In
M(n,R) = R"27 the axial points of this convex set are all the matrices
eE e € {—1,1},1<14,j < n, which are of Euclidean norm 1. There
are 2n? such matrices. Apply Theorem 9.3.1 to obtain the result. =

With no extra effort, we can also obtain the following result on
conditional distribution.

10.4.5. PROPOSITION.  Let X = (Xi;),; j<, be a random matriz
with independent coefficients, all having a Student-like distribution
with parameter o. The distribution of X/t given || X|| = t converges
weakly® to the uniform mizture of the distributions of the matrices

eZE% with € in { —1,1} and Z having a Pareto distribution,

1

A20.

Proof. Apply Corollary 9.3.4. The axial points of A{ are the
matrices eE™/ | where € is in {—1,1}. Those matrices are of unit
Euclidean norm in R™. n

Notes

The theory of random matrices has been evolving quite fast lately.
Motivated by applications in physics and in operator algebras, impor-
tant progress has been made on the asymptotic theory as the size of
the matrix goes to infinity. Our fixed size viewpoint is quite different.
Amagzingly clever explicit calculations have been made in the Gaussian
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cases and some of its variations. A classical reference is Mehta (1991).
Another aspect driven by statistics concerns the Wishart distribution
— see Johnson and Kotz (1972).

I believe Lemma 10.2.3 is not new, but I have not found a reference
for it. It is very similar to Theorem 2.1 of Rosinski and Woyczynski
(1987), as well as its proof. If we assume that the X;’s are symmetric,
then Lemma 10.2.3 can be deduced from Rosinski and Woyczynski
(1987) in conditioning on the signs of the X;’s. But here, we assume
only asymptotic symmetry of the tail. Therefore, the signs of X;’s
given |X;| large is only asymptotically distributed uniformly over
{—-1,+1}.

Theorem 10.1.4 involves the volume of SO(n,R). It seems to be
calculated in Marinov (1980). But, by ignorance, I have not been able
to follow his proof. I don’t know if Marinov’s results give the volume
of SO(n,R) embedded in R™ of if they give it up to a proportionality
constant.






11. Finite sample results
for autoregressive processes

Autoregressive models are among the simplest and most widely used
models in statistical analysis of time series. Their classical theory
deals mainly with their asymptotic behavior over a very large time
period. In this chapter, we will see that these models are in fact much
more subtle than usually believed. Our study will build upon results
of Chapter 8. Our results will not exhaust the topic by any mean;
they should be considered as an incentive for further study.

11.1. Background on autoregressive processes.

In order to describe the processes we are interested in, let us introduce
the backward shift B on vectors. For a vector u = (uq, ..., u,) in R™,
we write Bu = (0,uq,...,u,). Let € be a mean zero random vector
in R™, with independent and identically distributed components. We
say that the vector X in R"™ is an autoregressive process of order p
with innovation e if for some 6 = (61,...,6,) in RP, with 6, not null,
it satisfies the equation

X=> 0,BX+e. (11.1.1)
1<isp
In a perhaps more explicit form, that means

X1 = €1
X2 = 91X1 + €9

Xpr1 =X, +60X, 1+ - +0,X1 +e
Xpto = Xpp1+ 02X, + - +60,Xo  +épio

X, =01X,_1+ 60X, 9+ -+ + ern—p + €, .

For statisticians, the main questions are on estimation and tests
procedures for such models. This means that one observes the vector
X, and knows that it is of the form (11.1.1) with the ¢;’s independent
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and identically distributed. The goal is then to estimate 6, that is to
guess its value based on the knowledge of X; or to perform tests on
f, that is to check if some assumption on # is compatible with the
observed value of X. How is this done?
Consider the n x p matrix X = (BX, ..., BPX). Equation (11.1.1)
becomes
X=X0+e.

Thus, X is a point in the space spanned by X plus a random vector.
A reasonable guess for 6 is 015 such that X'0rg is the projection of
X onto the space spanned by BX, ..., BPX. This is called the least
square estimator of 8. Whenever X is of rank p, we have

Ors = (XTx)1xTx.

This can be calculated solely on the observed X.
Furthermore, notice that the (4, j)-entry of the matrix XTX is

(BX,BIX)= Y  Xp_iXp
1+(iVj)<k<n

= > X Xofij)

1+ j—i| <r<n—(inj)

while the i-th coordinate of XTX is (B'X, X).
It is customary to define the empirical autocovariances of order
k <n as

k) =n"" Y XX
k+1<r<n

Notice that

(BX,BIX) —ny(li—j)= > XX,
n—(iNj)<r<n

li—3l -

Therefore, whenever X;, = Op(1) as n tends to infinity, and i — j is
fixed, we have

(B'X,B’X) = ny,(|i — j|) + Op(1) as n — 0o. (11.1.2)

This explains why the most popular estimator of ¢ is not 6r,¢ but the
following substitute. Define the matrix

Lo = (mlli = 1)) 1<i <y
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and the vector
Tn = (PYH(i))lgigp :

If the process X, is of order 1 as n tends to infinity, then (11.1.2)
shows that
(ntXTX) =11+ Op(n™?)

while
XTX =, +0p(n7Y).

Thus, instead of using 61, one tends to guess 6 by
@n =TI, 1’yn .

Actually, whether we use 0pg or 6,, does not really matter much for
our purposes. What we do care about is that X is a linear function of €
as (11.1.1) shows. The autocovariance v, (k) is a quadratic form in X,
as well as in ¢, a classical fact. It is then plain that tail probabilities of
(k) are relevant to statistics, and that chapter 8 provides the right
estimates.

Maybe in order to fully enjoy the results we are going to prove, one
should know the basics of the classical theory. To make this text quite
selfcontained, let us sketch it. To this end, define the polynomial

O(z)=1- Zﬁizi, zeC.

Isisp
Equation (11.1.1) can be rewritten as
O(B)X =c¢.

Denote by 71, ..., 7p the complex roots of ©. Then ©(2) = [[; ;¢ (1
ritz). We can write 1/0(z) formally as a series. This is done
conveniently by introducing the vector r = (r1,...,7,). Whenever
s = (s1,...,8p) belongs to ZP, we write |s| = s; + --- + s, and

s 54
= [licigpri'- We have

1/0(z) = [ @=ritz) = ] Doritef

1<i<p 1<i<p k>0

DO ES

k>0 |s|=k
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Substituting B for z, we can formally define ©(B)~!. Writing ¢; = 0
if i < s, one can then check that X = ©(B)~ !¢, that is

X, =Y ( 3 r_s)en_k. (11.1.3)

k=20 |s|=r

When all the roots r; are outside the unit circle, there exists a positive
1 such that

| D < @) Fes 1 Js| = k)

|s|=k
o (k+p—1
= (1 k
e (TP
kP
~(14n)F—— as k — oo.
(L4 (p—1)!
Therefore if the residuals ¢; have a tail which decays fast enough the
distribution of X, converges weakly* to that of > ~o(3 527" )ex-

A simple condition on the tail of ¢; for this convergence to hold is

o0 dt
/ P{lel >t} < oo.
1

A more stringent one is to assume that ¢; is integrable; in this case
X, converges in L' as well.

If now some roots are inside the unit disk, we can first assume
that r; is the unique root with smallest modulus; and therefore |r|
is less than 1. Then, (11.1.3) shows that the distribution of r7'X,
converges weakly* to a nondegenerate limit. Since 7] converges to
0 exponentially fast, this amounts to saying that the process X,
explodes at exponential rate. Some complications occur if the smallest
root is not unique, but X, still explodes, essentially at an exponential
rate.

As a consequence, the asymptotic behavior of the empirical auto-
covariances as n tends to infinity is very different according to the
location of the roots r; with respect to the unit disk.

In conclusion, the classical theory makes a great deal of the location
of the roots of © with respect to the unit disk. And it is essentially
all that it cares about, because only the behavior as the time n goes
to infinity is considered. In the following sections, we will show that
it is only a part of the overall behavior of these processes.
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To end this section, let us examine this root question for autore-
gressive models of order 1 and 2.

For an autoregressive process of order 1, we write X; = aX;_1 +¢;.
If |a| < 1, this process is nonexplosive. This can be represented on
the real line as follows.

-1 1

Shaded region for the nonexplosive domain

For an autoregressive process of order 2, we write it as X; =
aX;_1 +bX,_o + ¢;. We need to determine where a, b should lie
for the polynomial 22 — ax — b to have all its roots within the unit
disk. If a® 4 4b is negative, the roots are complex, conjugate to each
others. They are in the unit disk if and only if their product is less
than 1, that is if —b < 1. If a® + 4b is nonnegative and a is positive,
the largest root in absolute value is (a + va? + 4b) /2. It is less than
Lifa? +4b < (2—a)? = a® —4a + 4, that is b+ a < 1. One can
argue similarly if a is negative, and we obtain the following triangular
domain.

b= —a%/4

Shaded region for the nonexplosive domain

11.2. Autoregressive process of order 1.

In this section, we investigate the tail behavior of the autocovariances
of autoregressive processes of order 1,

X1=¢€
Xp=aXp 1 +é€p, n

WV
N
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Recall that € = (e1,...,€,) and X = (X1,...,X,,). Defining

1.
a . 0
A: a2' .
an_l ..... .aé.'a 1

The empirical covariance of order k,

nm(k) = Y XX = (X, B*X) = (ATB"Ac,¢)
k+1<isn
is a nice quadratic form in e. If k& > n, then ~v,(k) = 0. We assume
from now on that k& < n. When € has a heavy tail, the tail behavior of
nyn (k) depends on the value of a. It is given by the following result.

11.2.1. THEOREM. Let X be an autoregressive process of order
one, with coefficient a and independent and identically distributed
innovations €; having a Student-like distribution with parameter «.
The following expressions are equivalent to P{nvy,(k) >t} ast tends
to infinity.

(i) If a =0 and k =0,

K, qal@D/29p 4=a/2
(i) Ifa=0 and k > 1,
K qa®2(n — k)4t~ *logt.

(iii) k is even and a # 0, or k is odd and a > 0,

a 1— a2i
Kyaae Do 32 L2
1<i<n—k

a/2 —a/2 .

(v) k is odd and a < 0,

Kiaao‘t_o‘ logt x
nt D) (q2VGHR) 20V (k)Y o

12— g
Z Z aa“ ‘ ﬂ‘ - 1 — g2

n—k+1<i<n 1<j<n
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It is implicit in the statement that the function a — (1—a*)/(1—a?)
is extended by continuity at a = 1. Its value for a = 1 is i/2.

The striking fact is that odd and even autocovariances exhibit very
different decays when a is negative; the former are of order t=®/2, the
latter of order ¢t~ logt.

Proof. Define the matrix C = ATB*A. We apply the results of
chapter 8. We need to check if the largest diagonal coefficient of C' is
positive, zero, or negative. In order to calculate it, notice that

Aij = {ai_j ifi>j

0 otherwise,
and
(Bk)'-:{l ifk+1<i<nandj=1i—k,
7 0 othervvlse.
Consequently,
Cii= Y, ANim(Bmsdji= Y AniAm ki
1<j,m<n i+k<m<n
2(n—i—k+1
akl_al(n 22 ) ifa?#1andn—i—k >0,
—a
“Yd*n—i—k+1) ifa’?=1landn—i—k >0,
0 ifi>zn—k+1.

Assume a = 0 and k£ = 0. Then C' = Id. Statement (i) of Theorem
11.2.1 follows from Theorem 8.2.1.

If @ is null and & is nonzero, the matrix C' = B* has all its diagonal
elements vanishing. We apply Theorem 8.3.1, calculating

Z Z Bk )ij + Bk)]l‘a_ 2(n—k)4.

1:C; ;=01<j<n
When £ is even and @ is nonzero, then Cj; is positive for any

1 <2< n—k. Weapply Theorem 8.2.1, calculating

2(n—i—k+1)

Z Cﬁfzaka/z Z <l—a1_a2 )a/z'

1<i<n—k 1<i<n—k

This gives statement (iii), after substituting n — i — k + 1 for 4 in the
summation.

Statement (iii), when k is odd and a is positive, follows from exactly
the same calculation.
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Let us now concentrate on k odd and a negative. Then d” is
negative, and so is C;; if 1 < ¢ < n — k, while C;; vanishes if
i =2 n—k+ 1. Therefore, we apply Theorem 8.3.1. We need to

calculate
Yoo D G+ Gl
n—k+1<i<n 1<j<n
We have
Cij= >, (ANuB" mAm;= Y, a7

1<t,m<n V(J+k)<SISn
2(n+1—(iV(j+k)))

_ i—j-kl—a
1—a

We obtain C; by permuting ¢ and j. This gives statement (iv). "

How good are these approximations? Looking at the bound in
Theorem 3.1.9 and how we derived Theorem 5.1, we cannot expect
them to be good when we are integrating in a high dimensional space,
that is when n is large.

A plot of the approximations given in Theorem 11.2.1 does not show
much, since all the probabilities go to 0 as ¢ tends to infinity. When
comparing the tails, it makes more sense to look at the relative error.
This leads to the plot

log P{nyn(k) >t}

as well as the logarithm of the approximation. These should be
approximately in linear relation with logt¢. Therefore, the plots
below will show the function ¢ — P{~,(k) > t} with both axes
in logarithmic scale. Since we do not know a closed formula for
P{nvy,(k) > t}, we obtained this probability by simulation. We
generated 100,000 replicas of e. As t increases, the estimate of the
true probability is based on less and less points; the simulated curve
tends to wiggle as t gets large. The theoretical approximation will
be the smooth curve on the graphs. The parameters involved are
k, n, a, a. We will only consider the autocovariance of order 1 in
our simulations. We consider the sample sizes n = 10, which is very
small, and n = 20, which is a common order of magnitude in some
applications. We also consider probabilities of interest in applications,
namely between 107! and 1073, Recall that 5% is about 107130,
The results are as follows.
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Let us first see what happens when the errors have a Cauchy
distribution, corresponding to o = 1.

When a = 1, the two plots bellow show that the approximation is
amazingly good.

1071 1071
1072 1072
l l l l l l l l
T T T T T T T T
10° 10° 107 108 10° 107 108 10°
n =10, a =1, errors Cauchy n =20, a=1, errors Cauchy

For a = 0.5 the approximation is also excellent.

1071 107
1072 1072
l l l l l l l
T T T T T T T N
10* 10° 10° 107 10° 10° 107 108
n =10, a = 0.5, errors Cauchy n =20, a= 0.5, errors Cauchy

In the degenerate case where we need to apply Theorem 8.3.1, the
coefficient @ vanishes. The approximation is not as good as before.
But taking into account that we are visualizing a relative error, it
performs well enough to be of practical use.
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107 _ 107 _
10721 10721
| | | | | |
T T T T T 1
10? 10° 10* 10° 10*
n =10, a =0, errors Cauchy n =20, a=0, errors Cauchy
For a = —0.5, the autocovariance tends to be negative since

Yn(1)/7,(0) is an approximation of a. Therefore we need to go further
on the tail to have a good approximation. For n = 10, it is still
accurate enough to be of some practical interest. One can use the
approximation to find critical values at levels less than 10715 ~ 3%
say. But as n increases from 10 to 20, the accuracy decreases.

1071 _ 1071 _
1072 1072
| | | |
T T 1 T T T
10 10? 10° 10 10? 10°
n =10, a = —0.5, errors Cauchy n =20, a= —0.5, errors Cauchy
For a = —1, we need to go much further in the tail of the

distribution of ~v,(1) in order to have a positive quantile. The
approximation is not accurate in the range of practical interest. As
n increases from 10 to 20, the approximation cannot be used in
applications.
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1071 _ 1071
1072 1072
| | | \I
T T T T T T
10! 10? 10° 10! 10? 10°
n =10, a = —1, errors Cauchy n =20, a= —1, errors Cauchy

When « is negative, it makes more sense to approximate the lower
tail. Given what we have done, it is a trivial matter. We state a result
only in the form needed for our discussion.

11.2.2. THEOREM. Let X be an autoregressive process of order 1,
with coefficient a and errors independent and identically distributed
from a Student-like distribution with parameter «. If a is negative,
then

P{ny(1) < —1} ~ K, 0a(® D222 % (

1<i<n—1

as t tends to infinity.

Proof.  With the notation of the proof of Theorem 11.2.1, we need
to evaluate the upper tail of (—C'e, €). In the proof of Theorem 11.2.1,
we shown that when k£ = 1 and a is negative, the matrix —C' has its
coefficients C,, ,, vanishing, while C;; = a(1 — a®™=9)/(1 — a?) for
i=1,...n—1. Apply Theorem 8.2.1 to conclude the proof. "

There is not much point in reproducing here results on the approxi-
mation of the lower tail. It is enough to say that it works as expected;
that is, the approximation is very sharp when ¢ = —1 or a = —0.5.
The pictures look identical to those for the upper tail with positive
coefficient a.
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As « increases, the approximation given in Theorem 11.2.1 degener-
ates for positive values of a. For a Student-distribution with 5 degrees
of freedom, that is a = 5, and n = 10, their use starts to be question-
able.

107", 1071
1072 10721
I I I I I
103 10345 102 102.2 102.4
n =10, a =1, errors Student(5) n =20, a=1, errors Student(5)

For a = 0, we appealed to Theorem 8.3.1, and the approximation
is not so good. We would like to point out that this failure can be
seen on a very simple example. Consider two independent random
variables, X, Y, with density a/z%"! over [1,00). We can calculate
explicitly the distribution of their product,

P{XY >t} = a/ 7 PLY > t/x }da
z>1

= a/ = H(z/)* A1) da
z>1

_alogt 1

(A +t"'

Our approximation picks up the leading term, at~“logt as t tends
to infinity. But the growth of logt is too slow for the first term to
really dominate in the range where the probability is of order 10~*
or 1072, One cannot expect a good one-term approximation in such
case, except if « is large. This suggests that when a is zero, our
approximation may improve when « increases. This is the case. And
of course, for negative a, it becomes worse, positive values of the
empirical covariance being less and less likely.
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1071 1071
10721 1072
| | | | | | |
T T T 1 T T T
10! 10'2 10t*  10'® 1071 1 10
n =20, a =0, errors Student(5) n =20, a= —0.5, errors Student(5)

For a = 0, the approximation is fairly good, until we have many
moments on the distribution, that is if « is large enough. Then
assuming simply that the errors are normally distributed may give
a better approximation.

1071

1072

10 1012 10M4
n =20, a=0, errors Student(10)

When our approximation is not so good, one can think of some
alternative techniques. Besides the classical Edgeworth expansion —
which is poor in term of relative error — one could also approximate
the Student distribution by a normal one, and then proceed as if €
were normally distributed. This works well if the normal distribution
has the “right” variance. But one has to be aware that for o small, the
right variance s not that of the corresponding Student distribution.
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For instance, for the Student distribution with 5 degrees of freedom,
the normal approximation using a variance equal to that of the
Student distribution poor. One needs a much larger variance. I tried
to approximate the Student distribution by a normal with the variance
such that some quantile of the normal would be equal to that of the
Student. This does not work any better, in the sense that there is
no systematic way to do this kind of calibration. One should also
be aware that the symmetry in the Student distribution makes our
approximations less precise. They would be more accurate if the errors
had a centered Pareto distribution for instance. Obviously more work
is needed to derive a set of approximations which would cover more
or less any regime. It is doubtful that a single approximation scheme
can give satisfactory results under a very broad class of distributions
for the errors and relatively arbitrary sample size.

Classically, a is estimated by a@ = v,,(1)/7,(0). Let us now consider
the test problem
Hy @ a < ap, versus Hi : a > ayp.
A possible way to perform this test is to reject the null hypothesis
if a,, — ag is too large, that is if v,(1) — agy,(0) is too large. For a
reason which will be explained in the proof of the next result, it is
better to use
(0 =n"" Y X}

1<i<n—1

instead of 7,(0). As n tends to infinity, the classical theory ensures
that it does not make any difference. However, it does make a
difference for our finite sample results. The theory is much nicer with
n (0).

The test statistics is again a quadratic form in e. The following
result gives its tail approximation under the null as well as under the
alternative hypothesis. As one more parameter is involved, another
behavior appears.

11.2.2. THEOREM. Let X be an autoregressive process of order 1,
with coefficient a and independent and identically distributed innova-
tions, all having a Student-like distribution with parameter . The tail
probability

P{n(1m(1) = agin(0)) >t }

admits the following equivalent as t tends to infinity.
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(1) If a > ay,

2(n—1)

a— 1—

p
I<ian1 » L—a

)Q/Q /2

(i1) If ap = a and both are nonnegative,

K2 a2 Z (n — k)a* =Dt~ 1ogt

1<hk<n—2

with the convention that 0° = 1 when a = 0.
(111) If ag is positive and a < ag,

c(ag,a,a,n)t™

for some function c(-).

In case (iii), we will explain after the proof how to calculate the
function ¢(+) in a typical case.

Proof.  Write n(yn(1) — ap¥,(0)) = €T Ce with
C =A"BA—aA"BTBA.

From the proof of Theorem 11.2.1 we obtain the diagonal terms

(ATBA); ;. We calculate

T 1_a2(n 1)
(ATBTBA),;= > (BAG,= > A, =

C1-a2
1<k<n 1<k<n—1

Consequently,

1

2(n—1
Cr“:{(a—ao)l_cii(cﬂ) ifl<i<n—1
0 if i =n.

If instead of using 4,,(0) we use 7,(0), the term (ATBTBA); ; has
denominator 1 — 2"~ The discussion is a bit more involved. The
result becomes more dependent on n. It is more complicated to state,
but it does not make much difference as far as the theory goes.

If a — ag is positive, then all the diagonal coefficients of C' but C, ,,
are positive. We apply Theorem 8.3.1.
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If a — ap is negative, only C, 5, is nonnegative. We apply Theorem
8.3.1. Since we will need it, let us calculate C; ;. First

J— Ak‘—l,i if 2 < k < n,
(BA)ki {0 if k=1

Therefore,

k—1—i
(BAp = {o " H2<k<m,
’ 0 otherwise.

Consequently, a little algebra shows that

o a2n _a2(i\/j)
(ATBTBA)Z‘J' = Z (BA)k’Z(BA)kJ = a"_ﬂ

1<k<n a”—1

In particular, for ¢ < n,
—i—1
C’n,i =a""" 3
while C;,, = 0 for 1 <4 < n. Therefore
Z |Cz,n +Cn,i|a _ Z aa(n—i—l) _ Z aal.
1<i<n 1<i<n 0<i<n—2

If a and ag are equal, then all the diagonal coefficients of C' vanish.
In this case, for i, j distinct,

2(n+1-(iV(j+1)))
3 — apa

l1—a

C. . = glt=i=1l
" l—a

If ag is positive and strictly larger than a, then all the diagonal
coefficients of C' are negative. We need to determine N(C') and apply
Theorem 8.2.10. The statement follows from Theorem 8.2.21. .

Some useful information can be deduced from Theorem 11.2.2.
A first qualitative deduction is that if ag is positive under the null
hypothesis, then the tail probability under consideration has a very
different decay according to the position of a with respect to ag. Thus,
one should probably not use symmetric confidence intervals. It may
be wise to have a somewhere on the right half of the interval.

Next, assume that we want to test with the risk of first type n very
small. We can use the approximation under the null hypothesis to
obtain the critical value. Define

1 — %0 )a/Q .

a—1
c(a) = 2K 00”7 (a—ag)®* Y 1— a2

1<i<n—1
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We see that if 0 < ag < a, then 7 ~ c(a)/t*/?. This gives an
approximate critical value ¢, = (c(a)/n) 2/e

The following plot shows the actual risk of the first type when using
the approximate critical value. The “true” value of the risk is obtained
by simulation, replicating 100,000 copies of the vector €. The curves
were obtained by linearly interpolating between the following values
for a.

0.500 0.552 0.605 0.657 0.710 0.762 0.815 0.868 0.920 0.930
0.939 0.948 0957 0966 0.975 0.984 0.993 1.000 1.002 1.011
1.019 1.028 1.037 1.046 1.055 1.064 1.073 1.082 1.091 1.100
1.150 1.200 1.250 1.300 1.350 1.400 1.450 1.500

The sample size is n = 20. The lowest curve is for a = 1, the two
almost equal curves are for a« = 5 — the lower one of the two curves
— and a = 10. The value a = 1 is indicated, as well as the levels 5%
and 10% .

n=20, a=1,5,10

The result is satisfying at first glance. A more careful examination
shows some reason to worry. For a = 1, the actual risk of the test
is about 10% when o = 5 or 10. This is still small, but in terms of
relative error, this is twice as much as what we wanted. The fact that
the power function grows moderately fast with a is not a surprise if
you plot some of these processes. On a trajectory of length 20, and
with errors having a Cauchy distribution, an autoregressive process
of order one with a = 1 looks very similar to one with ¢ = 1.2 for
instance.

11.3. Autoregressive processes of arbitrary order.

In principle, all the results of the previous section can be generalized
to autoregressive processes of arbitrary order. As more parameters are
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involved in the model, the analysis is harder. Thus, our goal is rather
modest. We will prove that the tail of the autocovariance of order 1
has different decays according to the values of the parameters, and the
number of observations as well. Since autoregressive processes of order
one are a degenerate case of those of higher order, the higher order
autocovariances would have an even more complex behavior. For any
given value of the parameters, the results of chapter 8 can be used to
do numerical computations; this is quite easy, and sometimes helpful,
but does not provide further insights. For autoregressive processes
of order 2, we will obtain some rather precise results, showing the
intricacy of these models.

Let us now consider an autoregressive model of order p as in
(11.1.1). The parameter § = (6,...,0,) is in RP. Our first result
shows that RP can be partitioned into two regions, one where the tail
behavior of 7y, (1) is like t=%/2, the other one where it is like t~* log t.
The noticeable fact is that there cannot be other tail behavior, and
these regions are nested when the number of observations varies.

11.3.1. THEOREM. Consider an autoregressive process of order p
with errors having a Student-like distribution with parameter a.. There
exist nonempty semialgebraic sets Ry, k > 1, of RP, and a positive
function c(-) on RP, such that

c(9)t—/? if 0 € Urchan—t B

P{nym(1) >t} ~ {C(a)t—a logt if 0 & Ui cpan1 B

REMARK.  The regions R; depend of course on the dimension p of
the parameter space. It is remarkable that they do not depend on n,
though the quadratic form representing nvy, (1) does. As n increases,
Ulgkgn Ry increases, but we will see during the proof that its limit is
a proper nonempty subset of RP. The proof also gives some indications
on how to calculate these regions efficiently.

Proof of Theorem 11.3.1.  We write X = Ae. The matrix A is more
involved than in section 2. Let e; be the i-th vector from the canonical
basis of R?, that is having all its entries vanishing, except the i-th one
being 1. We denote A;, the i-th row of A. Relation (11.1.1) gives

A, =e1
Agy=01A1.+ €2
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Ap+1,o = 91Ap7. + 92Ap_17. + e+ QPAL' +ep (1131)
and for p+1 < k < n,
Ak7, = 91Ak—1,o + 92Ak_2,. + -+ GpAk_p,. + ek . (11.3.2)

Let C = ATBA be the matrix of the quadratic form such that
nyn(1) = €T Ce. Since Aji=0forany 1 <j<i<n,

Chn=0 and max C;; > 0.
n,n 1ion 1,0 =

Thus, Theorems 8.2.1 and 8.3.1 show that the only possible tail
behaviors of 7y, (1) are either like t=®/2 or like t=®logt. They show
as well the existence of the nonvanishing function c(-).

Since A; j = Aj41,j41 for all i, j < n — 1, we have for k > 1,

§ : T
Cn—k,n—k = (A )n—k,iBi,jAj,n—k
1<i,j<n

= 5 Aj,n—kAj—l,n—k

2<j<n

= Z Aj,n—kAj—l,n—k

n—k+1<j<n

= § An—k—i—j,n—kAn—k—l—j—l,n—k
1<j<k

= ) Ajada (11.3.3)

1<j<k

Relations (11.3.1) and (11.3.2) show that A;; is a polynomial in a
and b. Hence Cj,_j, n—} is also a polynomial in a and b. The region

Rk = { (CL, b) € R2 : Cn—k—i—l,n—k—l—l > 0}

is then a semialgebraic set, which does not depend on n. Moreover,
the largest diagonal coefficient of C' is positive if and only if (a,b) is in
Ui<rcn - The result then follows from Theorems 8.2.1 and 8.3.1.

In practice, to decide in which region we are, we can numerically
compute the diagonal terms of C' with formulas (11.3.1)—(11.3.3). But
if one ultimately wants the constant c(a,b), other elements of C' are
needed when the tail is like t=“ log t.
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The sets Ry do not seem easy to describe in general. For applica-
tions, this may not be so important, since numerical computation is
easy to implement. Understanding their geometry amounts to under-
standing the behavior of the roots of inductively defined polynomials
in the p variables 61,...,60,. More can be said when p = 2, because
polynomials of degree 2 are well understood. And this is enough to
show how intricate these autoregressive models are. Thus, from now
on, we focus on autoregressive models of order 2. We change slightly
the notation, using (a,b) instead of (1, 63). Thus, our model is

X1 =€,
Xo=aXi + ey,
X =aXp_1+bXp_o+ €, 3<k<n.

We can explicitly write down Ry, Ro, R3, R4. Indeed, C),,, = 0 and
thus R; = 0. We then have

Cnipn-1=A21411 =a,

thus
Ry ={(a,b) :a>0}.

Since A31A21 = (a? + b)a,
Crono=(a>+ba+ta=a(a®+b+1).
Consequently,
R3={(a,b) : a>0andb>—-1-a*; ora<0andb< —1—a’}.
But what matters more,
RyUR3 = ((0,00) x R)U{(a,b) : a<0,b< —1—a’}.

The next figure shows these regions.
We also obtain Ay1 = a(a® + 2b), which leads to

Ch—3n-3 = a(a® +2b)(a* + b) + a(a® + b+ 1)
=a(20* +b(3a® + 1) + a* + a® + 1)

To obtain Ry U R3 U R4, we need to see when C),_3,,_3 is positive as
a is negative. In other words, when a is negative and

26 +b(3a® + 1) + 1 +a* +a* < 0.
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This holds if a < 1_722\/5 and
b <b<b< by

with

—(1+3a®) £Vat —2a%2 -7
by = 1 .

Thus,

RiURyUR3U Ry = ((0,00) xR) | J{(a,b) 1 a<0,b<~-1-a’}

1—-2v2
U{(a,b) : ag%;b_gbgm}.
b
11
} } } } a
1

Regions R, R UR;, R UR3 U R;.

To calculate Ry, we need to solve a cubic equation in b. Closed
form expressions are getting more and more cumbersome, and even
nonexistent. The following picture shows Ulgkgn Ry for n = 5,6,7
and n = 10 in the domain a negative.
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-~

n=7 n=10

These pictures can be more or less understood theoretically. This
is the purpose of the next result. Its proof contains even more
information, some of it being important, and we will discuss further
after the proof.
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11.3.2. THEOREM.  The closure of Uy~ Rk contains all points (a,b)
for which one of the following conditions holds:

(i) a >0,
(ii) a <0 and b < —a? — 1,
(i4) a < 0 and b < min(—a?/4, —a — 1).

The region described by the three condition in Theorem 11.3.2 is
shaded gray in the following picture. It does not contain its boundary.

b=a—1 1

b:—32/4 b:—82—1

It follows from Theorems 11.3.2 and 11.3.1 that if (a,b) lies in the
gray shaded region, the tail behavior of P{nv,(1) > t} is typically
like t=%/2 for n large enough. I believe that in the nonshaded domain,
the tail behavior is like t = log t; we will prove this only when b > a? /4.

Proof of Theorem 11.3.2. The proof will be done in examining
different regions. We will need several lemmas, and will actually prove
much more than the statement.

11.3.3. LEMMA.  If a is positive, so is the largest diagonal coefficient
of C. If a is nonpositive, then the largest diagonal coefficient of C
vanishes. Consequently, Uk>1 Ry, contains the region a > 0, but does
not intersect the region a < 0 and b > —a2/4.
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{ &

o
4
L

b= —a’/4

Proof. If a is positive, then Cj,—1,—1 = a is positive too. To see
what is happens when a is nonpositive, denote by u, v the roots of the
characteristic equation 22 — ax — b = 0. Equations (11.3.1)—(11.3.2)
yield

Ai,j = rui_j + SUi_j s 1> ] s
with initial condition A;; = 1 and A;411 = a. Thus r and s are
determined by

r+s=1 and T+ SV =a.
If v and v are distinct, that is b # —a?/4,

W — v

Ajr =

u—v
If b = —a?/4, we find

Aja=jla/2y 7"
Consequently, if b # —a?/4,

(uj+1 _ vj+1)(uj — Uj)
2

Ajr14n = (11.3.4)

(u—v)

Notice that
(u—v)* = (u+v)* — duv = a* + 4b.



11.3. Autoregressive processes of arbitrary order 263

Let us now assume that a is negative and b is positive. Then a®+4b
is positive. There is no loss of generality in assuming v < 0 < v since
the product of the roots, —b, is negative. The inequality

u? —v? = (u+v)(u—v) = —av/a2+4b >0

forces |u| > |v|. Consequently, the sign of A;;1 14,1 is that of
(P * = o) (1P —29),

which is negative. Therefore, the sequence k — Cj,_j, »—p, is decreasing
and

max Ck,k = Cn,n =0.
1<kn

If we now assume that a is negative and —a?/4 < b < 0, the roots
u, v are still real, but both are negative. Thus
(™ = o * 1) (Jul? — Jo))
a2+ 4b

Ajpi1Aj = —

is nonpositive since the function z — 27 and x — /%! are increasing
on RT. The sequence k — Cr—k n—r is decreasing and its maximum
is Cpn = 0. This gives Lemma 11.3.3. "

The region left is @ < 0 and b < —a?/4. Our next lemma covers a
part of it.

11.3.4. LEMMA.  Ifa < 0 and b > —1, then the largest diagonal
coefficient of C' vanishes. Therefore, Uk?1 Ry, does not intersect the
region a < 0 and b > —1.

Proof.  If a® 4 4b is positive, the result follows from Lemma 11.3.3.
If a? + 4b is negative, equation (11.3.1)-(11.3.3) gives

Cr—kn—k = A2 1A11 + Az 1421 + Z (aAj1+bAj_11)A;
3<j<k

2
=bCh—kgin—k+1+a E A5
1< <k

Consequently, for k > 2,

Cn—k,n—k = b20n—k+2,n—k+2 + a(b + 1) Z A? + CLA% :
1<<k—1
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Thus, if b > —1 and a < 0,

2
Cn—k,n—k < b C’n—k+2,n—k+2 .

Since Cy,,, = 0 and C},—1 ,—1 = a < 0 on the given range, this shows
that Cy—ppn—r < 0 for all k& > 0. "

To study the domain a < 0, b < —1 and b < —a2/4 is much more
complicated. We assume from now on, and until the end of the proof
of Theorem 11.3.2, that (a,b) is in this domain. It is then convenient
to make a change of parameterization, setting

a= —2rcoso, b= —r?, r>0, 0<¢<7/2.

First, this allows us to obtain a closed formula for the diagonal
coefficients of C.

13.35. LEMMA. Ifa = —2rcos¢ and b = —r?, with r nonnegative
and ¢ in [0,7/2], then

Cn—k-l—l,n—k—l—l =r |:_ 2(1 - 712]6) COS¢Sin2 ¢

n T2(k—1)(1 _ 7,2) sin(ko) (sin ((k + 1)¢) —r2gin ((k — 1)¢)>]/

(1— r2)((1 — %)% 4 472 sin® 9) sin® .

Proof. Write u = re® and v = re ™ for the roots of the
characteristic equation 2 — ax — b = 0. Setting ¢ = 7© — 6, we
obtain

a=u+v=2rcosf = —2rcos¢o

b= —uv=—r%.

This is the origin of the parameterization. Equations (11.3.3) and
(11.3.4) give for k > 2,

uP T — (w4 v)(uw)? + ¥+

Cn—k+1,n—k+1 = Z

— )2
1<j<h—1 (u =)
1 51 — o201 1 — (uv)Ft
_(u—v)2< 1 —u? ~ (u+vju 1 —uv
5 1— ,U2(k—1)

+ v

1—02 )
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In this last expression, a part is independent of k. It is the ratio of
(1 —uv)(1—v?) — (utv)uv(l —u?) (1 —v?) +03(1 —u?) (1 —uwv)
= (u—v)*(u+v) = —4r?sin 0 2r cos
and
(u—v)%(1 —u?)(1 — v} (1 — w)
=(u—2)*1—w)(— (u+v)*+ (1 +w)?)
= — (2rsinf)?(1 — r2)((1 +72)% — 472 cos? 0)
=—4r?sin®0 (1 — r*)((1 — r%)* + 4r°sin? ) . (11.3.5)

For the part dependent on k, we reduce it to the same denominator,
(11.3.5), and obtain the numerator

(1 — uw)( — uPh+? — 241 22 (261 4 26 1y)
+(u 4 v) (u)k (1 — u?) (1 —v?)
=—(1- 7“2)(27“2]“'1 cos(2k 4 1)0 — r12r2* =1 cos(2k — 1)6)
+2r cos O r2* (1 —r?) + 4r? sin? 6) .

Adding the part independent of k and that dependent of k, we obtain
the numerator

—8(r® —r#+3) sin? 0 cos 0 —2r2 T (1—1?) (cos(2k-+1)0—r? cos(2k—1)0
— (1 —7%)cos 0)

= —8(r® — r?**3) sin? O cos O + 4r?* (1 — r?) sin kO (sin(k + 1)0
— r?sin?(k — 1)6).

Consequently,
Cr—kt1n—k+1 =7[2(1 — r%) sin? 6 cos 0
—r2=D(1 —2) sin kO (sin(k + 1)0 — r? sin(k — 1)0)] /
(1— 7“2)((1 —1?)% 4+ 472 sin? 9) sin? 6.
The change of angle § = m — ¢ gives the result. .

In the domain @ < 0 and b < —1 with b*> < —a?/4, that is r > 1
in our (r, ¢)-parameterization, Lemma 11.3.5 shows that the sign of
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Cri—k41,n—k+1 is that of minus its numerator. Thus, it has the same
sign as
2(1 — r?%) cos ¢sin? ¢
— r2k=D(1 — r2) sin ko(sin(k + 1)¢ — r?sin(k — 1)¢) .

In other words, the sign of Cy,_p41—k41 is that of
2 cos psin? ¢ + 25V g (#2) (11.3.6)
where

gr(s) = —sin(k¢)(sin k¢ cos ¢ + cos k¢ sin ¢)
+ 5(—2cos psin? ¢ + 2sin? k¢ cos @)
— s%sin k¢(sin k¢ cos ¢ — cos kg sin @) .

We can now explain how to conclude the proof. As k tends to infinity,
the leading term in (11.3.6) is r2*~Yg(r?), since we assume r > 1.
Thus, for large k the diagonal coefficient Cj,_j41,n—k+1 is positive
whenever gx(r?) is such. Thus, our goal is to determine for which
values of (s, ¢) we can have gi(s) positive for infinitely many k’s.

The trick is to understand that when ¢ is an irrational multiple
of 27, the sequence sin k¢ fills [—1,1]. Thus, we can consider sin k¢
almost as a free parameter, on which we can optimize. This leads us
to define the function

h(0) = —sin 6 (sin 0 cos ¢ + cos O sin @)
+ 5(—2cos ¢sin’ ¢ + 2sin? 6 cos ¢)

— 5% sin f(sin § cos ¢ — cos fsin @) .

Formally, this function is obtained by substituting k¢ for 6 in the
expression of gi. It is convenient to define

A=(s—1)2cos¢, B=(s>—1)sing, and C =2ssin®¢pcose.

Since we implicitly made the change of variable s = r? after (11.3.6),
the numbers A, B and C' are all positive — recall 0 < ¢ < 7/2 and
r > 1.

The following result will be instrumental.
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11.3.6. LEMMA.  The function h(0) is mazimal at a point 6*, unique
modulo m, and defined by

cos(20%) = A/\/ A% + B2, sin(20%) = B/\/ A% + B2.

Its maximum value s

2 2
h(6*) = A vA+B

5 5 C.

Proof. ~ We rewrite the function h(-) as

h(f) = —Asin?§ + Bsinfcosf — C

_ _Al—(;OSQG +Bsir;20 _C

Differentiating with respect to 6, we see that when h is maximum,
0= h(0") = —Asin 20" + B cos20".

Since neither A nor B vanish, this gives us tan6* = B/A. Conse-
quently, there exists €1, 2 equal to either —1 or +1, such that

cos20™ = e A/ A% + B2 and sin 20" = eaB/\/ A% + B2.

At such point, the value of A(:) is

% A €1A2+€232
W=yt m e ©

It is maximum when €; = e = 1. This determines 260 modulo 27, and
therefore, # modulo 7. "

We can now determine when the maximum of A(+) is positive.

11.3.7. LEMMA. In the domain a <0 and b < —1 with b < —a?/4,
the function h(-) has a positive supremum if and only if b < a — 1.

Proof.  Using Lemma 11.3.6, the positivity of the supremum of h(-)

is equivalent to
VA2+ B2> A4 2C.
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Since A, B and C are positive, this is equivalent to B% > 4C? + 4AC.
Plugging the expression for A, B and C into this last inequality, we
obtain

(52 = 1)% > 165%(1 — cos® ¢) cos® ¢ + 8s(s — 1)? cos? 6.
Setting ¢ = cos® ¢, we obtain a quadratic inequality
1652c% — 8s(s? + 1)c+ (s = 1)2 > 0. (11.3.7)
The quadratic function of ¢ involved has two positive roots,

—1)?
0_2(847) and cy =
s

(s +1)2
4s

Since ¢; > 1 (recall s = r? > 0), inequality (11.3.7) is equivalent to

cos?p < c_ .
Going back to the parameterization a = —2rcos ¢ and b = —r?, that
is a? = 4scos? ¢ and b = —s, we rewrite the above inequality. After a

simplification by 4s, it gives
a? < (=b—1)2.
Since b < —1 and a < 0, it is equivalent to b < a — 1. "
We can now state our final lemma.

11.3.8. LEMMA.  Assume thata < 0 and b < min(—a?/4,—1). Ifb <
a—1 and ¢ is an irrational multiple of 2, then lim supy,_, . gx(1?) > 0.
On the other hand, if b > a — 1, then there exists a positive € such
that gr(r?) < —e for all k > 1.

Proof. Assume b < a — 1. Combining Lemmas 11.3.7 and
11.3.8, let € be a positive number such that h(f) is positive on an
e-neighborhood of #*. If ¢ is an irrational multiple of 7, the sequence
k¢ intersect [0 — €,0* + €] 4+ 27Z infinitely often; this follows from
Kronecker’s approximation theorem in number theory — see, e.g.,
Hlawka, Schuilengeier and Taschner (1986). Consequently,

lim sup g (r?) = h(8*) > 0.

k—o0
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If b > a—1, then h(-) is a negative function. Since gi(r?) = h(k¢) <
h(6*), the result follows. .

To conclude the proof of Theorem 11.3.2, we still assume a < 0
and b < min(—a?/4,—1). If b < a — 1, Lemma 11.3.8 shows that
whenever ¢ is an irrational multiple of 7, the limit superior of (11.3.6)
is +00. For such values of ¢, the pair (a,b) is covered by infinitely
many regions Rg. Thus in the range b < a — 1, the only regions
not eventually covered by J k>1 Rk are those for which ¢ is a rational
multiple of 7. After the change of parameterization, the complement
of this potentially uncovered set is dense in b < a — 1.

If b > a—1, then (11.3.6) is less than

2 cos psin? ¢ + r2F=Up(6%) (11.3.8)

which tends to —oo as k tends to infinity. Therefore, the pair (a, b) can
be covered by at most a finite number of regions Rj. This concludes
the proof of Theorem 11.3.2. "

Notice that we proved much more than the statement of Theorem
11.3.2. When a < 0 and b > —a?/4, Lemma 11.3.3 shows that no
region Ry, covers (a,b).

The proof of Lemma 11.3.4 also contains useful information. If
a < 0 and b > —a?/4, the sequence k Cr—kn—k is decreasing.
Thus, the constant ¢(a,b) in Theorem 11.3.1 and given by Theorem
8.3.11is

c(a,b) = Ks%aoza Z |Cnj + Cjnl™.

1<j<n

This expression simplifies further if one notices that

Cnj = E AinAi1j = ApnAn_1j = An_1-
2<i<n

Thus, Cpj = Ap—j—2,1 for 1 < j <n — 1. Moreover
Cjn=20 forall 1 <j<n.
Consequently,

cla,b) = KZ,0% > |An_1j* =KZ20% > Anjal”.

Igjsn—1 Ijsn—1
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In the range a < 0 and @ — 1 < b < —a%/4, the proof of
Lemma 11.3.8 shows that at most a finite number of regions Ry cover
(a,b). Notice that the bound (11.3.8) shows that the number of such
covering regions is at most the largest &k for which (11.3.8) is positive.
Ultimately, this gives an inequality in k, @ and b. Potentially, this
could be used if someone were interested in proving some result for
particular values of ¢ and b. However, the pictures above suggest that
no region Ry, covers such pair a (a,b); but I don’t know how to prove
it.

The proof of Lemma 11.3.9 involves a number theoretic argument
which does not say what happens when ¢ is a rational multiple of
m. The pictures of the regions R; below leave the possibility that
some exceptional parabola a = —rcos¢, b = —r? with ¢ € 27Q
are left uncovered. Equation (11.3.6) shows that no parabola is left
completely uncovered. Indeed, as r tends to infinity, the sign of
Cr—k+1,n—k+1 is that of sin k¢ sin(k—1)¢. We claim that the sequence
sin k¢ sin(k — 1)¢ contains infinitely many positive values whenever ¢
is in (0,7/2). Indeed, if ¢ is in (0,7/2), then k¢ and (k — 1)¢ are
less than 7/2 apart. When ¢ is a rational multiple of 7 the sequence
(k¢)k>1 is periodic modulo 2w. Consequently, for some k, both k¢
and (k — 1)¢ are in (0,7) modulo 27. For this specific £ we have
sin kg sin(k — 1)¢ > 0.

I conjecture that Theorem 11.3.2 is sharp, meaning that the region
described in (a,b) coincides with (J;~; R.

Combined with our description of Ry = {(a,b) : @ > 0}, Lemmas
11.3.4 and 11.3.5 allow us to describe completely what happens in the
stability region.

11.3.10. THEOREM.  For the second order autoregressive process,
X, =aX,1+bX,_o+€,, assume that the roots of the characteristic
equation x*> — ax —b = 0 are inside the unit disk. Then the tail of
nyn (1) has the form

cla, b)t=/? ifa>0
cla,b)t=*logt ifa<0

ast — 0o.

PLmn(1) > 1)~ {

In particular, in the stability region, the tail of nvy,(1) behaves
like t%/2 if @ > 0 and like ¢t ®logt if @ < 0. In some sense, this
generalizes Theorem 11.2.1 to autoregressive processes of order 2. If
b = 0 we recover Theorem 11.2.1.
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Notes

A basic reference on the classical theory and applications of time series
is Brockwell and Davis (1987).

For linear processes with heavy tailed errors, Davis and Resnick
(1986) developed the asymptotic theory as the number of observations
goes to infinity. A slightly different perspective, first letting n tend to
infinity, and then looking at the tail of the limiting distribution has
been investigated in a series of papers by Mijnheer (1997a, b, c).

When the errors ¢;’s have a nearly symmetric distribution and
enough moments, it is tempting to work as if they were from a Weibull-
like distribution, or even from a normal one. In the later case, the
autocovariances are weighted sums of chi-square random variables. I
don’t know how to assess the accuracy of such an approximation.

I somewhat believe that a proper understanding of the regions R;
in general requires adding some algebraic geometric tools. Cox, Little
and O’Shea (1992, 1998) may be a good starting point for statisticians
interested in pursuing this research path. I don’t know what is the
analogue of Theorem 11.3.2 for autoregressive models of order larger
than or equal to 3.

One may think that our choice of heavy tailed errors is the origin
of the complicated tail behavior of the autocovariances. If the ¢;’s
have a spherical distribution, we can use the classical Gaussian trick
of diagonalizing the matrix of the quadratic form. When looking at
the tail behavior, one is then led to the nontrivial question of relating
the dimension of the largest eigensubspace of the matrix C' to the
parameter 6§ of the autoregressive model. A plot of the spectral gap
for the matrix C' as a function of a and b — thus, for autoregressive of
order 2 — suggests an incredibly complex behavior of the tail of the
the aucovariance, even with Gaussian errors.






12. Suprema of some
stochastic processes

In chapter 9, we studied how the tail of the distribution of the
supremum of a random linear form is related to integration over some
asymptotic sets. The goal in this chapter is to go a little further,
considering some examples which are of pedagogical interest.

12.1. Maxima of processes and maxima of their variances.

Consider a centered Gaussian process X (m) indexed by some abstract
set M. As in chapter 9, write

X(M)=sup{X(m) : me M}
for its supremum. Define
o*(M) = sup{ VarX (m) : m € M}

to be the supremum of its variance. A famous result of Fernique
(1970), Landau and Shepp (1970) asserts that whenever (M) is
finite,

1

2200 (12.1.1)

Jim t2logP{X(M)>1t}=—

This result is often interpreted in saying that, in the logarithmic
scale, the tail of the supremum of the process is driven by the points
of largest variance. A heuristic argument of why this should be the
case is that when the variance is large, the process tends to fluctuate
more. And so, we should expect its supremum, when large, to be near
such a point. As it is, this heuristic argument could be applied to
any process. The aim of this section is to show that this heuristic is
wrong.

We are going to construct some processes whose supremum tail
is driven by the points of smallest variance. This is an application
of ideas developed in chapter 9. The key is to understand why
the maximum variance appears in the Gaussian case. Proposition
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9.2.1 tells us that this happens because I, is proportional to 1/|x|?
in the Gaussian case, as x tends to infinity. That is I, is inversely
proportional to the Euclidean norm — a very specific feature. And
the Euclidean norm is a monotone function of the variance. Thus,
to build a counterexample to the heuristic, we need to have a set M
and a function I such that I, is minimal on M at points of minimal
Euclidean norm.

Let a be in (1,2) and 0 = (F(l/a)/F(S/a))a/z. The function

falz) = 5 a e~ Ozl , rER,

JT(1/a)T(3/a)

defines a density. It has zero expectation, and unit variance. For any
positive 3, define the unit sphere for the ¢g-norm

SP —{zeR?: |zjg=1}.
If B > 1, define also

Mg ={ Z sign(my)|ms|®~te; - m € Sc(lﬁ) }.
1<i<d

12.1.1 THEOREM.  Let X = (Xi,...,X4) be a random vector in
R? with independent components, all distributed with density fo. If
l<a< <2, then

1
infnen, VarX(m)

tlim t ™ %log P{ X(Mg) >t} =—

Proof. ~ For x in R, let I(z) = > 1<i<a 108 f(z;). For some constant

&)

I(z) =16 Z |z +c.

1<i<d
This is a strictly convex function since o > 1. It satisfies (9.2.1).
Moreover, Lemma 9.1.9 gives

I(x)=c+ |$|;/a(a—1) :
Consequently, as t tends to infinity,
a—1
I (Mg/t) ~t=/ Sup{ Z 5|/ @) - g e Mﬁ}

1<i<d

:t_a/sup{ Z |mz|% : mGSC(lﬁ) }a_l.

1<i<d
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If m belongs to S’éﬁ )7 then each component |m;| is less than or equal
to 1. Then, the inequality (8 —1)/6 > (o — 1)/« gives

(30 md =) < (2 ) <,

1<i<d 1<i<d

with equality if and only if m has exactly one coordinate equal to 1
or —1. Thus Proposition 9.2.1 yields

tlim t"logP{X(M) >t} =-1.

Next the variance of X(m) is [m[?. But if m belongs to Mg, the
inequality |m|? > 1 holds, with equality if and only if one of the
components of m is 1 or —1, and all the others are zero. This concludes
the proof. "

The proof we gave is reasonably short, but a bit mysterious. For
d = 2, the following picture makes the result obvious if one keeps in
mind Laplace’s method. It represents the upper right quadrant of the
plane, and the various sets involved, for « = 1.2 and 8 = 1.5. The set
on which the integration is performed is shaded gray. Its boundary
is the polar reciprocal of Mg. The set Mg is the black line inside
the shaded area. The Euclidean unit sphere is the white line inside
the shaded area. The last black line is the level set of the density

Ja(z) faly).

0 1

Notice that for d = 2 we have a process indexed by the one
dimensional set Mg. For d > 2 we have a random field. More
importantly, Theorem 12.1.1 may be a prototype for a misleading
statement! The proof shows that the left hand side of the statement
has no intrinsic connection with the right hand side! The proof shows
that indeed the variance appears by a pure coincidence. In my opinion,
the Gaussian case is not any different, as Proposition 9.2.1 shows.
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12.2. Asymptotic expansions for the tail of the supremum of
Gaussian processes can be arbitrarily bad.

For many reasons, both theoretical and applied, there has been a
large literature devoted to the approximation of the tail probability
of the supremum of Gaussian processes. In view of (12.1.1), it is quite
natural to search for an approximation of the form

2
P{X(M) >t} =1t"exp (2027(15]\4» (Pa(1/t)+0(t™™)) as t — oo
(12.2.1)

where P, is a polynomial of degree n. The hope of course is that for
moderate t’s, this expansion provides an accurate approximation.

The aim of this section is to provide an example where such
expansion holds, but, no matter what, provides a poor approximation
for fixed ¢. It is essential to remember that an asymptotic expansion
like (11.2.1), if it exists, is unique — see, e.g., Olver, 1974, §1.7. In
particular, it does not depend at all on which method is used to derive
it. Thus, the failure we want to describe is not that of a particular
method. The one proposed in these notes as well as any other fails,
and there is no way arround if one sticks to approximations of the form
(12.2.1). The basic idea in this section is to mimic what happened for
autoregressive models. Our approximation was not so good when we
appealed to Theorem 8.3.1, because it was actually quite likely that
the largest random variable was not an ¢; for which C;; = 0; even if
one conditions by the appearance of a large deviation, it is quite likely
that it is caused by a large ¢; for which C;; = 0.

To build our example we will first give it in a geometric form. We
will discuss afterwards some of its features.

Consider the convext set in R,

C={p: (pe) <1} {p:Ipl<l+e}.

Denote by M the polar reciprocal of 9C. Let X be a random
vector in R?, having a centered normal distribution, with independent
components. Then

X(M) >t if and only if X & tC'.

Define the polynomials

2k)!
Py(u)= Y (—1)16%@#

0<k<n
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12.2.1 PROPOSITION.  The tail expansion
—t2/2

a v 2t

holds. However, for any t > 0,

V2mtet* /2 2 2
Y=t >tV > 90/t (e (e7/2)d=(1/2)
(17D) P{X(M)>1t}>2V2me t

P{X(M) >t} (Pa(1/t) +0(t™™)) ast — 0o

Before proving this result, let us see why this provides the proper
example. The first statment lets us hope that e /2P, (1/t)/v/2nt is
a good approximation of the tail probability of the supremum. The
second statment asserts that it is not the case if € is small and ¢ is large,
but not too large. The following plot shows the lower bound for d = 2,
n = 2 and various values of €, as a function of the approximation.
For instance, if € = 1, the lower bound is less than 1, which means
that the approximation may underestimate. A more interesting value
is for € = 0.5; when the approximation is about 1071 ~ 3%, the
lower bound is about 2. Thus, the approximation underestimates the
correct probability by a factor at least 2. One should keep in mind
that for a typical statistical application, we are interested in t’s such
that P{ X (M) >t} is between 10~ and 1072

e =0.3
e=0.4
e =0.5
e =0.6
e=1
0 f f f {  value of the
10705 101 1015 102 approximation

We will comment further on this example after we prove our
statement.
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Proof of Proposition 12.2.1.  We first start with the obvious bound

P{X(M)>t}=P{X;>tor |X|>t1+e)}

zP{X1 21t}
{

<P{Xi>t}+P{|X|>t(1+a}. 12EY

Z
Z

The crude logarithmic estimate of Proposition 2.1 shows that
P{|X|>t(l+e¢)}= O(e_t2(1+6)2/2t2d) ast — 00.

On the other hand, the standard asymptotic expansion for the com-
plementary error function (see, e.g., Olver, 1974, §3.1.1) yields

42
o—t2/2

V21t

Thus (12.2.1) provides the asymptotic expansion in the first assertion
of Proposition 12.2.1.
We now use another lower bound, namely

P{Xi1>t}= (Pa(1/t) +0(t™™)) ast — 00.

PIX(M) 2t} > P{|IX[ > t(1+¢€)},

which follows from the equality in (12.2.1). Since | X|? has a chi-square
distribution with d degrees of freedom, an integration by parts yields
() :L,%—le—:c/2
P{X| > t(1+ = R
{1X] (1+6)} (1402 24/21(d/2) t

> 202 (1 + e)dmze (1972

For any u > 0, the bound P,(u) < 1 holds; this comes from the
fact that the asymptotic expansion for the error function is obtained
by integrating by parts, and the integrations lead to an alternating
series — see, e.g., Olver, 1974, §3.1. Thus the second statement of
Proposition 12.2.1 follows. "

When d = 2, we can make a very explicit construction of the
process. The polar reciprocal M is just a piece of circle and a point,

M={(r,y) eR? : 2+’ =(1+e) 2;2<(1+e¢) 2} U {(1,0)}.

This can be seen by a formal proof, but it is obvious from the following
picture. The domain on which we integrate is shaded. The unit
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sphere, or equivalently the level set of the Gaussian measure, is the
dark sphere. The set M is an open arc, in black as well, with the

71
\/

We choose M to be reduced — see definition in section 9.1. We

could as well index the process by a larger set, such as
(I+e)'S1uU {(1,0)}
or even
1+ 1S U146 ter,eq].

This last set can be parameterized as follows. Let
T _1|_ E(Cos(27rt), sin(2nt)) if0<t <1

f(t) =
et +1—c¢ ) .
<71+6 ,0 1<t

The corresponding Gaussian process is

L (X1 cos(2mt) + Xy sin(2nt)) if 0 <t <1

X(t) = 1+ 61
Q%Igixl if1<t<2
Its variance is
ang fo<t<1
€
VarX(t) = )
(i%$§£> if1<t <2

Now one can argue that our example is specific; the maximal variance
is achieved when ¢t = 2, that is on the boundary of the domain. Well,
we can always define

(X)) ifo<t<2
Y“”‘{X@—w if2<t<4.
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This process has maximum variance at ¢ = 2. And certainly, one could
argue that Cov(X(t), X(s)) = 1if 1 < s,t < 2, and thus this process
is pathological. This argument can be also ruled out by perturbing
each coordinate Y (t) by some very tiny multiple of a brownian bridge.

The moral of the story is that the asymptotic expansion should not
be worked out blindly. One should certainly make a careful study of
the covariance of the process and be very cautious when the variance
does not vary much. Notice that the ratio of the maximal variance of
the process to the minimal one is (1 + €)2. For ¢ = 0.3, this is 1.69,
which is not that small. Going back to the lower bound in Proposition
12.2.1, notice that the polynomial term in the lower bound is of order
t4=(1/2) * As the dimension d increases, the asymptotic expansion gives
a worse approximation. It can be arbitrarily bad by just taking d
large enough. Therefore, the constancy of the variance should be
measured with respect to the dimension. It is therefore very unclear
what happens in large dimensions or even in infinite dimensions. It
is also unclear how to assess a priori the approximating quality of an
asymptotic expansion in this context.

12.3. Maximum of nonindependent Gaussian random vari-
ables.

When one wants to simulate numerically a Gaussian process, there is
not much choice other than to discretize it. To what extent can we
obtain an approximation of the distribution of the original process by
that of the corresponding discretization? There is no claim that this
section brings some new result. The one we are going to prove now can
be derived from others existing in the literature. But its derivation
may be of pedagogical interest.

Having in mind a discretized process, let X be a Gaussian vector
in RY, with mean 0 and definite positive covariance matrix ¥. Let

0% = maxggi<d i, be a largest diagonal element.

12.3.1. THEOREM. Let X have a Gaussian distribution, centered,
with positive definite covariance matrix . Then

U€_t2/202

P{max X; >t} ~

WY =02,
1<i<d 21 i B =07}

Proof. ~ We apply Theorem 7.1. Define
At:tAlzt{fL‘GRd cmax x; > 1}.

1<
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Set )
I(x) = §ITE_15L‘ .

This is a convex function, homogenous of degree a = 2, and

1
Lmax Xi 2 1} = oS qoy 72 /tA1 ©
To apply Theorem 7.1, we need to minimize I over A;. Since 3
is symmetric, we can diagonalize it and write ¥ = QDQT with D
diagonal and @ orthogonal. The change of variable z = QTy shows
that
: 1 Ty—1
I(Al):mf{§x X max:ci>1}

1<i<d

. 1 T T
= - : = .
mf{ 59 Dy lrgggd@,Q e1) 1}

Writing the Lagrangian to optimize y* D=1y subject to the constraint
{y,QTe;) = 1 and optimizing over i, we obtain
1 1 1 1

I(A1) = = min = =53
21<i<d el De;  2maxigicd Yii 202

Moreover, I(A;) is achieved for the points y = DQTe; /02, or equiva-
lently 2 = Ye;/0?. Thus, the dominating manifold for A; is
Ye;

= . 4 such that i = o2 } )

Pa = { o2

It is of dimension k& = 0. Since DI = ¥~!, Theorem 7.1 yields

e_t2/2‘72 Z o4+l
P{max X; >t} v —o
12 WD 2 (G G (Berf )

as t tends to infinity. We need to calculate G 4,. As mentioned after
the statement of Theorem 7.1.1, it is obtained as the compression of
the difference of two second fundamental forms. The one for 0A;
vanishes since JA; is locally a flat hyperplane. That for the level set
of Iis D2I/|DI|. At Yei/o?, its value is 02X ~!. The tangent space
at 0A; at this point is

{DI(Xe; /o)yt = (e;/0®)t = e
Thus, G4, (Xe;/c?) is the expression of 2% 71 to ei. Therefore

det GA1 (Eei/az) = Uz(d_l)det (E_lek, 61> 1<k,I<d -
ki
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Thus, it is 02@=1) times the determinant of the (4, 7)-cofactor of £~
which is 33; ;det »~!. Consequently,

od+1
=0
(det X2)V/2det G 4, (Se;/o2)1/2 ’
and this gives the result putting all the estimates together. "

The fact we now want to stress is about discretizing Gaussian
processes to simulate the distribution of their maximum. Since the
maximum of the discretization is less than the maximum of the original
process, this can only give a lower bound. On the far tail, Theorem
12.3.1 asserts that this lower bound must be of order get*/20 /t\/%
This implies two things. First, one should include the points of largest
variance in the discretized sequence. This is almost common sense.
Second, in theory, the far tail will be well approximated only if that
of the original process behaves like ge—t/20% /tv/2m. These processes
have been characterized by Talagrand (1988).

12.4. The truncated Brownian bridge.

The Brownian bridge B on [0, 1] is a centered Gaussian process with
covariance

EB(s)B(t) = st — s At.
It is a classical result that it admits the Karhunen-Loeéve expansion
V2 sin(kms)
B(s) = — Xp———= 0<s<1
(s) = — kZ>1 e 5

where the X}’s are independent, normally distributed random vari-
ables. It is known — see, e.g., Billingsley, 1968, §11 — that

P{ sup B(s) >t} = e 2 (12.4.1)
0<s<1
The aim of this section is to obtain an approximation for the tail of
the supremum of the truncated series

V2 sin(kms
By(s) = — > Xk%.
1<k<d

This example is quite interesting, because we will see that Theorem
5.1 — or equivalently, Theorem 7.1 — does not apply. However, a
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slight change in the arguments will allow us to obtain the desired
asymptotic equivalence.

Let us first explain why Theorem 7.1 does not apply, and, in
particular, why assumption (7.5) — or assumption (5.3) if one uses
Theorem 5.1 — is not satisfied. Recall that eq,...,e; denotes the
canonical basis in R?. Define the curve

V2 sin(kms)
= — —_— <s <K
p(s) . Z T Ch 0<s<1
1<k<d
in R?. Introducing the Gaussian vector Y = (Y7,...,Yy), we have

Ba(s) = (Y, p(s)). Define

Atz{yGRd: sug (y,p(s)) =t} =tA;.

Let I(y) = |y|?/2. Then
1
P{ sup By(s) >t} = ——+ e 1W qy
{0@21 als) >t} (2m)d/2 /At ’

To find the dominating manifold, Proposition 9.1.7 combined with
Lemma 9.1.9 suggest that we should search for the points s maximizing
the variance of By(s),
i 2
B 9 sin®(kms)
VarBy(s) = |p(s)|* = =~ Z —z

1<k<d

Since VarBy(s) = VarBy(1 — s), it suffices to locate the maximum in
[0,1/2]. We differentiate the variance, obtaining

d 2 2sin(kws) cos(kms)
&VMBC[(S):F Z ?
1<k<d
2 sin(2kms)
S2 oy )
1<k<d

It follows from Jackson’s (1912) theorem — see, e.g., Andrews, Askey
and Roy, 1999, chapter 7 — that (d/ds)VarBy(s) is positive on
(0,1/2). Thus Bg(s) has a unique point of maximal variance for
s = 1/2, no matter what d is. The maximal value depends on d.
It is 5 1

02 = VarBy(1/2) = — Z =

1<k<d
k odd
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Since the variance is maximum at a unique point, Proposition 9.1.7
suggests that the dominating manifold in our problem is a single point
p* =p(1/2)/|p(1/2)]2. Tts dimension is k = 0.

We then calculate I(A;) = [p*[?/2 = 1/(203). The level surface
Aj(a,) is the sphere of radius 1/04, centered at the origin. Its second
fundamental form is o4ldy_1 at every point.

Let us now calculate the second fundamental form of 0A;. To
parameterize 0Ay, we follow the construction in section 9.1, with
the simplification given in section 9.2 for the special case of a radial
function I(-). The vector 7 = p'/|p| is a unit tangent vector to the
curve M = p([0,1]). As defined in section 9.1, let v be a unit normal
vector to M in (T, M + pR) & T, M, that is

p—(p,7)7T

VIPPE = (p,7)2

Notice that |p(s)|? being maximal for s = 1/2, the vectors p(1/2) and
7(1/2) are orthogonal, and v(1/2) equals p*[p(1/2)].

Let X1,...,X4_; be an orthonormal moving frame in R% & (TR +
pR). Using the simplification pointed out after (9.2.4),

UV =

S, u u, :A .
X(s,u2, ..., ug_1) @@%M$>+%2£%]X3 (12.4.1)

defines a local parameterization of dA1, or equivalently of 9C};, near
p* when s is chosen close to 1/2 and (ug,...,u4—1) close to 0. To
calculate the second fundamental form of JA;, recall that p(s) is an
outward normal to 0A; at X (s, ug, ..., us_1) thanks to Lemma 9.1.6.
In particular,

Tx0Cy = {p}L =span{ Xo,..., X4y 1} ® (span(p, T) epR) )

We complete Xo, ..., X471 into an orthonormal basis of TxdCys by
adding the vector field

Proj,.7 1 7[p]* = (r,p)p
C="r—F =T .
[Proj,o7  [pl \/]p]? — (7, p)?

We have
dp-X; =0 forj=2,...,d—1,

expressing the fact that 0A; is a ruled surface with flat generators in
the space spanned by Xo,..., X3 1. Thus, the second fundamental
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form of 0A; vanishes on Xo,...,X4_1. Its matrix in the basis
e, Xo,...,X4_1 is then
<dp = 6>
p] 0
0
O . 0

It remains to calculate (dp - e,e) on the dominating manifold p* =
X(1/2,0,...,0). The vectors p(1/2) and 7(1/2) being orthogonal,
e(1/2,0,...,0) and 7(1/2) are equal. Since 7 is a unit tangent vector
to the curve p([0,1]), we have
(dp(1/2) - e(1/2,0...,0),e(1/2,0,...,0)) = (dp-1,7)(1/2)
=|r(1/2)?=1.
In conclusion, on the dominating manifold M, and in the basis
(e, X2,...,Xq41), the fundamental form of JA; and A4,y are
o
0 0 7.0
H8A1: and HAI(Al): O
0 0 o
In particular, Iy 4, —1Ip 1Ay is diagonal. Its upper left entry vanishes.
Because the dominating manifold Dyc,, is a point, g4, — Iz Ay =
G 4,; thus det G 4, is null, and assumption (7.5) does not hold.

The fact that the fundamental forms have the same upper left entry
expresses the fact that along the tangent direction e(1/2,0,...,0), the
surfaces Aj(4,) and 9Cy pull apart very slowly. The following pictures
illustrate this fact when d = 2 and d = 3.

Ar

N
1
Aigay) /

d=2
(the little loop next to the origin is M = p([0,1]).)
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aR aR

d=3
The boundary of A; is a ruled surface. This picture shows the ruled surface
obtained from the parameterization X(s, u»), with no constraints on w;.
The actual set A; is in the convex hull of the piece containing the origin.
The curve drawn on the surface is X(s,0) = v(s)/{v(s), p(s)).

aR aR
\

In this picture, we can see the sphere Aj(4,), centered and of radius 1/03.

The transparent surface is 9A;, parametrized by X(s, u2), but with w
constrained to be negative. Its generators are straight lines, parameterized
by uy, shown here for u, negative. Thus, the surface dA; is cut along the
curve X(s,0). The projection of this curve on the sphere A4,y can be seen.
The set OA; has a unique contact point, p* with the level set Aj4)). But,
as it can be seen along the curve X(s,0), the boundary 8A; pulls away very

slowly from Aja,) near p*.

In the current situation, it is easy to obtain the desired equivalence
for the tail of the supremum, because /() is homogeneous. If this tail
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were behaved like that of the process at its point of maximal variance,
we would have a tail equivalence in

t2
P{By(1/2) =t} =1— ®(t/og) ~ \/—_7ex (— 273) .

The tail behavior turns out to be much more surprising. Even and
odd dimensions d yield different exponents in the polynomial term.
The reason is that for even dimensions, the set dCy; pulls away more
slowly along the direction e(1/2,0,...,0). The contact between the
two surfaces is of order 1 for odd dimensions, and of order 3 for even
ones.

12.4.1. THEOREM. Ast tends to infinity, the ratio

P{ sup Ba(s) = t}/ (1 —®(t/oq))

is equivalent to

(i) Vd+ 1/oq if d is odd;

(i1) \/7F(1/4)< qa+ 1))1/42 ?Ud if d is even and d # 1;
(i11) 1 if d = 1.

REMARK.  We will see that limg_, o 0621 = 1/4. Since d — 0621 is
increasing, we have 062[ < 1/4 for any integer d. Thus the constant
in statement (i) of Theorem 12.4.1 is always larger than 1. This is in
agreement with the failure of assumption 5.3. In the same spirit, the
quantity involved in statement (ii) is also larger than 1 when ¢ is large

enough.

Proof of Theorem 12.4.1.  We first proof statement (iii). Since
2
Bi(s) = £Xl sin(7s) ,
™

its supremum is 0 if X; is negative, and v/2X;/m otherwise. The
result follows.

From now on, assume that d > 2. The change of variable y = tc
allows to write

1 2
P{ sup By(s) >t} = 7/ el /2q
{ 0<821 d( ) } (27T)d/2 A, Y
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Thus, to prove Theorem 12.4.1, we need to estimate the integral

_ 2
/ Mol
Aq

for large values of A. It is plain from standard results on Laplace’s
method, or from chapter 7, that we can restrict the integration to the
intersection of A; with an arbitrary neighborhood of the dominating
manifold p*. Making use of the construction in section 9.1, we can
write any point z of A; near p* as

v(s)
z(s,u,v) = —————— + Z u; X;(s) +vp(s), v>=0,
OGN
where u = (ug,...,uq—1) is in a neighborhood of the origin. Be-
cause Xo,..., Xy 1,V is an orthonormal basis and p is orthogonal to
X27 s 7Xd—17
1
o|? = + [u)? + 0% |p® + 2v.

(v, p)?
To calculate the Jacobian of the change of variable = < (s,u,v), is
easy. Write

Ox Ox

8—uj:Xj’ %:p,

or 0 v(s) 0 ,
95 %(@(s),p(s») T ug Xl ur(s).

Introducing w = p|p/|> — (p,p')p’, we see that v/{v,p) = w/{w,p).
Thus,

/

<<V>>’:<w (w',p) + (w, 1)

v, p a

w
w, p) (w,p)?
It is straightforward to calculate

/!

w' = 2p(p,p") = (p.p")p" = . )"
Since [p(s)|? is maximal at s = 1/2, the tangent vector p'(1/2) is
orthogonal to p(1/2). The specific form of p(-) in this problem yields
that for any j, the derivative d’p/ds’ at s = 1/2 involves only the
vectors ep with k odd if j is, and k even otherwise. Consequently,

p'(1/2) and p”(1/2) are orthogonal, and
w(1/2) = plp'P(1/2),  w'(1/2) = —(p,p")p'(1/2)

6’((y(l/@) >(1/2): <p,p”>p’(1/2).

95 \(0(s), p(s)) e
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Thus, in the orthonormal basis 7, Xo, ..., X4_1, the Jacobian matrix
is
(p,p")
— 1/2
12 ) 0
1 + O(|lx — p*) as T — p*.
O . 1

Now, let € be an arbitrary positive real number. In what follows,
1 denotes a positive real number, which we will choose as small as
needed. Denote by D(n) the domain

D(n) = {z(s,u,v) eR* : |s—1/2|<n, Jul <n,0<v <}

From our evaluation of the Jacobian, if 1 is small enough

/ o Nal?/2,
A1nD(n)

<+9| L)«

/D(n) eXp(— %<WIP(S)>2 + |ul® + 02 |p(s)| +2v>> dudvds.

We first perform the integration in w, obtaining the upper bound

9)(d-2)/2
-+ o /2 S

/s 1/2/<n /<v nexp< (W +0%[p(s)[? +2v)> ds dv

To perform the integration in v, we write

oxp (= S (PIp(s)? +20))
= (A6lpR +2)) " e (G020 +20))

and integrate by parts. We obtain

Ao 1
/Ogvgn exp ( ~3 (v%p(s)” + 2v)) dv~ 3
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as A tends to infinity. This yields the upper bound

1" T (d—2)/2
(1+e)2“§’27|9p,>||(1/2) St e (= 500t %)as.

To estimate this last integral boils down to using the classical Laplace
method. We introduce

5= (v,p)* = Ip|* = (p,7)%.

We then have
- (_25(1/2)) /|h e ( A6(1/2) = 6(1/2+ h)

2 6(1/2)0(1/2+h)
We then need to obtain a Taylor expansion for §(-) near 1/2. To this
end, for any integer m, we define

)dh. (12.4.2)
|<n

Sm= > (1)F&™
1<k<d
Since
2 sin?(krs) 1 1 — cos(2kms)
2 _ —
‘p(S)‘ - F Z 2 - P k2 )
1<k<d 1<k<d

we easily obtain the derivatives (d™/ds™)(|p(s)|?) at s = 1/2, for
m=0,1,...,4. Using Taylor’s formula, we infer that

2
Ip(1/2 4 h)|)? = |p(1/2)|* + 2h*Sy — §7r2h452 +O(R?).

We also have

2 sin(kms) cos(kms) 1 sin(2kms)
) =2 Y Smbmcosthme) 1 ogn snBhas),
1<k<d 1<k<d

Hence, a simple calculation of the derivatives at s = 1/2 and an
application of Taylor’s formula give

4
(p. ) (1/2+ h) = 2hS) — 2m*h3Sy + O(h?)
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Finally,
P (s)]> =2 Z cos?(kms) = d + Z cos(2kms) ,

1<k<d 1<k<d
from which we deduce |p(1/2)|?> = d + Sy, and
P/ (1/2+ h))? = |p'(1/2)? — 27°h%Sa + O(h?).

Equipped with these expressions, a little algebra gives

5(1/2+ h) = 6(1/2) + 250 (1 - ﬁ)fﬂ
v 2 S0 ¢ 16 8S) . .
o 52< 7oy Gl \p'<1/2>\2>>h o).

The interesting fact is now that Sy equals —1 if d is odd, and equals
0 if d is even. Thus, if d is odd,

5(1/2+h) = 6(1/2) — 2(1 + 2+ O(hYy,

#)
lp'(1/2)?
while if d is even,

5(1/24+h) =6(1/2) — 2%25%4 +O(R?).

Notice that when d is even, S5 is positive since
SR = Y @k)?P—(2k-1)7= > (4k-1)
1<k<2m 1<k<m 1<k<m
=m(2m+1).
Hence, 0(s) is maximal at s = 1/2 whatever the parity of d is.

To conclude the proof of Theorem 12.4.1, assume first that d is odd.
Then, for  small enough, (12.4.2) is less than

2 h2
/mgn P ( A+ e T e>2> an
V2r(1+€)0(1/2) 1

NV TTIYE

All the arguments we used to obtain this upper bound can be used
to obtain a lower bound, essentially by changing € to —e. Since € is

arbitrary, combining all the estimates yields

[d+11 12
P B >tl e~y —= <_ _)
{0221 a(s) } 2m t P 203
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When d is even, for n small enough, the integral in (12.4.2) is less than

/ exp ( _A2n?S, R > "
|h|<n 2 3 (5(1/2)2(1+6)2

N r(1/4)< 3 >1/4 (1+e)3(1/2)

/4 \ Sy T

It then follows that

Vd T(1/4) 6 \1/41 12
>t} ~ — L
P{ sup Bals) >t} ~ 2o = ( T+ 1)) exp ( )

This concludes the proof of Theorem 12.4.1. "

To conclude this section let us make a remark on o3. Recall that
> k1 (2k + 1)72 = 72/8. Consequently, limg_, 072 = 2, which is
good, given (12.4.1). We can obtain a more precise estimate of 3.

Since
> dz 1 & dz
—— = < — K -
/m (2z+1)% © 2 (2k +1)? \/m (22— 1)

k>m
/°° dz </°° dz </°° dz
m e +1)2 7 ) 422 T ), (2 —1)27

‘Zé—i‘</m ! — ! dx
2 (2k+1)2 4m h 2z —1)2  (2z+1)2

m
1

2(4m? — 1)

and

we have

Consequently,
1 1

9 1
Ud_zfﬁ‘ SPaE -1
Though the constant in the exponential term in Theorem 12.4.1,
namely 1/(203), has the right limit as d tends to infinity, we cannot
take the limit of the polynomial term and recover (12.4.1). This is
caused by the slow convergence of By to the Brownian bridge.
Again, the whole message is to be rather cautious with these
approximations. Strange things may happen and further examination
is certainly needed if they are to be used in serious applications.
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12.5. Polar processes on boundary of convex sets.

Let C' be a bounded convex set in R? with nonempty interior.
The purpose of this section is to construct a simple process on its
boundary. This construction is suggested by Theorem 7.1 and the
results of chapter 9.

We first need to make some remarks on densities proportional to
e~ ! with I strictly convex and a-homogeneous. Recall that A, denotes
the level line I71({c}). Every nonzero point  of R? can be written
in a unique way as x = s\ for some positive s and A in A;. In this

1

(A, s)-coordinate system, the measure e~* can be rewritten as

s [Projpy 1 Al ds dMa, (A). (13.5.1)

Conversely, such a measure corresponds to a log-concave and log-a-
homogeneous measure on R%.

Going back to the convex set C given at the beginning of this
section, assume that it also contains the origin. Let A be the polar
reciprocal of C. For A in A and nonnegative s, define I(sA) = s“.
Then, A = A; for this specific function I. Equip R? with the log-
concave density proportional to (13.5.1), and let X be a random vector
having this density. We can consider the process p € 0C' — (X, p) €
R. We call this process a polar process on 0C.

The tail distribution of its supremum is given by the following
result.

12.5.1. THEOREM.  For the polar process on OC defined above, and
1/e = [z e~ 1) dg,

P{ sup (X,p) >t} ~ Set7pd-e / |Projig, aye Al dMa(N)
pedC « A

as t tends to infinity.

Proof.  We apply Theorem 7.1. In view of section 9.1, the dominat-
ing manifold is A, of dimension k = d — 1. Moreover, by construction,
0A1 = Aq. It follows from Theorem 7.1 that the tail equivalent is of

the form M
ce_tatd_o‘/ A
A DI

To calculate DI, notice that it is the outward normal to A. Its norm
is obtained through the identity

d d
&I(AS)LS:l =DI(N)- A= &(SQI(A)HSﬂ =al(\) =a.
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It implies
IDI(A)| = a/[Projir, ayr Al 4

and the result follows. n

The correspondence between points p on dC' and points A on the
polar reciprocal allows us to write [Projip, pyt Al = 1/|p|. Thus the
integral in Theorem 12.5.1 can also be rewritten as

1
/A mdMA()‘) )

which is a nice formula.

The following pictures are three simulations of a polar process on
the ellipsoid 22 + 22 = 1 in R?, and o = 1. For the pictures on
the left, at every point p of 9C, we draw a segment in the normal
direction to T,0C, with length equal to the value of the process at
p. The random point X is indicated by the star . On the right
hand side pictures, the process is represented as a curve held over the
ellipsoid, the height of the curve being the value of the process; these
are orthographic projections.
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Notes

I do not think the results in this chapter are too serious! However,
I believe the message of caution that some carry is important. In a
different vein, Feynman supposedly said that when you have a theory,
you should show where it works and where it does not. That may be
the point of section 12.2.

Section 12.5 is just a way to generate pretty pictures of random
caustics. I do not know any applications of this construction.



Appendix 1. (Gaussian and
Student tails

This appendix collects a few standard results related to the tails of

the Gaussian and Student distributions. We write
2\ —(a+1)/2

for the Student density (with o + 1 degrees of freedom), the constant
K, o ensuring that s, integrates to 1 over the real line. We denote by

, reR, a>0

S, = [ salo)y

—0o0
the Student cumulative distribution function. Its tail is given in the
following result.

A.l1.1l. LEMMA. We have
K, gala=1)/2

l-Oé

1-8,(z) = —l—O( ! ) as r — o0.

xa+2

Proof.  Notice that as y tends to infinity,

1 1 B 1= (% + 1>(a+1)/2
(1 . %2>(04+1)/2 (%)(Oﬁl)/? - (1 . %2>(a+1)/2
B O(ya1+3>

Consequently, as x tends to infinity,

S [ [ ol
(%
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Let us now consider a Student-like cumulative distribution function
Sa, 1.e., such that

K, aa(a—l)/2

Z-O!

Sa(=z) ~ 1= Sa(x) ~ )
as z tends to infinity, and where the constant K, can be any fixed
positive number. We can obtain an asymptotic formula for the high
quantiles.

A.1.2. LEMMA. The following holds,

l/a  (a—1)/2a
(l—Sa)‘_(u)NKS’aa— asu — 0.
ul/a

Proof. Let x tends to infinity and u tends to 0 such that u =
1 — Sy(x), that is x = (1 — S5) (u). From the Student-like tail, we

infer that

K, qale=1)/2
U~ ——
Z-O!

which is the result. n

We can obtain similar results for the Gaussian distribution with
cumulative distribution function

x e—y2/2
d(x) :/ Nors dy.

A.1.3. LEMMA. We have

2
em/2

- /2w

1—®(x) (1+0(1)) as x — 00.

Proof.  Integrate by parts to obtain

\/%(1 —®(2)) = /OO ;ye‘yz/zdy

e—%%/2 00 o—y?/2
4 x Y

e—t%/2 /2 00 o—y?/2 1
= - + .
T 33 /x Y
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Consequently,
2 2
e /2,11 e /21
- (- )<1—-d < -,
V92 (m 3x2) () Vor x
and the result follows. "

We can now obtain an asymptotic approximation for high quantiles.
The second statement in the following lemma is instrumental in the
sequel.

A.l.4. LEMMA. We have

- — J3leallu — loglog1/u  log(2y/7) )
¢TI —u) = v2logl/ 2¢/2log1/u \/210g1/u(1+ M)

as u tends to 0, and

d(1—u)? = 2log 1 /u—loglog 1 /u—2log(2v/7)+0(1) asu — 0.

Proof.  As in the proof of Lemma A.1.2, we start with the equality
u=1—®(x), that is = (1 — &) (u). We consider = tending to
infinity, or equivalently u converging to 0. Lemma A.1.3 implies
72
logu:—?—logx—log\/%r—i—o(l) asx — oo, u— 0. (A.1.1)

Consequently, x = /2log 1/u(1+ 1) with z; tending to 0 as u tends
to 0. Then (A.1.1) yields

1 1 1
logu = ( — log E> (1+x1)% - 5 log log o log(2+v/7)

—log(1 + z1) 4+ o(1)
1
u

—log(2y/m) + o(1). (A.1.2)

1 1 1
= logu — 221 log — —x%log— — —loglog
U u 2

We can then calculate
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with zo tending to 0 with w. But now (A.1.2) implies

0=

1 loglog1
72100 10g 1/u__(0g og 1/u)?
2 16 log1/u

_ § log log 1/u — log(Qﬁ) + 0(1)

1
= % loglog — — log(2v/7) + o(1),
u

(1 + fL‘2)2

and thus, as u tends to 0,

_ 2log(2y/T)

" loglog1/u (1+0(1)).

Consequently, gathering every piece yields

B eyl 1 loglogl/u
=+/2log1/ 2\[\/W(H x2)

_ o Lu— 1 loglogl/u 1 log(2y/7)
= 2log1/u NN Tgl/u( o(1))

as u tends to 0, which is the desired expression for & (1 —u). Square
it to obtain that for & (1 — u)2. .

We can now obtain an asymptotic expansion for &~ o S,.

A.15. LEMMA. We have

loglog x log( K o0®/?2,/T)
P70 Sy (x) = /2l — — ’
° Sal@) G 2y/2alog x V2alogx

+0(\/1(1@)

as x tends to infinity. Consequently,

D0 S, ()% = 2alogz — loglog z — 2log( Ky aa®?2y/7) + o(1)
as x tends to infinity.
Proof.  From Lemma A.1.4, we deduce that

® 0 S, (x)* = —2log (1 — Su(z)) — log ( —log(1 — Sa(x))
— 2log(2y/7) + o(1)
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as x tends to infinity. But Lemma A.1.1 implies
—log (1 = Sa(z)) = alogz — log( K o @™ 1/2) 4 0(1)
as x tends to infinity. Consequently,

Do So(x)? = 20 logz — 2 log(staa(a_l)ﬂ) —loglogx —log a
— 2log(2y/7) + o(1)

as ¢ tends to infinity, which is the second expansion in Lemma A.1.5.
Taking the square root yields the first assertion since

d" 0 S, (x)
log1 log( Ky qa®/22 1\ 1/2
_ aaToga(1 - l8losr _ loglBana®P2ym) L)
2alog x alogx log x
log1 log (K qa®/?2 1
- Vaaloga (1 - eosr_ loslfead® V) | (L)
dalogx 2alog log x
We can also obtain an estimate of S5 o ®(x).
A.1.6. LEMMA. We have
- 2 1 1 a1
log S5, 0 ®(z) = — + —logz + —log(Ks a0 2 V2m) + 0(1)
200 « « ’

as x tends to infinity.

Proof. Combine Lemma A.1.2 and A.1.3 to obtain
Se 0 ®(x) = (1—-5,)" o(1—®)(x)
~ Ksl/aaa(a—l)/2al_1/a(27T)1/2a6m2/2a

as x tends to infinity. The result follows by taking the logarithm. =

In the case of an exact Student distribution, the term o(1) in
Lemma A.1.6 is actually O(:p_l/ae_xz/a). In this special case, the
approximation has a terrific accuracy as x tends to infinity!






Appendix 2.
Exponential map

The purpose of this appendix is to state and prove the following
proposition. It gives a bound on the error committed by linearizing
the exponential map over the level set of a function.

A.2.1. PROPOSITION. LetI:R* — R be a smooth smooth function,
and let ¢ be a reqular value of I. Then A. = I71(c) is a smooth
manifold of R%. Let

Mzsup{‘f]));((pp))” :peR?, I(p):c}.

Then, for any p in A¢, any u in T,A. with Ju| < 1/4M,

| exp,, (1) — p — ul < Mul.

Proof.  Let p be a point in A. and v a unit tangent vector to A,
at p. We denote by 7(s) = exp,(sv) the geodesic starting at p in the
direction u on A.. This parameterization is by arc length. Recall that
N = DI/|DI| is an outward unit normal vector field to the level set
of I. Since

=(p),

2
)7

1
AN (p) = (Id — SNNT

we have ||[dN(p)|| < M. Consequently,

|N(’y(s)) — N(p)‘ = ‘/OS dN(’)/(T)) -’y/(r)dr| <sM.

The geodesic 7(-) is characterized by the parallel transport of its
tangent vectors along v(s) which can be written as

[1d = NNT(v(5))]7"(s) = Projg,  a,7"(s) = 0.
Any w in T\, is orthogonal to M (p). Consequently,

(w,7"(s)) = (w, [NNT(2(s)) = NNT(p)] -7"(s)) -
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By duality,
Projy 4,7 (5)| < [NNT(y(s)) = NNT(p)|| 17"(s)
<2IN((s)) = NN (p)| /" (s)
< 2sM |y (s)] .

Moreover, since (N (7(s)),7/(s)) = 0 and ~ is parametrized by arc
length,

(N (7(9)) 7" (s))] = | = (AN (7(s)) -/ (s) .7 (9))] < M.
It follows that

[Projir, a7 ()| = (N (p) ;7" (5))]
< |N(p) = N(v(s))| V" (s)| + M
< sM|y'(s)| + M .

Consequently, we have the inequality
7" (8)I? = [Projg, a7 (8)|* + [Projig, a1 7" ()
<A MPWY" ()P + MP(sy" ()] +1)°.
On the range s < 1/(4M), this inequality implies

" 2 7 2
|")/”(S)‘ < |7 Ef)‘ + h/ (88)‘ _’_2]\427

that is
IV (s)|> < 16M?/5 < AM? .

Consequently, since 7/(0) =

— vl =| / (t)dt| < 2Ms.
The result follows, since

|v(s)—p—sv| = ‘/ (+/(t)—v)dt] g/ 2Mtdt = Ms* = M|sv*. =
0 0
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This index has 3 parts.

Notation

The first one concerns general notation, that is

used throughout the book, eventually with variations in the arguments in each

example.

The second part contains the notation introduced in chapters 2-5. This is used

almost throughout the book, but in examples treated in chapters 6-12 is given a

specialized meaning.

The third part contains the notation with the concrete meaning given through

chapters 6-12.

Some notation that are used very locally does not appear in the index.

General notation.

inj, (p)
Kum (:E, y)

Amin(M), Amax(M)
0A

af(-)/ou

Oy

R, R?¢

Ricc

Sn

Sv(z,r)
T,M
N, M
5]

the cardinal of a set, as in #{1,2,3} = 3.

integration element, as in d¢, d My, dzx.

dimension of the underlying space, RY.

Gradient, Hessian, and higher order differentials.
exponential map at p (on a Riemannian manifold).
Riemannian measure of a manifold M.
orthocomplement.

radius of injectivity of p in the manifold M.

sectional curvature of the manifold M along the tangent
vector fields z and y.

smallest and largest eigenvalue of a matrix M.
boundary of a set.

partial differentiation of a function.

second fundamental form of the manifold M at p.

set of real numbers, the Euclidean d dimensional space.
Ricci tensor of the level lines of 1.

unit sphere centered at the origin, of dimension n, that is
the boundary of the unit ball in R"*?.

ball centered at x, of radius r, in the vector space V.
tangent space of the manifold M at p.

normal space of the manifold M at p.

Lebesgue measure of the set S.

wn = 7" /T((n/2) + 1) volume of the unit ball of R™.
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Notations

Notation from chapters 2-5.

A1
Ay 53
Ap(t,v), 38
Cj&,]\/[v 54
ca,M, 54
x4a(p), 33
x4i(p), 33
Da, 36
Ga(p),54

e, 19
I(-), 19
I(A), 19
Jmral(-), 38
Kga, 2
Kuy,a, 2
Ac, 25
L(c), 19
/LA(B)7 62

Notation from chapters 6—12.

K 5 p70
v(p) , p.71

A1, 79

81
C, 89
Ay, 89
wa(+), 89
I(-), 89
H, 90

§2
Ksa, 93
Ay, 93
Ji, 93
®(), 94
Sal(:), 94
B, 94
I(4), 95
p(v), 95
pé,j,t(v)7 95
q(v), 96
Gej,t(v), 96

Chapter 6

fp() ) p‘71
Qp , p.71

Chapter 7

I(:), 79

Chapter 8

1, 100
Dg,, 100
T, 108
7,108

Vz, 108
N(C), 108
J(C), 108
Ay, 109
Mz, 109
G(m), 109
Nz, 111

N(x), 26

wa, 37

HXI(A)#I’ 44
Y(x,s) = ¥s(), 26
Pex(+), 28
to,n(p),56

Ta(p), 31

H() , P75
r, p.75

Da, , 80

pt, 116
rzt(m,v), 116
D(B, 1), 116
qz,:(m), 116
rzt(m), 116
p(m), 116
ec, 127
e, 128
No(C), 137
Jo(C), 137
M 1, 137
Z7(C), 138
S7(C), 139
83
J«(C), 144
Mz, 144
vz, 144
v, 145
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I()), 145 1, 150 pi, 157
R(t), 145 Bi, 150 qz,:(m), 157
pz(m,v), 146 Q, 154 rz,t(m), 157
Q(-), 148 B, 155 Dpy, 157
Chapter 9
X(M), 165 v(p), 171 83
Ay, 165 Xi(p), 171 Ay, 186
§1 X (u), 171 By, 186
Cu, 166 b;(p), 171 v, 187
Mo, 167 fe, 173 Dp,, 188
N(-), 168 f°, 173
p(), 171 I, 173
Chapter 10
M(n,R), 197 Cn, 211 bj, 223
GL(n,R), 197 3 bY, 223
Sy, 198 (-,-), 219 bv, 223
§1 H : H7 219 93> 223
wa(+), 200 S, 219 cj, 225
I(-), 200 H,., 219 I, 225
Ay, 200 8%, 219 54
SL(n,R), 201 H) o, 221 Wa, 229
SO(n,R), 201 H 5, 221 Ay, 230
§2 ai, 222 I(-), 230
F,, 211 fi, 223 U, Vs, 231
Chapter 11
§1 a, 243 Ry, 256
B, 239 A, 244 C, 257
0, 239 B, 244 a, b, 258
X, 239 C, 245 b, 264
€, 239 4 (0), 252 r, 264
v (k), 240 C, 253 gr(+), 266
§2 3 h(6), 266
Chapter 12
g1 a*(M), 273 §2
M, 273 S 274 C, 276

X(M), 273 Mg, 274



314 Notations

§3 §4
3, 280 B(-), 282 p(s), 283
o2, 280 Bua(s), 282 o2, 283



Postface

This book is the first of a larger project that I may try to complete.
A second volume should be devoted to the asymptotic analysis of
multivariate integrals over small wedges and their applications. A
third one should extend some of the results of the first two volumes
to the infinite dimensional setting, where there are some potentially
amazing applications in the study of stochastic processes.

June 2001 Philippe Barbe



